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Abstract

In the paper ” The continuum as a formal space”, real numbers are developed within the framework
of formal topology and are known as ”formal real numbers”. In Proposition 9.5, the authors show that
formal reals correspond bijectively to Bishop real numbers. After establishing this correspondence,
the authors remark that the proof relies on the axiom of choice and, consequently, the correspondence
is not valid in settings such as topos theory. They also remark that, through this correspondence,
well-known properties of constructive reals, such as the undecidability of order, follow for formal
reals.

In this talk, we prove a stronger result directly for formal real numbers, without using the
axiom of choice or any correspondence with alternative notions of real numbers, and under minimal
assumptions. We show that the decomposability of formal reals, that is, the existence of a nontrivial
decidable property of formal reals, implies the weak limited principle of omniscience (WLPO), which
is a non-constructive principle. Moreover, we prove that equality is the weakest nontrivial property
with respect to decidability. More precisely, if any nontrivial decidable property of formal real
numbers exists, then the property "E(x): x=0” is also decidable.

Our proof is carried out under minimal assumptions. It does not rely on the Archimedean
property, co-transitivity, or the density of rational numbers. However, the argument essentially
depends on the Cauchy completeness property of formal real numbers.



