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Introduction

Classical Krull-Schmidt Theorem for modules [Krull 1925, Schmidt 1929]

Let R be a ring and M be an R-module* of finite composition length. Then there exists
a decomposition
M= Ml D---D Mr

into indecomposable submodules, which is essentially unique: if M = Ny @ --- @ N, is
another decomposition of M into indecomposable submodules, then r = t and there
exists a permutation o of {1,2,...,r} such that M; = N, for every i =1,2,...,r.

*Convention:
o ring = associative ring with 1

o R-module = unital right R-modules
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Introduction

Can we drop the assumption “finite composition length”?
(Recall: Finite length = Artinian + Noetherian)

@ Krull knew that Noetherian modules decompose as a direct-sum of indecomposable
modules, but that their direct-sum decompositions are not essentially unique (1932).

o Krull asked if the Krull-Schmidt Theorem holds for Artinian modules (1932).

... 63 years later...

@ In 1995, Facchini, Herbera, Levy and Vamos showed that the Krull-Schmidt
Theorem fails also for Artinian modules.

Theorem [ Facchini, Herbera, Levy and Vamos 1995]:

For any integer n > 2 there exists an artinian module Mg over a suitable ring R such that
Mpr can be written as a direct sum of k indecomposable modules for k = 2,..., n.
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Introduction

For modules of finite composition length:

“being indecomposable” = “having a local endomorphism ring”

Krull-Schmidt-Remak-Azumaya Theorem 1950:

Let R be a ring and let {M; | i € I} and {N; | j € J} be two families of modules with
local endomorphism rings. Then

Du=Dn

icl jeJ

if and only if there exists a bijection o : | — J such that M; = N, for all i € /.
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Introduction

We want to deal with finite direct-sum decompositions.

(Our version of the) Krull-Schmidt Theorem

Let Mi,...,M,, Ni,...,N; be r + t R-modules with local endomorphism rings. Then

if and only if r = t and there exists a permutation o € S; such that M; = N, ; for every
i=1,...,r
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Introduction

What happens if we drop the assumption “having a local endomorphism
ring” ?

Weak form of the Krull-Schmidt Theorem:

Take indecomposable objects My, ..., M., Ny, ..., Ns into a suitable category such that

@ M; = @ N; <= "uniqueness up to a (fixed) number of permutations/invariants”
j=1
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A weak form of the Krull-Schmidt Theorem

An R-module U is said to be uniserial if the lattice of its submodules is linearly ordered
under inclusion, that is, for every V, W < U, either V.C W or W C V.

Proposition [Facchini, 1996]

The endomorphism ring End(Ug) of a non-zero uniserial module Ug has at most two
maximal right ideals: the completely prime two-sided ideals

ly,m := {f € End(URg) | f is not a monomorphism }

and
ly,e :={f € End(URg) | f is not an epimorphism },

or only one of them.
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Weak forms of the Krull-Schmidt Theorem

Two R-modules M and N are said to have:
@ the same monogeny class, denoted by M ~,, N, if there exist two monomorphisms:

My——- N and Ny—— M
@ the same epigeny class, denoted by M ~. N, if there exist two epimorphisms:

M—>N and N——»M

Finite direct sums of uniserial modules are classified via their monogeny class and their
epigeny class.

A weak form of the Krull-Schmidt Theorem [Facchini, 1996]

Let Ui, ..., U;, V4, ..., Vi be non-zero uniserial R-modules. Then

Lo el =2Vid---o Ve

if and only if r = t and there are two permutations o, 7 of {1,2,..., r} such that
Ui ~m V() and Ui ~e Vo) for every i =1,2,...,r.
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Weak forms of the Krull-Schmidt Theorem

In the same paper, Facchini constructed an example of n? (n > 2) pairwise
non-isomorphic uniserial modules U; «x (j, kK =1,2,...,n) over a suitable ring R in order
to show that a module that is a direct sum of n uniserial modules can have n! pairwise
non-isomorphic direct-sum decompositions.

Example for n = 2:
Zy, Zp O 0
. PLp Zp O
R:= CcM .
Q o z, z, |<™@
Q Q qzZq Z4

o Consider the 4 uniserial right R-modules:

—_(Q Q —_(Q Q
Ul,l - (Z’ Zp? an Zq) U1,2 - (ma Zp? Zq: Zq)
U= (2. 2. a2, 2,) oo = (3%, 2, aZq, Zo)

] U1,1 ~m U1,2 & U2,2 ~m U2,1 and Ui1 ~e U2,1 & U2,2 ~e Ui

0 U1 ® Va2 = Usqr),r(1) @ Us),-(2) for every pair of permutations o and 7
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Weak forms of the Krull-Schmidt Theorem

“Weak forms of the Krull-Schmidt Theorem in the case two”

There are other examples (e.g. kernel of morphisms between indecomposable injective
modules, couniformly presented modules, ...)
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rings, J. Algebra 320 (2008), pp. 1288-1310.

@ A. Facchini, Krull-Schmidt fails for serial modules, Trans. Amer. Math. Soc. 348
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@ A. Facchini and N. Girardi, Couniformly presented modules and dualities. In: Huynh,
D.V., Lépez Permouth, S.R. (eds.) Advances in Ring Theory, Trends in Math.,
Birkh3user Verlag, Basel - Heidelberg - London - New York 2010, pp. 149-163.

@ A. Facchini and M. Perone, On some noteworthy pairs of ideals in Mod-R, Appl.
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Weak forms of the Krull-Schmidt Th

Beyond the case two...




Weak forms of the Krull-Schmidt Theorem

The category of morphisms between modules

Let Morph(Mod-R) denote the morphism category, defined as follows:

@ objects: R-module morphisms between right R-modules.

We will denote by M and N generic objects M: My — M; and N: Ny — Nj.

@ morphisms: a morphism u: M — N in the category Morph(Mod-R) is a pair of
R-module morphisms (o, t1) making the following diagram commute:

M0L>M1

“O\L J/(J]

NOL)/\A

Theorem [Fossum, Griffith, Reiten 1975, Green 1982]

Morph(Mod-R) = Mod-( R R)
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Weak forms of the Krull-Schmidt Theorem

o Let U be the class of all non-zero uniserial right R-modules.

@ Let Morph(U) be the full subcategory of Morph(Mod-R) whose objects are all
morphisms between two modules of U.

Proposition:

Let M be an object of Morph(U). Then End(M) has at most four maximal right ideals,
which are among the completely prime two-sided ideals

Im,0,m == { (uo, u1) € End(M) | up is not a monomorphism },
Iv,1,m :=={ (uo, u1) € End(M) | uy is not a monomorphism },

Ivoe :={ (uo,u1) € End(M) | uo is not an epimorphism },

Ivi,e = { (uo,u1) € End(M) | u1 is not an epimorphism }.
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Weak forms of the Krull-Schmidt Theorem

For every pair of objects M, N € Morph(Mod-R) we will write:

® M ~o,m N if there exist two morphisms (up, u1) € Hom(M, N) and
(vo, v1) € Hom(N, M) such that both wo and vo are injective right R-modules
morphisms;

@ M ~1 m N if there exist two morphisms (up, u1) € Hom(M, N) and
(vo,v1) € Hom(N, M) such that both u; and vi are injective right R-modules
morphisms;

® M ~q N if there exist two morphisms (uo, u1) € Hom(M, N) and
(vo, v1) € Hom(N, M) such that both ug and v are surjective right R-modules
morphisms;

@ M ~i. N if there exist two morphisms (uo, t1) € Hom(M, N) and
(vo, v1) € Hom(N, M) such that both u; and v; are surjective right R-modules
morphisms.
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Weak forms of the Krull-Schmidt Theorem

Theorem [ — , El-Deken and Facchini, 2018]:
Let My,... M., Ni,...,N;: be r + t objects in Morph(U). Then

r t
P M =P N
j=1 k=1

if and only if r = t and there exist four permutations 0o, m, 01,m, 00,e,01,e Of {1,2,...,r}
such that M; ~; . N, () forevery j=1,...,r, i=0,1and a=m,e.
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Weak forms of the Krull-Schmidt Theorem

“Weak forms of the Krull-Schmidt Theorem in the case n”

We have:

@ An additive category C and a fixed positive integer n.
(n = the number of “invariants”).

o A class U of (indecomposable) objects of € such that for every M € U, the
endomorphism ring Ende(M) has at most n maximal ideals which are among n
completely prime two-sided ideals /y,1,. .., Iu,n-

@ n equivalence relations ~; (i = 1,...,n) on Ob(C) related to the maximal ideals of
the objects.

Weak form of the Krull-Schmidt Theorem
Let Mi,Ms...,M,, N1, N, ..., Ns be r + s objects of U. Then

,
[}

k=1 r=1
in the category C if and only if r = s and there exist n permutations o; of {1,2,...,r},
where i = 1,...,n, such that My ~; N, ( for every k =1,...,r.

v
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Weak forms of the Krull-Schmidt Theorem
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Ideals and factor categories

A key notion: ideals and factor categories

@ An ideal J of an additive category € assigns to every pair of objects A, B of C a
subgroup J(A, B) < Home(A, B) such that, for every objects C, D in C,

Home(B, D)J(A, B)Home(C,A) C I(C, D)

o Given any ideal of €, we can consider the factor category C/J:
e Objects: Ob(€) = Ob(C/T);
o Morphisms: Home /5(A, B) = Home(A, B)/I(A, B).

For any ideal J of €, we have a canonical additive functor F: € — C/J.

o Let A be an object of € and | < Ende(A). The ideal of € associated to / is the ideal
Ja of C defined by:

feJA(X,Y)(:><A£>X—f>Yﬂ>A)eI VX, Y €@
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Ideals and factor categories

Equivalence relations in terms of the factor categories

Ingredients:

PUCC M e Ob(U) ~ Max(End(M)) C {Iu1, ... Iwnt By~

Take M € Ob(U), Im,j € Max(End(M)) and Jp; its associated ideal in C.
For any object N € Ob(U) we have:

M~,—N<:}M’£Nin€/JM,j
and
M x; N <= N =0 in C/jM,j

Moreover, in the first case Iy = Im j(N, N) is a maximal right ideal of End(/N) and
JM,J' = jN’j.
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Ideals and factor categories

For any object M of U, define:
V(M) := {Im,i | Im,i is a maximal ideal of End(M) }.

Proposition [ — , Facchini 2018]

Let My, ..., M, be objects of U. Then there is a one-to-one correspondence between the
maximal two-sided ideals of Ende(@D,_; Mk) and J,_; V(Mk). given by

v O V(Mk) — Max (Endc(é Mk))

k=1 k=1

Inme,i v In,i(Dk=1 M, ®i—1 Mk)

Federico Campanini Krull-Schmidt CRAM Padova - January 27-28, 2023 20 /22



Ideals and factor categories

Theorem [ — , Facchini 2018]

Let Mi,Ms..., M., Ni, N>, ..., Ns be r + s objects of U. For every j =1,...,n define
Xj:={k|k=1,...,r, Iy, is a maximal ideal of End(My)}
Yi:={¢|£=1,...,s, Iy, is a maximal ideal of End(N,)}.

Then the following conditions are equivalent:

(1) By Mk = B;_; N¢ in the category C;

(2) r=s and there exist n permutations oj of {1,2,...,r}, where j =1,...,n, such
that Mk ~j Ny (k) for every k =1,...,r.

(3) r=s and there exist n bijections 7 : X; — Yj, where j =1,...,n, such that
My ~; ij(k) for every k € X;;
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Thank you!

Federico Campanini Krull-Schmidt
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