
Renato Calleja, IIMAS-UNAM 
 
Joint work with Eusebius Doedel, Carlos García Azpeitia, Jean-Philippe Lessard, and Jason Mireles-James.

Choreographies in the n-body 
problem and a conjecture of Marchal

Geometry, Dynamics and Mechanics Seminar 
 
March 16th, 2021



Choreographies
The equations of motion for the n-body problem are

We look for -periodic functions  such that if

we find a solution to Newton’s equations  acts on the set of
bodies and in  by shifting to the next body

··xj =
n

∑
i=1,i≠j

mj(xi − xj)
∥xi − xj∥3

2π q : ℝ1 → ℝ3

xj(t) = q(t − jζ), j = 1,...,n ζ =
2π
n

ℤn

𝕊1



Joseph-Louis Lagrange



Choreographies

A choreography is an orbit where n masses follow the 
same path
• C. Moore in ’93, figure-eight orbit minimizing the 

action among symmetric paths
• Chenciner-Montgomery ’00 proved existence 

minimizing the action over paths that connect a 
colinear and an isosceles configuration

• C. Simó large number of different choreographies



(http://www.scholarpedia.org/article/N-body_choreographies) 

Figure eight choreography  



Variational Methods
Many important contributions started from the work of Chenciner and Montgomery ’00

An obstacle that one encounters is the existence of paths with 
collisions

• Terracini-Ferrario ’04 applied the principle of least action 
systematically over symmetric paths to avoid collisions, using ideas 
introduced by Marchal 

• Other contributions to variational approaches include (Barutello-Ferrario-
Terracini ’08) (K.-C. Chen ’01) (Arioli-Barutello-Terracini ’03) (Ferrario ’06)
(Ferrario-Portaluri ’08) (Terracini-Venturelli ’07)

• …



Continuation methods
Continuation methods usually give infinitely many choreographies

Chenciner-Féjoz ’09 observed that choreographies appear in dense sets along the 
vertical Lyapunov families that arise from n<7 rotating bodies in a regular polygon 
(Weinstein-Moser)

                              

When the frequency varies along the vertical Lyapunov families, then an infinite 
number of choreographies exists
R. Calleja+



Equations of motion in a rotating frame
Ize-García Azpeitia ’13, proved the global existence of bifurcating planar and vertical 
Lyapunov families using equivariant degree theory (Ize-Vignoli ’03)

where the  are the positions of the bodies in space, and  is defined by

                 

(wj, zj) ∈ ℂ × ℝ s1

s1 =
1
4

n−1

∑
j=1

1
sin( jζ/2)

, ζ =
2π
n

.

··wj + 2 s1 i ·wj = s1wj −
n

∑
i=1(i≠j)

wj − wi

(wj, zj) − (wi, zi)
3 , ··zj = −

n

∑
i=1(i≠j)

zj − zi

(wj, zj) − (wi, zi)
3 ,



Polygonal equilibria
The circular, polygonal relative equilibrium consists of the positions 

                      
                  

The frequency of the rotational frame is chosen to be 

wj = eijζ, zj = 0.

s1



Some symmetries
These equations have symmetries inherited from Newton’s equations in the inertial 
frame 

1. rotations in the plane,  

2. phase in time 

3. translation in 

eθiwj

zj + c



Spatial branches
Theorem (Ize-García Azpeitia ’13)
For n ≥ 3 and each k such that 1≤ k ≤n/2, the polygonal relative equilibrium has one 
global bifurcation of spatial periodic solutions, which start with frequency , have the 
symmetry 

,

as well as the symmetries, 

              .

sk

(wj(t) = eijζwn(t + jkζ), wn(t) = w̄n(−t))

zj(t) = zn(t + jkζ), and wn(t) = wn(t + π), zn(t) = − zn(t + π)

sk =
1
4

n−1

∑
j=1

sin2(kjζ/2)
sin3( jζ/2)

, ζ =
2π
n



Spatial branches



wj(t) = eijζwn(t + jkζ), wn(t) = w̄n(−t)
zj(t) = zn(t + jkζ), and wn(t) = wn(t + π), zn(t) = − zn(t + π)

n = 4, k = 2

Spatial branches



Symmetries along the branches

The periodic orbits in a branch satisfy the following (Ize-García Azpeitia ’13) 

                 

We transform to the inertial frame

with  

(…remember ,  j = 1, ..., n with   ) 

wj(t) = eijζwn(t + jkζ)
zj(t) = zn(t + jkζ)

wj(t) = eijζwn(t + jkζ) → qj(t) = e−ij(2π)Ωqn(t + jkζ)

Ω =
1
n (k

s1

ν
− 1)

xj(t) = q(t − jξ) ξ =
2π
n



Symmetries along the branches
We have that

   
We chose Ω = p/q and and  relatively prime integers such that

                

then

 
( ) and  is a  - periodic function

qj(t) = e−ij(2π)Ωqn(t + jkζ)
ℓ m

ℓ
m

=
np + q

kq

qj(t) = qn(t + j (1nkζ))

1n = 1 mod n qn 2πm



Symmetries along the branches
At the same time, the spatial component satisfies that 

    
We finally conclude that

 

which is the condition to have a Choreography and we can say more about 
the path 

zj(t) = zn(t + jkζ) = zn(t + j1nkζ)

(qj, zj)(t) = (qn, zn)(t + j(k − (kℓ − m)ℓ*)ζ)



Resonant periodic orbits
We say that a planar or spatial Lyapunov orbit is   resonant if its period and 
frequency are 

                                 

with 

                                       

where  and  are relatively prime, and such that 

                                                

ℓ : m

T =
2π

s1 ( ℓ
m ) ,    ν = s1

m
ℓ

,

s1 =
1
4

n−1

∑
j=1

1
sin( jζ/2)

, ζ =
2π
n

ℓ m

kℓ − m ∈ nℤ



Choreography Theorem
Theorem

In the inertial frame an  resonant Lyapunov orbit is a 
choreography, 

                                      

where  ,  with  them-modular inverse 
of  . 

ℓ : m

xj(t) = xn(t + jk̃ζ),

xj = (qj, zj) k̃ = k − (kℓ − m)ℓ* ℓ*
ℓ



The projection on the xy-plane of the choreography

1) symmetric by rotations of the angle 
2) winds around a center  times

The period of the choreography is  where

2π/m
ℓ

m × Tℓ:m

Tℓ:m =
2pi

s1

ℓ
m

Choreography Theorem



Spatial orbits and bifurcations

n = 4



Spatial orbits and bifurcations

n = 6 n = 8



DDE framework
··wj = − 2 s1i ·wj + s1wj −

n

∑
i=1(i≠j)

wj − wi

(wj, zj) − (wi, zi)
3 ,

··zj = −
n

∑
i=1(i≠j)

zj − zi

(wj, zj) − (wi, zi)
3 ,

The solutions of Newton's equations with the symmetries  are zeros of the 
map

 

defined in spaces  and  of analytic -periodic functions, which we will specify later in Fourier 
components.

The equation  is a delay differential equation (DDE).

uj(t) = e jJ̄ζun(t + jkζ)

𝒢(un, ω) = ω2··un + 2ω s1 J̄ ·un − s1Īun +
n−1

∑
j=1

un − e jJ̄ζun(t + jkζ)

un − e jJ̄ζun(t + jkζ)
3 : X × ℝ → Y

X Y 2π

𝒢(un, ω) = 0



Symmetries
𝒢(un, ω) = ω2··un + 2ω s1 J̄ ·un − s1Īun +

n−1

∑
j=1

un − e jJ̄ζun(t + jkζ)

un − e jJ̄ζun(t + jkζ)
3

These equations have three symmetries inherited from Newton's equations so 
the solutions are invariant under 

1. rotations in the plane, 
2. changes in the phase, 
3. translation in 

           

eθiwj
u(t + φ)

zj + c

(θ, φ, τ)u(t) = eJ̄θu(t + φ) + (0,0,τ),



Augmented equations
The function  is invariant under the same group actions 

 
  
We augment the equation  with three Lagrange multipliers

where  are the three generator fields
1.  rotations in the plane
2.  changes in the phase
3.  translations in  

𝒢
𝒢((θ, φ, τ)u0) = (θ, φ, τ)𝒢(u0) = 0

𝒢(u, ω) +
3

∑
j=1

λjAj(u) = 0.

Aj
A1 = diag(J,0)xj
A2 = ·u
A3 = (0,0,1) z



Poincaré Sections
The augmented equations  together with three 
equations (Poincaré sections)

1.

2.

4.

correspond conservation of translations in , rotations, and change of phase 

𝒢(u, ω) + ∑3
j=1 λjAj(u) = 0

I1(u) = ∫
2π

0
u(t) ⋅ J̄ũ′ (t) dt = 0

I2(u) = ∫
2π

0
(u(t) − ũn(t)) ⋅ ũ′ n(t) dt = 0,

I3(u) = ∫
2π

0
u3(t) dt = 0

z



Automatic Differentiation
We write the DDE as a higher dimensional equation with polynomial nonlinearities

supplemented with the conditions

 

·u = v

·v =
1

ω2
−2ω s1 J̄v + s1Īu −

n−1

∑
j=1

w3
j (u(t) − e jJ̄ζu(t + jkζ)) + λ1J̄u + λ2v + λ3e3

·wj = − w3
j ⟨v(t) − e jJ̄ζv(t + jkζ), u(t) − e jJ̄ζu(t + jkζ)⟩ + αjw3

j ,

wj(0) =
1

u(0) − e jJ̄ζu( jkζ)
, j = 1,…, n − 1



Fourier Map
Consider the Banach space

 , 

that is a Banach algebra under discrete convolution  where . 

Defining  the Fourier map 

 is defined by 

ℓ1
ν = {c = (cℓ)ℓ∈ℤ : ∥c∥ν = ∑ℓ∈𝒵 |cℓ |ν|ℓ| < ∞}

(a * b)k = ∑k1+k2=k ak1
bk2

, a, b ∈ ℓ1
ν

Y = ℂ3 × ℂn−1 × (ℓ̃1
ν)3 × (ℓ̃1

ν)3 × (ℓ̃1
ν)n−1

F : X × ℝ → Y

F(x, ω) =

η(u)
γ(u, w)
f(u, v)

g(λ, u, v, w, ω)
h(α, u, v, w)

.



A Posteriori Validation of the Fourier Map
Demonstrate that a Newton-like operator is a contraction in a closed ball centered at a numerical approximation 
.

Theorem (Radii Polynomial Approach) 
, ,  Fréchet differentiable on the ball . Let   (approximation of ) 

and  (approximate inverse of ),  , with  injective.

Let  be such that

   

   
Define the radii polynomial  If  so that  then 

 with 

x̄

x̄ ∈ X r > 0 F : X → Y Br(x̄) A† ∈ B(X, Y) DF(x̄)
A ∈ B(Y, X) DF(x̄) AF : X → X A

Y0, Z0, Z1, Z2 ≥ 0

∥AF(x̄)∥X ≤ Y0,
∥I − AA†∥B(X) ≤ Z0,

∥A[DF(x̄) − A†]∥B(X) ≤ Z1,
∥A[DF(x̄ + b) − DF(x̄)]∥B(X) ≤ Z2r, ∀ b ∈ Br(0) .

p(r) = Z2r2 + (Z1 + Z0 − 1)r + Y0 . 0 < r0 ≤ r p(r0) < 0,
F(x̃) = 0 x̃ ∈ Br0

(x̄)



Several existence proofs
Several existence proofs for planar and spatial choreographies use
a different setup

• Equations of motion in the phase space and CAPD (Kapela-Simó ’07), (Kapela-Simó '17),
(Kapela-Zgliczynski '03) 

• Functional analytic methods applied directly to periodic orbits of the Hamiltonian vector field 
(Arioli-Barutello-Terracini ’03)

• For spatial choreographies the dimension scales like 

Our approach uses automatic differentiation to reduce to a polynomial nonlinearity adding an 
additional scalar equation for each body

                                

6n

6 + (n − 1)



Computer Assisted Proofs

• R. C., C. García-Azpeitia, J.P. Lessard, and J.D. Mireles-James, Torus knot choreographies in the n -body problem, Nonlinearity, Volume 34, Number 1, (2021) 
313-349



Computer Assisted Proofs

• R. C., C. García-Azpeitia, J.P. Lessard, and J.D. Mireles-James, Torus knot choreographies in the n -body problem, Nonlinearity, Volume 34, Number 1, (2021) 
313-349



A conjecture of Marchal
The  three body problem admits at least two choreography solutions

The symmetry group of the figure eight  is a 12th-order subgroup of the equilateral

 triangle

P12 is an out of plane family of periodic orbits coming out to the triangle

?



A conjecture of Marchal
“The three body equilateral triangle of Lagrange and the three body 
figure eight are in the same continuation class”

"In rotating coordinates the three body equilateral triangle 
configuration can be continued by the variation of the frequency 
to a periodic orbit of the rotating problem which, when converted 
back to inertial coordinates, is the figure eight of Moore, 
Chenciner, and Montgomery." 



From the heptagon to the Figure eight
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• R. C., E. Doedel, and C. García-Azpeitia, Symmetries and choreographies in families that bifurcate from the polygonal relative equilibrium of the n -body problem, 
Celestial Mech. Dynam. Astronom. 130 (2018), 130:48.



From the triangle to the eight
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Evidence for Marchal´s conjecture.
• R. C., C. García-Azpeitia, J.P. Lessard, and J.D. Mireles-James, From the Lagrangre polygons to the figure eight I, 

Celestial Mech. Dynam. Astronom., volume 133, Article number: 10 (2021)



Many bifurcations ( n = 3, 5, 7, 9)
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<latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit><latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit><latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit><latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit>

2
<latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit><latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit><latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit><latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit>

1
<latexit sha1_base64="wjPtDWepVFQBa4xnQHBU+Y6yTKY=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWAruApJtbHdFdy4rGAf0IQymUzaoZNJmJkIJXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+/xE0alsqxPY2V1bX1js7BV3N7Z3dsvHRx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPr3O/e0+EpDG/U5OEeBEachpSjJSWBqVj149ZECE1qtgVN+XL36BUtsy649TqDWiZlnNRq9ZzUnNqdgPapjVDGSzQGpQ+3CDGaUS4wgxJ2betRHkZEopiRqZFN5UkQXiMhqSvKUcRkV42O2AKz7QSwDAW+nEFZ+r3jgxFUk4iX1fmy8nfXi7+5fVTFda9jPIkVYTj+aAwZVDFME8DBlQQrNhEE4QF1btCPEICYaUzK+oQlpfC/0mnatqWad9Wy83LRRwFcAJOwTmwwRVoghvQAm2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L9eEloc=</latexit><latexit sha1_base64="wjPtDWepVFQBa4xnQHBU+Y6yTKY=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWAruApJtbHdFdy4rGAf0IQymUzaoZNJmJkIJXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+/xE0alsqxPY2V1bX1js7BV3N7Z3dsvHRx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPr3O/e0+EpDG/U5OEeBEachpSjJSWBqVj149ZECE1qtgVN+XL36BUtsy649TqDWiZlnNRq9ZzUnNqdgPapjVDGSzQGpQ+3CDGaUS4wgxJ2betRHkZEopiRqZFN5UkQXiMhqSvKUcRkV42O2AKz7QSwDAW+nEFZ+r3jgxFUk4iX1fmy8nfXi7+5fVTFda9jPIkVYTj+aAwZVDFME8DBlQQrNhEE4QF1btCPEICYaUzK+oQlpfC/0mnatqWad9Wy83LRRwFcAJOwTmwwRVoghvQAm2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L9eEloc=</latexit><latexit sha1_base64="wjPtDWepVFQBa4xnQHBU+Y6yTKY=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWAruApJtbHdFdy4rGAf0IQymUzaoZNJmJkIJXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+/xE0alsqxPY2V1bX1js7BV3N7Z3dsvHRx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPr3O/e0+EpDG/U5OEeBEachpSjJSWBqVj149ZECE1qtgVN+XL36BUtsy649TqDWiZlnNRq9ZzUnNqdgPapjVDGSzQGpQ+3CDGaUS4wgxJ2betRHkZEopiRqZFN5UkQXiMhqSvKUcRkV42O2AKz7QSwDAW+nEFZ+r3jgxFUk4iX1fmy8nfXi7+5fVTFda9jPIkVYTj+aAwZVDFME8DBlQQrNhEE4QF1btCPEICYaUzK+oQlpfC/0mnatqWad9Wy83LRRwFcAJOwTmwwRVoghvQAm2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L9eEloc=</latexit><latexit sha1_base64="wjPtDWepVFQBa4xnQHBU+Y6yTKY=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWAruApJtbHdFdy4rGAf0IQymUzaoZNJmJkIJXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+/xE0alsqxPY2V1bX1js7BV3N7Z3dsvHRx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPr3O/e0+EpDG/U5OEeBEachpSjJSWBqVj149ZECE1qtgVN+XL36BUtsy649TqDWiZlnNRq9ZzUnNqdgPapjVDGSzQGpQ+3CDGaUS4wgxJ2betRHkZEopiRqZFN5UkQXiMhqSvKUcRkV42O2AKz7QSwDAW+nEFZ+r3jgxFUk4iX1fmy8nfXi7+5fVTFda9jPIkVYTj+aAwZVDFME8DBlQQrNhEE4QF1btCPEICYaUzK+oQlpfC/0mnatqWad9Wy83LRRwFcAJOwTmwwRVoghvQAm2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L9eEloc=</latexit>
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6
<latexit sha1_base64="MarOo51oK9P3CHV02nFt8oMscfc=">AAACAHicdVDLSgMxFM34rPU16sKFm2AruBoy1Y7truDGZQX7gHYomTRtQzOZIckIZejGX3HjQhG3foY7/8ZMH6CiBwIn59zLvfcEMWdKI/RprayurW9s5rby2zu7e/v2wWFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8H4OvNb91QqFok7PYmpH+KhYANGsDZSzz7uBhHvh1iPil6xm4jlr2cXkFPxvHKlCpGDvItyqZKRsld2q9B10AwFsEC9Z390+xFJQio04Vipjoti7adYakY4nea7iaIxJmM8pB1DBQ6p8tPZAVN4ZpQ+HETSPKHhTP3ekeJQqUkYmMpsOfXby8S/vE6iBxU/ZSJONBVkPmiQcKgjmKUB+0xSovnEEEwkM7tCMsISE20yy5sQlpfC/0mz5LjIcW9LhdrlIo4cOAGn4By44ArUwA2ogwYgYAoewTN4sR6sJ+vVepuXrliLniPwA9b7F99Ulow=</latexit><latexit sha1_base64="MarOo51oK9P3CHV02nFt8oMscfc=">AAACAHicdVDLSgMxFM34rPU16sKFm2AruBoy1Y7truDGZQX7gHYomTRtQzOZIckIZejGX3HjQhG3foY7/8ZMH6CiBwIn59zLvfcEMWdKI/RprayurW9s5rby2zu7e/v2wWFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8H4OvNb91QqFok7PYmpH+KhYANGsDZSzz7uBhHvh1iPil6xm4jlr2cXkFPxvHKlCpGDvItyqZKRsld2q9B10AwFsEC9Z390+xFJQio04Vipjoti7adYakY4nea7iaIxJmM8pB1DBQ6p8tPZAVN4ZpQ+HETSPKHhTP3ekeJQqUkYmMpsOfXby8S/vE6iBxU/ZSJONBVkPmiQcKgjmKUB+0xSovnEEEwkM7tCMsISE20yy5sQlpfC/0mz5LjIcW9LhdrlIo4cOAGn4By44ArUwA2ogwYgYAoewTN4sR6sJ+vVepuXrliLniPwA9b7F99Ulow=</latexit><latexit sha1_base64="MarOo51oK9P3CHV02nFt8oMscfc=">AAACAHicdVDLSgMxFM34rPU16sKFm2AruBoy1Y7truDGZQX7gHYomTRtQzOZIckIZejGX3HjQhG3foY7/8ZMH6CiBwIn59zLvfcEMWdKI/RprayurW9s5rby2zu7e/v2wWFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8H4OvNb91QqFok7PYmpH+KhYANGsDZSzz7uBhHvh1iPil6xm4jlr2cXkFPxvHKlCpGDvItyqZKRsld2q9B10AwFsEC9Z390+xFJQio04Vipjoti7adYakY4nea7iaIxJmM8pB1DBQ6p8tPZAVN4ZpQ+HETSPKHhTP3ekeJQqUkYmMpsOfXby8S/vE6iBxU/ZSJONBVkPmiQcKgjmKUB+0xSovnEEEwkM7tCMsISE20yy5sQlpfC/0mz5LjIcW9LhdrlIo4cOAGn4By44ArUwA2ogwYgYAoewTN4sR6sJ+vVepuXrliLniPwA9b7F99Ulow=</latexit><latexit sha1_base64="MarOo51oK9P3CHV02nFt8oMscfc=">AAACAHicdVDLSgMxFM34rPU16sKFm2AruBoy1Y7truDGZQX7gHYomTRtQzOZIckIZejGX3HjQhG3foY7/8ZMH6CiBwIn59zLvfcEMWdKI/RprayurW9s5rby2zu7e/v2wWFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8H4OvNb91QqFok7PYmpH+KhYANGsDZSzz7uBhHvh1iPil6xm4jlr2cXkFPxvHKlCpGDvItyqZKRsld2q9B10AwFsEC9Z390+xFJQio04Vipjoti7adYakY4nea7iaIxJmM8pB1DBQ6p8tPZAVN4ZpQ+HETSPKHhTP3ekeJQqUkYmMpsOfXby8S/vE6iBxU/ZSJONBVkPmiQcKgjmKUB+0xSovnEEEwkM7tCMsISE20yy5sQlpfC/0mz5LjIcW9LhdrlIo4cOAGn4By44ArUwA2ogwYgYAoewTN4sR6sJ+vVepuXrliLniPwA9b7F99Ulow=</latexit>

5
<latexit sha1_base64="q8Yb5K48yApL1i7GdP0+QdrujDU=">AAACAHicdVDLSgMxFM34rPU16sKFm2AruBoy1antruDGZQX7gHYomTRtQzOZIckIZejGX3HjQhG3foY7/8ZMH6CiBwIn59zLvfcEMWdKI/RprayurW9s5rby2zu7e/v2wWFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8H4OvNb91QqFok7PYmpH+KhYANGsDZSzz7uBhHvh1iPil6xm4jlr2cXkFMpl71KFSIHlS+8UiUjXtlzq9B10AwFsEC9Z390+xFJQio04Vipjoti7adYakY4nea7iaIxJmM8pB1DBQ6p8tPZAVN4ZpQ+HETSPKHhTP3ekeJQqUkYmMpsOfXby8S/vE6iBxU/ZSJONBVkPmiQcKgjmKUB+0xSovnEEEwkM7tCMsISE20yy5sQlpfC/0mz5LjIcW9LhdrlIo4cOAGn4By44ArUwA2ogwYgYAoewTN4sR6sJ+vVepuXrliLniPwA9b7F93Elos=</latexit><latexit sha1_base64="q8Yb5K48yApL1i7GdP0+QdrujDU=">AAACAHicdVDLSgMxFM34rPU16sKFm2AruBoy1antruDGZQX7gHYomTRtQzOZIckIZejGX3HjQhG3foY7/8ZMH6CiBwIn59zLvfcEMWdKI/RprayurW9s5rby2zu7e/v2wWFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8H4OvNb91QqFok7PYmpH+KhYANGsDZSzz7uBhHvh1iPil6xm4jlr2cXkFMpl71KFSIHlS+8UiUjXtlzq9B10AwFsEC9Z390+xFJQio04Vipjoti7adYakY4nea7iaIxJmM8pB1DBQ6p8tPZAVN4ZpQ+HETSPKHhTP3ekeJQqUkYmMpsOfXby8S/vE6iBxU/ZSJONBVkPmiQcKgjmKUB+0xSovnEEEwkM7tCMsISE20yy5sQlpfC/0mz5LjIcW9LhdrlIo4cOAGn4By44ArUwA2ogwYgYAoewTN4sR6sJ+vVepuXrliLniPwA9b7F93Elos=</latexit><latexit sha1_base64="q8Yb5K48yApL1i7GdP0+QdrujDU=">AAACAHicdVDLSgMxFM34rPU16sKFm2AruBoy1antruDGZQX7gHYomTRtQzOZIckIZejGX3HjQhG3foY7/8ZMH6CiBwIn59zLvfcEMWdKI/RprayurW9s5rby2zu7e/v2wWFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8H4OvNb91QqFok7PYmpH+KhYANGsDZSzz7uBhHvh1iPil6xm4jlr2cXkFMpl71KFSIHlS+8UiUjXtlzq9B10AwFsEC9Z390+xFJQio04Vipjoti7adYakY4nea7iaIxJmM8pB1DBQ6p8tPZAVN4ZpQ+HETSPKHhTP3ekeJQqUkYmMpsOfXby8S/vE6iBxU/ZSJONBVkPmiQcKgjmKUB+0xSovnEEEwkM7tCMsISE20yy5sQlpfC/0mz5LjIcW9LhdrlIo4cOAGn4By44ArUwA2ogwYgYAoewTN4sR6sJ+vVepuXrliLniPwA9b7F93Elos=</latexit><latexit sha1_base64="q8Yb5K48yApL1i7GdP0+QdrujDU=">AAACAHicdVDLSgMxFM34rPU16sKFm2AruBoy1antruDGZQX7gHYomTRtQzOZIckIZejGX3HjQhG3foY7/8ZMH6CiBwIn59zLvfcEMWdKI/RprayurW9s5rby2zu7e/v2wWFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8H4OvNb91QqFok7PYmpH+KhYANGsDZSzz7uBhHvh1iPil6xm4jlr2cXkFMpl71KFSIHlS+8UiUjXtlzq9B10AwFsEC9Z390+xFJQio04Vipjoti7adYakY4nea7iaIxJmM8pB1DBQ6p8tPZAVN4ZpQ+HETSPKHhTP3ekeJQqUkYmMpsOfXby8S/vE6iBxU/ZSJONBVkPmiQcKgjmKUB+0xSovnEEEwkM7tCMsISE20yy5sQlpfC/0mz5LjIcW9LhdrlIo4cOAGn4By44ArUwA2ogwYgYAoewTN4sR6sJ+vVepuXrliLniPwA9b7F93Elos=</latexit>

6
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<latexit sha1_base64="AxE3Q4I7ng0BUBnP6BuSfLHWhoY=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJNTHdFdy4rGAf0IQymU7boZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe++JUkalsu1PY2V1bX1js7BV3N7Z3ds3Dw6bMskEJg2csES0IyQJo5w0FFWMtFNBUBwx0opG17nfuidC0oTfqXFKwhgNOO1TjJSWuuZxECWsFyM1LPvlIOPLX9cs2Zbvea5fhbZlexduxc+J67lOFTqWPUMJLFDvmh9BL8FZTLjCDEnZcexUhRMkFMWMTItBJkmK8AgNSEdTjmIiw8nsgCk800oP9hOhH1dwpn7vmKBYynEc6cp8Ofnby8W/vE6m+n44oTzNFOF4PqifMagSmKcBe1QQrNhYE4QF1btCPEQCYaUzK+oQlpfC/0mzYjm25dxWSrXLRRwFcAJOwTlwwBWogRtQBw2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L+J0lo4=</latexit><latexit sha1_base64="AxE3Q4I7ng0BUBnP6BuSfLHWhoY=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJNTHdFdy4rGAf0IQymU7boZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe++JUkalsu1PY2V1bX1js7BV3N7Z3ds3Dw6bMskEJg2csES0IyQJo5w0FFWMtFNBUBwx0opG17nfuidC0oTfqXFKwhgNOO1TjJSWuuZxECWsFyM1LPvlIOPLX9cs2Zbvea5fhbZlexduxc+J67lOFTqWPUMJLFDvmh9BL8FZTLjCDEnZcexUhRMkFMWMTItBJkmK8AgNSEdTjmIiw8nsgCk800oP9hOhH1dwpn7vmKBYynEc6cp8Ofnby8W/vE6m+n44oTzNFOF4PqifMagSmKcBe1QQrNhYE4QF1btCPEQCYaUzK+oQlpfC/0mzYjm25dxWSrXLRRwFcAJOwTlwwBWogRtQBw2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L+J0lo4=</latexit><latexit sha1_base64="AxE3Q4I7ng0BUBnP6BuSfLHWhoY=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJNTHdFdy4rGAf0IQymU7boZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe++JUkalsu1PY2V1bX1js7BV3N7Z3ds3Dw6bMskEJg2csES0IyQJo5w0FFWMtFNBUBwx0opG17nfuidC0oTfqXFKwhgNOO1TjJSWuuZxECWsFyM1LPvlIOPLX9cs2Zbvea5fhbZlexduxc+J67lOFTqWPUMJLFDvmh9BL8FZTLjCDEnZcexUhRMkFMWMTItBJkmK8AgNSEdTjmIiw8nsgCk800oP9hOhH1dwpn7vmKBYynEc6cp8Ofnby8W/vE6m+n44oTzNFOF4PqifMagSmKcBe1QQrNhYE4QF1btCPEQCYaUzK+oQlpfC/0mzYjm25dxWSrXLRRwFcAJOwTlwwBWogRtQBw2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L+J0lo4=</latexit><latexit sha1_base64="AxE3Q4I7ng0BUBnP6BuSfLHWhoY=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJNTHdFdy4rGAf0IQymU7boZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe++JUkalsu1PY2V1bX1js7BV3N7Z3ds3Dw6bMskEJg2csES0IyQJo5w0FFWMtFNBUBwx0opG17nfuidC0oTfqXFKwhgNOO1TjJSWuuZxECWsFyM1LPvlIOPLX9cs2Zbvea5fhbZlexduxc+J67lOFTqWPUMJLFDvmh9BL8FZTLjCDEnZcexUhRMkFMWMTItBJkmK8AgNSEdTjmIiw8nsgCk800oP9hOhH1dwpn7vmKBYynEc6cp8Ofnby8W/vE6m+n44oTzNFOF4PqifMagSmKcBe1QQrNhYE4QF1btCPEQCYaUzK+oQlpfC/0mzYjm25dxWSrXLRRwFcAJOwTlwwBWogRtQBw2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L+J0lo4=</latexit>

10
<latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit>

12
<latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit>

11
<latexit sha1_base64="u87NA5T2zUEsXdJpjex6yiLrv5Y=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJtTXdFdy4rGAf0JYymUzaoZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r3HixmVyrY/jdzK6tr6Rn6zsLW9s7tn7h+0ZJQITJo4YpHoeEgSRjlpKqoY6cSCoNBjpO2NrzK/fUeEpBG/VZOY9EM05DSgGCktDcyjnhcxP0RqVHKcUi/hy+/ALNqWW61W3Bq0Lbt6Xim7GalUK04NOpY9QxEs0BiYHz0/wklIuMIMSdl17Fj1UyQUxYxMC71EkhjhMRqSrqYchUT209kFU3iqFR8GkdCPKzhTv3ekKJRyEnq6MltO/vYy8S+vm6jA7aeUx4kiHM8HBQmDKoJZHNCngmDFJpogLKjeFeIREggrHVpBh7C8FP5PWmXLsS3nplysXyziyINjcALOgAMuQR1cgwZoAgzuwSN4Bi/Gg/FkvBpv89Kcseg5BD9gvH8BTU6Wwg==</latexit><latexit sha1_base64="u87NA5T2zUEsXdJpjex6yiLrv5Y=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJtTXdFdy4rGAf0JYymUzaoZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r3HixmVyrY/jdzK6tr6Rn6zsLW9s7tn7h+0ZJQITJo4YpHoeEgSRjlpKqoY6cSCoNBjpO2NrzK/fUeEpBG/VZOY9EM05DSgGCktDcyjnhcxP0RqVHKcUi/hy+/ALNqWW61W3Bq0Lbt6Xim7GalUK04NOpY9QxEs0BiYHz0/wklIuMIMSdl17Fj1UyQUxYxMC71EkhjhMRqSrqYchUT209kFU3iqFR8GkdCPKzhTv3ekKJRyEnq6MltO/vYy8S+vm6jA7aeUx4kiHM8HBQmDKoJZHNCngmDFJpogLKjeFeIREggrHVpBh7C8FP5PWmXLsS3nplysXyziyINjcALOgAMuQR1cgwZoAgzuwSN4Bi/Gg/FkvBpv89Kcseg5BD9gvH8BTU6Wwg==</latexit><latexit sha1_base64="u87NA5T2zUEsXdJpjex6yiLrv5Y=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJtTXdFdy4rGAf0JYymUzaoZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r3HixmVyrY/jdzK6tr6Rn6zsLW9s7tn7h+0ZJQITJo4YpHoeEgSRjlpKqoY6cSCoNBjpO2NrzK/fUeEpBG/VZOY9EM05DSgGCktDcyjnhcxP0RqVHKcUi/hy+/ALNqWW61W3Bq0Lbt6Xim7GalUK04NOpY9QxEs0BiYHz0/wklIuMIMSdl17Fj1UyQUxYxMC71EkhjhMRqSrqYchUT209kFU3iqFR8GkdCPKzhTv3ekKJRyEnq6MltO/vYy8S+vm6jA7aeUx4kiHM8HBQmDKoJZHNCngmDFJpogLKjeFeIREggrHVpBh7C8FP5PWmXLsS3nplysXyziyINjcALOgAMuQR1cgwZoAgzuwSN4Bi/Gg/FkvBpv89Kcseg5BD9gvH8BTU6Wwg==</latexit><latexit sha1_base64="u87NA5T2zUEsXdJpjex6yiLrv5Y=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJtTXdFdy4rGAf0JYymUzaoZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r3HixmVyrY/jdzK6tr6Rn6zsLW9s7tn7h+0ZJQITJo4YpHoeEgSRjlpKqoY6cSCoNBjpO2NrzK/fUeEpBG/VZOY9EM05DSgGCktDcyjnhcxP0RqVHKcUi/hy+/ALNqWW61W3Bq0Lbt6Xim7GalUK04NOpY9QxEs0BiYHz0/wklIuMIMSdl17Fj1UyQUxYxMC71EkhjhMRqSrqYchUT209kFU3iqFR8GkdCPKzhTv3ekKJRyEnq6MltO/vYy8S+vm6jA7aeUx4kiHM8HBQmDKoJZHNCngmDFJpogLKjeFeIREggrHVpBh7C8FP5PWmXLsS3nplysXyziyINjcALOgAMuQR1cgwZoAgzuwSN4Bi/Gg/FkvBpv89Kcseg5BD9gvH8BTU6Wwg==</latexit>

10
<latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit>

12
<latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit>
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<latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit>
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<latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit>
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<latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit>
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<latexit sha1_base64="AxE3Q4I7ng0BUBnP6BuSfLHWhoY=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJNTHdFdy4rGAf0IQymU7boZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe++JUkalsu1PY2V1bX1js7BV3N7Z3ds3Dw6bMskEJg2csES0IyQJo5w0FFWMtFNBUBwx0opG17nfuidC0oTfqXFKwhgNOO1TjJSWuuZxECWsFyM1LPvlIOPLX9cs2Zbvea5fhbZlexduxc+J67lOFTqWPUMJLFDvmh9BL8FZTLjCDEnZcexUhRMkFMWMTItBJkmK8AgNSEdTjmIiw8nsgCk800oP9hOhH1dwpn7vmKBYynEc6cp8Ofnby8W/vE6m+n44oTzNFOF4PqifMagSmKcBe1QQrNhYE4QF1btCPEQCYaUzK+oQlpfC/0mzYjm25dxWSrXLRRwFcAJOwTlwwBWogRtQBw2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L+J0lo4=</latexit><latexit sha1_base64="AxE3Q4I7ng0BUBnP6BuSfLHWhoY=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJNTHdFdy4rGAf0IQymU7boZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe++JUkalsu1PY2V1bX1js7BV3N7Z3ds3Dw6bMskEJg2csES0IyQJo5w0FFWMtFNBUBwx0opG17nfuidC0oTfqXFKwhgNOO1TjJSWuuZxECWsFyM1LPvlIOPLX9cs2Zbvea5fhbZlexduxc+J67lOFTqWPUMJLFDvmh9BL8FZTLjCDEnZcexUhRMkFMWMTItBJkmK8AgNSEdTjmIiw8nsgCk800oP9hOhH1dwpn7vmKBYynEc6cp8Ofnby8W/vE6m+n44oTzNFOF4PqifMagSmKcBe1QQrNhYE4QF1btCPEQCYaUzK+oQlpfC/0mzYjm25dxWSrXLRRwFcAJOwTlwwBWogRtQBw2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L+J0lo4=</latexit><latexit sha1_base64="AxE3Q4I7ng0BUBnP6BuSfLHWhoY=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJNTHdFdy4rGAf0IQymU7boZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe++JUkalsu1PY2V1bX1js7BV3N7Z3ds3Dw6bMskEJg2csES0IyQJo5w0FFWMtFNBUBwx0opG17nfuidC0oTfqXFKwhgNOO1TjJSWuuZxECWsFyM1LPvlIOPLX9cs2Zbvea5fhbZlexduxc+J67lOFTqWPUMJLFDvmh9BL8FZTLjCDEnZcexUhRMkFMWMTItBJkmK8AgNSEdTjmIiw8nsgCk800oP9hOhH1dwpn7vmKBYynEc6cp8Ofnby8W/vE6m+n44oTzNFOF4PqifMagSmKcBe1QQrNhYE4QF1btCPEQCYaUzK+oQlpfC/0mzYjm25dxWSrXLRRwFcAJOwTlwwBWogRtQBw2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L+J0lo4=</latexit><latexit sha1_base64="AxE3Q4I7ng0BUBnP6BuSfLHWhoY=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJNTHdFdy4rGAf0IQymU7boZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe++JUkalsu1PY2V1bX1js7BV3N7Z3ds3Dw6bMskEJg2csES0IyQJo5w0FFWMtFNBUBwx0opG17nfuidC0oTfqXFKwhgNOO1TjJSWuuZxECWsFyM1LPvlIOPLX9cs2Zbvea5fhbZlexduxc+J67lOFTqWPUMJLFDvmh9BL8FZTLjCDEnZcexUhRMkFMWMTItBJkmK8AgNSEdTjmIiw8nsgCk800oP9hOhH1dwpn7vmKBYynEc6cp8Ofnby8W/vE6m+n44oTzNFOF4PqifMagSmKcBe1QQrNhYE4QF1btCPEQCYaUzK+oQlpfC/0mzYjm25dxWSrXLRRwFcAJOwTlwwBWogRtQBw2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L+J0lo4=</latexit>
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<latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit>

12
<latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit><latexit sha1_base64="XpNsh5HVDPUdp6jmRVsNvSe3Sv0=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJNLXdFdy4rGAf0IYymU7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r0niBmVyrY/jdzK6tr6Rn6zsLW9s7tn7h80ZZQITBo4YpFoB0gSRjlpKKoYaceCoDBgpBWMrzK/dUeEpBG/VZOY+CEacjqgGCkt9cyjbhCxfojUqOS4pW7Cl9+eWbStSrnsVarQtuzyuedWMuKVPacKHcueoQgWqPfMj24/wklIuMIMSdlx7Fj5KRKKYkamhW4iSYzwGA1JR1OOQiL9dHbBFJ5qpQ8HkdCPKzhTv3ekKJRyEga6MltO/vYy8S+vk6hBxU8pjxNFOJ4PGiQMqghmccA+FQQrNtEEYUH1rhCPkEBY6dAKOoTlpfB/0nQtx7acG7dYu1jEkQfH4AScAQdcghq4BnXQABjcg0fwDF6MB+PJeDXe5qU5Y9FzCH7AeP8CTt6Www==</latexit>

10
<latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit>

11
<latexit sha1_base64="u87NA5T2zUEsXdJpjex6yiLrv5Y=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJtTXdFdy4rGAf0JYymUzaoZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r3HixmVyrY/jdzK6tr6Rn6zsLW9s7tn7h+0ZJQITJo4YpHoeEgSRjlpKqoY6cSCoNBjpO2NrzK/fUeEpBG/VZOY9EM05DSgGCktDcyjnhcxP0RqVHKcUi/hy+/ALNqWW61W3Bq0Lbt6Xim7GalUK04NOpY9QxEs0BiYHz0/wklIuMIMSdl17Fj1UyQUxYxMC71EkhjhMRqSrqYchUT209kFU3iqFR8GkdCPKzhTv3ekKJRyEnq6MltO/vYy8S+vm6jA7aeUx4kiHM8HBQmDKoJZHNCngmDFJpogLKjeFeIREggrHVpBh7C8FP5PWmXLsS3nplysXyziyINjcALOgAMuQR1cgwZoAgzuwSN4Bi/Gg/FkvBpv89Kcseg5BD9gvH8BTU6Wwg==</latexit><latexit sha1_base64="u87NA5T2zUEsXdJpjex6yiLrv5Y=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJtTXdFdy4rGAf0JYymUzaoZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r3HixmVyrY/jdzK6tr6Rn6zsLW9s7tn7h+0ZJQITJo4YpHoeEgSRjlpKqoY6cSCoNBjpO2NrzK/fUeEpBG/VZOY9EM05DSgGCktDcyjnhcxP0RqVHKcUi/hy+/ALNqWW61W3Bq0Lbt6Xim7GalUK04NOpY9QxEs0BiYHz0/wklIuMIMSdl17Fj1UyQUxYxMC71EkhjhMRqSrqYchUT209kFU3iqFR8GkdCPKzhTv3ekKJRyEnq6MltO/vYy8S+vm6jA7aeUx4kiHM8HBQmDKoJZHNCngmDFJpogLKjeFeIREggrHVpBh7C8FP5PWmXLsS3nplysXyziyINjcALOgAMuQR1cgwZoAgzuwSN4Bi/Gg/FkvBpv89Kcseg5BD9gvH8BTU6Wwg==</latexit><latexit sha1_base64="u87NA5T2zUEsXdJpjex6yiLrv5Y=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJtTXdFdy4rGAf0JYymUzaoZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r3HixmVyrY/jdzK6tr6Rn6zsLW9s7tn7h+0ZJQITJo4YpHoeEgSRjlpKqoY6cSCoNBjpO2NrzK/fUeEpBG/VZOY9EM05DSgGCktDcyjnhcxP0RqVHKcUi/hy+/ALNqWW61W3Bq0Lbt6Xim7GalUK04NOpY9QxEs0BiYHz0/wklIuMIMSdl17Fj1UyQUxYxMC71EkhjhMRqSrqYchUT209kFU3iqFR8GkdCPKzhTv3ekKJRyEnq6MltO/vYy8S+vm6jA7aeUx4kiHM8HBQmDKoJZHNCngmDFJpogLKjeFeIREggrHVpBh7C8FP5PWmXLsS3nplysXyziyINjcALOgAMuQR1cgwZoAgzuwSN4Bi/Gg/FkvBpv89Kcseg5BD9gvH8BTU6Wwg==</latexit><latexit sha1_base64="u87NA5T2zUEsXdJpjex6yiLrv5Y=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAruApJtTXdFdy4rGAf0JYymUzaoZNJmJkIJdSNv+LGhSJu/Qt3/o2TPkBFDwycOede7r3HixmVyrY/jdzK6tr6Rn6zsLW9s7tn7h+0ZJQITJo4YpHoeEgSRjlpKqoY6cSCoNBjpO2NrzK/fUeEpBG/VZOY9EM05DSgGCktDcyjnhcxP0RqVHKcUi/hy+/ALNqWW61W3Bq0Lbt6Xim7GalUK04NOpY9QxEs0BiYHz0/wklIuMIMSdl17Fj1UyQUxYxMC71EkhjhMRqSrqYchUT209kFU3iqFR8GkdCPKzhTv3ekKJRyEnq6MltO/vYy8S+vm6jA7aeUx4kiHM8HBQmDKoJZHNCngmDFJpogLKjeFeIREggrHVpBh7C8FP5PWmXLsS3nplysXyziyINjcALOgAMuQR1cgwZoAgzuwSN4Bi/Gg/FkvBpv89Kcseg5BD9gvH8BTU6Wwg==</latexit>

10
<latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit><latexit sha1_base64="VUoFzN3FIrpTK+HRbhTVeLJn3uA=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AruBoy1dZ2V3DjsoJ9QGcomTRtQzOZIckIpdSNv+LGhSJu/Qt3/o2ZPkBFDwROzrmXe+8JYs6URujTyqysrq1vZDdzW9s7u3v2/kFTRYkktEEiHsl2gBXlTNCGZprTdiwpDgNOW8HoKvVbd1QqFolbPY6pH+KBYH1GsDZS1z7ygoj3QqyHBRcVvEQsv107j5xKuVyqVCFyUPm8VKykpFQuuVXoOmiGPFig3rU/vF5EkpAKTThWquOiWPsTLDUjnE5zXqJojMkID2jHUIFDqvzJ7IIpPDVKD/YjaZ7QcKZ+75jgUKlxGJjKdDn120vFv7xOovsVf8JEnGgqyHxQP+FQRzCNA/aYpETzsSGYSGZ2hWSIJSbahJYzISwvhf+TZtFxkePeFPO1i0UcWXAMTsAZcMElqIFrUAcNQMA9eATP4MV6sJ6sV+ttXpqxFj2H4Aes9y9LvpbB</latexit>

12
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The eight when n > 3 is not stable
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The eight when n = 3 is stable

0.6 0.8 1 1.2 1.4 1.6
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0
<latexit sha1_base64="quZ4cVqUukg1CKEPPobtdWHH6+g=">AAACAHicdVDLSgMxFM34rPU16sKFm2AruBoy1antruDGZQX7gLaUTCbThmYyQ5IRSunGX3HjQhG3foY7/8ZMH6CiBwIn59zLvff4CWdKI/RprayurW9s5rby2zu7e/v2wWFTxakktEFiHsu2jxXlTNCGZprTdiIpjnxOW/7oOvNb91QqFos7PU5oL8IDwUJGsDZS3z7u+jEPIqyHRVTspmL569sF5FTKZa9ShchB5QuvVMmIV/bcKnQdNEMBLFDv2x/dICZpRIUmHCvVcVGiexMsNSOcTvPdVNEEkxEe0I6hAkdU9SazA6bwzCgBDGNpntBwpn7vmOBIqXHkm8psOfXby8S/vE6qw0pvwkSSairIfFCYcqhjmKUBAyYp0XxsCCaSmV0hGWKJiTaZ5U0Iy0vh/6RZclzkuLelQu1yEUcOnIBTcA5ccAVq4AbUQQMQMAWP4Bm8WA/Wk/Vqvc1LV6xFzxH4Aev9C9X0loY=</latexit><latexit sha1_base64="quZ4cVqUukg1CKEPPobtdWHH6+g=">AAACAHicdVDLSgMxFM34rPU16sKFm2AruBoy1antruDGZQX7gLaUTCbThmYyQ5IRSunGX3HjQhG3foY7/8ZMH6CiBwIn59zLvff4CWdKI/RprayurW9s5rby2zu7e/v2wWFTxakktEFiHsu2jxXlTNCGZprTdiIpjnxOW/7oOvNb91QqFos7PU5oL8IDwUJGsDZS3z7u+jEPIqyHRVTspmL569sF5FTKZa9ShchB5QuvVMmIV/bcKnQdNEMBLFDv2x/dICZpRIUmHCvVcVGiexMsNSOcTvPdVNEEkxEe0I6hAkdU9SazA6bwzCgBDGNpntBwpn7vmOBIqXHkm8psOfXby8S/vE6qw0pvwkSSairIfFCYcqhjmKUBAyYp0XxsCCaSmV0hGWKJiTaZ5U0Iy0vh/6RZclzkuLelQu1yEUcOnIBTcA5ccAVq4AbUQQMQMAWP4Bm8WA/Wk/Vqvc1LV6xFzxH4Aev9C9X0loY=</latexit><latexit sha1_base64="quZ4cVqUukg1CKEPPobtdWHH6+g=">AAACAHicdVDLSgMxFM34rPU16sKFm2AruBoy1antruDGZQX7gLaUTCbThmYyQ5IRSunGX3HjQhG3foY7/8ZMH6CiBwIn59zLvff4CWdKI/RprayurW9s5rby2zu7e/v2wWFTxakktEFiHsu2jxXlTNCGZprTdiIpjnxOW/7oOvNb91QqFos7PU5oL8IDwUJGsDZS3z7u+jEPIqyHRVTspmL569sF5FTKZa9ShchB5QuvVMmIV/bcKnQdNEMBLFDv2x/dICZpRIUmHCvVcVGiexMsNSOcTvPdVNEEkxEe0I6hAkdU9SazA6bwzCgBDGNpntBwpn7vmOBIqXHkm8psOfXby8S/vE6qw0pvwkSSairIfFCYcqhjmKUBAyYp0XxsCCaSmV0hGWKJiTaZ5U0Iy0vh/6RZclzkuLelQu1yEUcOnIBTcA5ccAVq4AbUQQMQMAWP4Bm8WA/Wk/Vqvc1LV6xFzxH4Aev9C9X0loY=</latexit><latexit sha1_base64="quZ4cVqUukg1CKEPPobtdWHH6+g=">AAACAHicdVDLSgMxFM34rPU16sKFm2AruBoy1antruDGZQX7gLaUTCbThmYyQ5IRSunGX3HjQhG3foY7/8ZMH6CiBwIn59zLvff4CWdKI/RprayurW9s5rby2zu7e/v2wWFTxakktEFiHsu2jxXlTNCGZprTdiIpjnxOW/7oOvNb91QqFos7PU5oL8IDwUJGsDZS3z7u+jEPIqyHRVTspmL569sF5FTKZa9ShchB5QuvVMmIV/bcKnQdNEMBLFDv2x/dICZpRIUmHCvVcVGiexMsNSOcTvPdVNEEkxEe0I6hAkdU9SazA6bwzCgBDGNpntBwpn7vmOBIqXHkm8psOfXby8S/vE6qw0pvwkSSairIfFCYcqhjmKUBAyYp0XxsCCaSmV0hGWKJiTaZ5U0Iy0vh/6RZclzkuLelQu1yEUcOnIBTcA5ccAVq4AbUQQMQMAWP4Bm8WA/Wk/Vqvc1LV6xFzxH4Aev9C9X0loY=</latexit>

1
<latexit sha1_base64="wjPtDWepVFQBa4xnQHBU+Y6yTKY=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWAruApJtbHdFdy4rGAf0IQymUzaoZNJmJkIJXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+/xE0alsqxPY2V1bX1js7BV3N7Z3dsvHRx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPr3O/e0+EpDG/U5OEeBEachpSjJSWBqVj149ZECE1qtgVN+XL36BUtsy649TqDWiZlnNRq9ZzUnNqdgPapjVDGSzQGpQ+3CDGaUS4wgxJ2betRHkZEopiRqZFN5UkQXiMhqSvKUcRkV42O2AKz7QSwDAW+nEFZ+r3jgxFUk4iX1fmy8nfXi7+5fVTFda9jPIkVYTj+aAwZVDFME8DBlQQrNhEE4QF1btCPEICYaUzK+oQlpfC/0mnatqWad9Wy83LRRwFcAJOwTmwwRVoghvQAm2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L9eEloc=</latexit><latexit sha1_base64="wjPtDWepVFQBa4xnQHBU+Y6yTKY=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWAruApJtbHdFdy4rGAf0IQymUzaoZNJmJkIJXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+/xE0alsqxPY2V1bX1js7BV3N7Z3dsvHRx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPr3O/e0+EpDG/U5OEeBEachpSjJSWBqVj149ZECE1qtgVN+XL36BUtsy649TqDWiZlnNRq9ZzUnNqdgPapjVDGSzQGpQ+3CDGaUS4wgxJ2betRHkZEopiRqZFN5UkQXiMhqSvKUcRkV42O2AKz7QSwDAW+nEFZ+r3jgxFUk4iX1fmy8nfXi7+5fVTFda9jPIkVYTj+aAwZVDFME8DBlQQrNhEE4QF1btCPEICYaUzK+oQlpfC/0mnatqWad9Wy83LRRwFcAJOwTmwwRVoghvQAm2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L9eEloc=</latexit><latexit sha1_base64="wjPtDWepVFQBa4xnQHBU+Y6yTKY=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWAruApJtbHdFdy4rGAf0IQymUzaoZNJmJkIJXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+/xE0alsqxPY2V1bX1js7BV3N7Z3dsvHRx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPr3O/e0+EpDG/U5OEeBEachpSjJSWBqVj149ZECE1qtgVN+XL36BUtsy649TqDWiZlnNRq9ZzUnNqdgPapjVDGSzQGpQ+3CDGaUS4wgxJ2betRHkZEopiRqZFN5UkQXiMhqSvKUcRkV42O2AKz7QSwDAW+nEFZ+r3jgxFUk4iX1fmy8nfXi7+5fVTFda9jPIkVYTj+aAwZVDFME8DBlQQrNhEE4QF1btCPEICYaUzK+oQlpfC/0mnatqWad9Wy83LRRwFcAJOwTmwwRVoghvQAm2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L9eEloc=</latexit><latexit sha1_base64="wjPtDWepVFQBa4xnQHBU+Y6yTKY=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWAruApJtbHdFdy4rGAf0IQymUzaoZNJmJkIJXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+/xE0alsqxPY2V1bX1js7BV3N7Z3dsvHRx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPr3O/e0+EpDG/U5OEeBEachpSjJSWBqVj149ZECE1qtgVN+XL36BUtsy649TqDWiZlnNRq9ZzUnNqdgPapjVDGSzQGpQ+3CDGaUS4wgxJ2betRHkZEopiRqZFN5UkQXiMhqSvKUcRkV42O2AKz7QSwDAW+nEFZ+r3jgxFUk4iX1fmy8nfXi7+5fVTFda9jPIkVYTj+aAwZVDFME8DBlQQrNhEE4QF1btCPEICYaUzK+oQlpfC/0mnatqWad9Wy83LRRwFcAJOwTmwwRVoghvQAm2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L9eEloc=</latexit>

2
<latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit><latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit><latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit><latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit>

2
<latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit><latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit><latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit><latexit sha1_base64="G0AR0J16Vyjej2EdzmYJbx8cD/E=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWAruApJtDXdFdy4rGAf0IQymU7aoZNJmJkIpXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+8JU0alsu1PY2V1bX1js7BV3N7Z3ds3Dw5bMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5H17nfvidC0oTfqXFKghgNOI0oRkpLPfPYDxPWj5Ealt2yn/Hlr2eWbMurViteDdqWXb2ouF5OKtWKU4OOZc9QAgs0euaH309wFhOuMENSdh07VcEECUUxI9Oin0mSIjxCA9LVlKOYyGAyO2AKz7TSh1Ei9OMKztTvHRMUSzmOQ12ZLyd/e7n4l9fNVOQFE8rTTBGO54OijEGVwDwN2KeCYMXGmiAsqN4V4iESCCudWVGHsLwU/k9aruXYlnPrluqXizgK4AScgnPggCtQBzegAZoAgyl4BM/gxXgwnoxX421eumIseo7ADxjvX9kUlog=</latexit>

1
<latexit sha1_base64="wjPtDWepVFQBa4xnQHBU+Y6yTKY=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWAruApJtbHdFdy4rGAf0IQymUzaoZNJmJkIJXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+/xE0alsqxPY2V1bX1js7BV3N7Z3dsvHRx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPr3O/e0+EpDG/U5OEeBEachpSjJSWBqVj149ZECE1qtgVN+XL36BUtsy649TqDWiZlnNRq9ZzUnNqdgPapjVDGSzQGpQ+3CDGaUS4wgxJ2betRHkZEopiRqZFN5UkQXiMhqSvKUcRkV42O2AKz7QSwDAW+nEFZ+r3jgxFUk4iX1fmy8nfXi7+5fVTFda9jPIkVYTj+aAwZVDFME8DBlQQrNhEE4QF1btCPEICYaUzK+oQlpfC/0mnatqWad9Wy83LRRwFcAJOwTmwwRVoghvQAm2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L9eEloc=</latexit><latexit sha1_base64="wjPtDWepVFQBa4xnQHBU+Y6yTKY=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWAruApJtbHdFdy4rGAf0IQymUzaoZNJmJkIJXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+/xE0alsqxPY2V1bX1js7BV3N7Z3dsvHRx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPr3O/e0+EpDG/U5OEeBEachpSjJSWBqVj149ZECE1qtgVN+XL36BUtsy649TqDWiZlnNRq9ZzUnNqdgPapjVDGSzQGpQ+3CDGaUS4wgxJ2betRHkZEopiRqZFN5UkQXiMhqSvKUcRkV42O2AKz7QSwDAW+nEFZ+r3jgxFUk4iX1fmy8nfXi7+5fVTFda9jPIkVYTj+aAwZVDFME8DBlQQrNhEE4QF1btCPEICYaUzK+oQlpfC/0mnatqWad9Wy83LRRwFcAJOwTmwwRVoghvQAm2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L9eEloc=</latexit><latexit sha1_base64="wjPtDWepVFQBa4xnQHBU+Y6yTKY=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWAruApJtbHdFdy4rGAf0IQymUzaoZNJmJkIJXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+/xE0alsqxPY2V1bX1js7BV3N7Z3dsvHRx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPr3O/e0+EpDG/U5OEeBEachpSjJSWBqVj149ZECE1qtgVN+XL36BUtsy649TqDWiZlnNRq9ZzUnNqdgPapjVDGSzQGpQ+3CDGaUS4wgxJ2betRHkZEopiRqZFN5UkQXiMhqSvKUcRkV42O2AKz7QSwDAW+nEFZ+r3jgxFUk4iX1fmy8nfXi7+5fVTFda9jPIkVYTj+aAwZVDFME8DBlQQrNhEE4QF1btCPEICYaUzK+oQlpfC/0mnatqWad9Wy83LRRwFcAJOwTmwwRVoghvQAm2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L9eEloc=</latexit><latexit sha1_base64="wjPtDWepVFQBa4xnQHBU+Y6yTKY=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWAruApJtbHdFdy4rGAf0IQymUzaoZNJmJkIJXTjr7hxoYhbP8Odf+OkD1DRAwNnzrmXe+/xE0alsqxPY2V1bX1js7BV3N7Z3dsvHRx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPr3O/e0+EpDG/U5OEeBEachpSjJSWBqVj149ZECE1qtgVN+XL36BUtsy649TqDWiZlnNRq9ZzUnNqdgPapjVDGSzQGpQ+3CDGaUS4wgxJ2betRHkZEopiRqZFN5UkQXiMhqSvKUcRkV42O2AKz7QSwDAW+nEFZ+r3jgxFUk4iX1fmy8nfXi7+5fVTFda9jPIkVYTj+aAwZVDFME8DBlQQrNhEE4QF1btCPEICYaUzK+oQlpfC/0mnatqWad9Wy83LRRwFcAJOwTmwwRVoghvQAm2AwRQ8gmfwYjwYT8ar8TYvXTEWPUfgB4z3L9eEloc=</latexit>

A spatial choreography that is stable numerically

• R. C., C. García-Azpeitia, J.P. Lessard, and J.D. Mireles-James, From the Lagrangre polygons to the figure eight I, Celestial Mech. Dynam. Astronom., volume 133, Article number: 10 (2021)

https://mym.iimas.unam.mx/renato/choreographies/index.html

https://mym.iimas.unam.mx/renato/choreographies/index.html


An extension of the conjecture

For any odd number of bodies, the n-gon 
choreography and the n-body figure eight are in 
the same continuation class. 

(Generalized Marchal’s Conjecture) 
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Summary
•  We give mathematically rigorous proofs of the existence of torus knot choreographies  

•  Functional analytic and computer assisted approach  

•  A choreography is the zero of a nonlinear operator on a Banach algebra  

•  We give a proof of the existence of a trefoil knot choreography and countably many choreographies close to it  

•  The method is systematic and can be applied to spatial choreographies  

•  We give numerical evidence for a conjecture of Marchal  

•  We extend Marchal’s conjecture  

• We find numerically stable spatial choreographies with n = 3
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