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Prologue
. RN B et
From Lawvere’s commentary for the TAC reprint of
Adjointness in foundations

Local Galois connections (in algebraic geometry, model theory, linear algebra,

Also, “theories” (even when presented symbolically) are viewed explicitly as
categories; so are the background universes of sets that serve as the recipients
for models. (Models themselves are functors, hence preserve the fundamental
operation of substitution/composition in terms of which the other logical
operations can be characterized as local adjoints.)[...] ,
. Inspired by Lauchli's 1967 success in finding a completeness theorem for Heyting /=
-~ predicate calculus lurking in the category of ordinary permutations, | presented, .
at the 1967 AMS Los Angeles Symposium on Set Theory, a common functorization .
| of several geometrical structures, including such proof-theoretic structures.
As Hyperdoctrines, those structures are described in the Proceedings of the AMS
~_ New York Symposium XVII [“Equality in hypedoctrines and the comprehension




. theory as a syntactical structure

Te.
From Makkai’s introduction of Stone duality in first order logic

The most interesting phenomena in model theory are conclusions concerning
the syntactical structure of a first order theory drawn from the examination of
the models of the theory. With these phenomena in mind, it is natural to ask if it

is possible to endow the collection of models of the theory with a natural :
abstract structure so that from the resulting entity one can fully recover the
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Ultrafilters

Definition

An ultrafilter U on a set I is a collection of subsets of I such that
>» Del

> ifA¢ UthenI\AeU

» fAecUandAC BthenBe U

» ifA, elUandA, e UthenA, nA, e U

et
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Ultrafilters

Definition

An ultrafilter U on a set I is a collection of subsets of I such that

>» D¢l » el

» ifA¢ Uthenl\AeU - > D eU

» fAcUandAC BthenB e U » (A, eUandA, e W)iffA,nA, el

> ifA,elandA, e Uthen A, nA, e U » (A,elUorA, el)iffA, uA, el
ch (U)

In other words 2l—————2 s a lattice homomorphism



Ultraproducts

Definition
The U-ultraproduct of the family of sets S. = (S;),, is

M(S) 2 [U yeu (Miey S /-,

where o ~, o' means that [o=0'] ={i € dom(o) ndom(c’) | o(i) = 0’(i)} € U

It is the colimit of the filtered diagram

D% ieu’ Si
HiGU SI \
Iy‘ pUnng nieUnV Si

Y
pvg ..., S

iev=i
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Ultraproducts

Definition
The U-ultraproduct of the family of sets S. = (S;),, is

U(S) [U UelUu (HIEU Sl)] /~

where o ~, o' means that [o=0'] ={i € dom(o) ndom(c’) | o(i) = 0’(i)} € U

It is the colimit of the filtered diagram

D% nieU’ SI
HIGU Sl \
y pUnVcU nleUnV Si HUS'
pUnVQV

IEI I'\
pvg ..., S

iev=i
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Ultraproducts

It gives rise to a functor Set! u Set
S. = (S’)

iel COtheu HieU Si

which preserves finite limits
Standard properties of ultraproducts
> S—T1,(S)  fora constant family S =(S),,

> M.(S)—=S;  foraprincipal ultrafilter i< ={ucI|ie U}
> Tl 7, (S)—=T1,(,,(S) for X, V. the ultrafilter on ¥, J; determined by

Wezu\?.g»{iel|{jej,.|(i,j)eW}evj}eu
> ]'[ul(S.)%]'[u(S.) for 1) and u]d:f{U§}|Unleu}
T (S)=T, () for Uel and up, £{veculveu} since (ury) =u
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Ultraproducts

It gives rise to a functor Set! u Set
S. = (S’)

iel COtheu HieU Si

which preserves finite limits
Standard properties of ultraproducts
> S—T1,(S)  fora constant family S =(S),,
> M. ((S)iq) =S;  foraprincipal ultrafilter i€ ={u cI|ie U}
> HZUV. ((Sj)(i,j)ez,/,-);*”u(”v,.((sj)jej,-)) for ¥, V. the ultrafilteron ¥,_ J; dete
wes v &{iell{ies|ihewlev]eu
P f
> Ty (5)ig)=T((S)ia)  for 1) and W ={ucy|unieu]

M ((S)ia) =Ty (S)iey)  for UeU and Ul ={v cU|V eU} since (

3/12[4/7]




Ultraproducts

It gives rise to a functor Set! u Set
S. = (S’)

iel COtheu nieU Si

which preserves finite limits

Theorem (oS, 1955)

Suppose (&), is a family of interpretation of the first order language £
Let ¢(x,,...,x,) beanyformulain £ andlet [0,],..,[0,] € TT,(S)
Then

M6 E ¢(o,],...,[0,]) ifand only if [¢(o,(i),...,0,(i))] € U

where [¢(0,(i), ...,0,()] = {i € N, dom(o) | &; E ¢(0,(i), .., 0,(1))}

3/12[5/7]
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Ultraproducts

It gives rise to a functor Set! u

S. = (S;);q — colim
which preserves finite limits
Theorem (tos)

The functor ﬂu:Set’—>Set is part of a homomorphism of
first order hyperdoctrines

Il
(SU‘bSet’ )l —u> SubSet
cod’J( lcod

T
Sett — % . Set

Set

Ueu HieU Si

e



Ultraproducts

Theorem (to3)

The functor ﬂu:Set’—>Set is part of a homomorphism of
first order hyperdoctrines

(Subg,y) L Subg,,

cod’l . lcod

Setl — U . Set

M . .
Hence Set' — Y% . Set isahomomorphism of pretoposes

Il
It extends to Pret(T, Set)’ u Pret(T, Set) for T a pretopos

3/12[7/7]




Makkai's ultracategories

Definition

An ultracategory (in the sense of Makkai) is a category C endowed with
» afunctor [U]:C'—C for each I and ultrafilter U on I
> a natural transformation

Ev

n
_—

Uld(r, C) 5 C
Ev

m

for each ultradiagram ' and ultramorphism & between nodes n and m

From Marmolejo’s PhD thesis, 1995

There is very short supply of canonical maps in or out of an ultraproduct
(as oppose to an honest limit or colimit). Ultramorphisms try to fix this

t./12[1/3]
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Makkai's ultracategories

Definition

An ultracategory (in the sense of Makkai) is a category C endowed with
» a functor [U]:C'——C for each I and ultrafilter U on I
» a natural transformation

Ev

n
_—

Uld(r, C) 5] C
Ev

m

for each ultradiagram ' and ultramorphism & between nodes n and m

From Garner’s APAL paper, 2020

An ultracategory is a category endowed with abstract ultraproduct functors
together with interpretations for any “definable map between ultraproducts”

e



Makkai's ultracategories

Definition

An ultracategory (in the sense of Makkai) is a category C endowed with
» afunctor [U]:C'—C for each I and ultrafilter U on I
» a natural transformation

Ev

[ N
Uld(r, C) 5] C
Ev

m

for each ultradiagram ' and ultramorphism & between nodes n and m

From Di Liberti’s talk at CT2023

[N]one of these notions appears definitive when read or encountered for the first
time for several reasons. The main one being that the definition of ultracategory
is in both cases very heavy, and comes together with axioms whose choice

.., Seems quite arbitrary; and indeed the two authors make different choices
4L/1213/3

e
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The ultracompletion Ult(C) of a category C

An objectis (1,1, (c;);,;) where

» U is an ultrafilter I

> (¢;)ig; isan I-indexed family of objects in C
An arrow is [V, f,(g,),c/J: (LU, (¢;))ic)— (U, V, (dj)/.ej) a ~,, -equivalence class of

» aset VeV

» afunction f:V—I suchthat f'(U)eV foreach Ue U

> afamily (g,:¢;,)—d,),, ofarrowsin C

and (Vr fr (gv)vev) “v (V" flt(g\l,)vevl) when IIgV = g\l/]] S

Composition is componentwise

Proposition

Ult(C) is equivalent to (U?Fam(cop))OP [Garner, 2020]




“Ultraproduct” functors in Ult(C)

Let U be an ultrafilter on I
[ul

uli(cy

Ult(C)
(},,V,,(d )]EJ,),el (Z’E’j" 2o Ve ()i EZ,E,J)

| |
[Vi'fi' WeW] '___>[Z’E’ "Zi&lfi'(g )('W)EZ’E’ ']

(Li'Wi'(el)leL-)l (Zlel Liy 2y W (el)('leziez’-i)

where DIV is the ultrafilter on Y.

lel

Wezu\?.c){le]| ]E]il(i,j)EW}EVj}EU

(ch(v,)2"™), ch (W)

Zie)i Ji Zieli ! 1<l ol

2 inj; 2 h(v 2 25 \_2/
2 ch(V)

ch(z, V.

2

6/12[1/2]




“Ultraproduct” functors in Ult(C)
Let U be an ultrafilter on I

Ult(c)! (U]

Ui Vi @)iay) (b Z % @i )
| |
[V’-, f,'r (gW)WEWi]iel _ [Ziel Vi' ZiEI fi’ (gw)(i,w)ezie, Wi]

Ult(C)

(L,., Wi (el)leLi) : (ziel Ly Zu W., (el)(i,l)eiiel Li)

Proposition

The hom-set Ult(C) ((K, W, (Cp)per)r [U] (}i,\?i,(dj)je]‘) ) is in bijection with
el
My, (Ult(C) ((K, W, (e (1 Vi (d))iey )

i€l

6/12[2/2]
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The pseudomonad on the ultracompletion

Theorem
The 2-functor Ult:Cat— Cat is part of a colax idempotent pseudomonad

Proof

Ult(UIt(C)) He

(1 U, (]I'vl'(c jel; )IEI) (ZIGI} Z V., (C')(i,f)EZ,-EJ) [u] (]’,V,,(C JEJ)

Ult(C)

Ve
cC—© ,ulc)

c—(1,{1},(c))

Vo) (LU (L {1} ()i
—>
LU, (c))ie)  ULK(C CT Ult(UlY(C)) “I LI, (idcl_)],.e,]
Ult(C) (17{1}7 (11 ur(c,‘),‘e[))

2
&
na



v

v

v

Examples of (Ult, u, v)-pseudoalgebras

Ult(C) Ult(U(C)) —-C, UIt(C)
Set Ult(Set) —— Set
(L1, (5} ) — T, (S)
(X,T) compact W) e 5
Hausdor i, (ko) — limy x; st {limy, x} = Ay, [, |7 € U
Pret(T, Set) Ult(Pret(T, Set)) — Pret(T, Set)
% et Tl
8- Ult(2) e
(I,u,( ),e,)h——m st |Ic = n]] e

2 ;l}S_et Is-an a_plj:und_ct_lon_ of (Uljc_, y,v)fpseudoalgebras e

P




Examples of Ult-pseudoalgebras

> Ult(C) Ul(UI(C)) —LS_, Ult(C)
> Set Ult(Set) —— Set

(LU, (S))i) — T, (S.)
> (X,T) compact Ult((X) ——— X

Hausdor 11, (x),o) — limy x, st. {limy x} = N, [ |7 € U]
> Pret(T, Set) Ult(Pret(T, Set)) —— Pret(T, Set)
(LU, (0); ) ——— TT (1)

> 2= 0—1 Ult(2) —— 2

(LU, (¢;)ig)———n st.[[c;=nlelU
> 2 Q Set isan adjunctlon of Ult- pseudoalgebras
“.ij , 1 u’ SR gy @;h,g va
A8 : > e
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Basic results

Proposition
For A an ultracategory the hom-category Ult-PsAlg(A, Set) is a pretopos

Proposition

The 2-functor Ult:Cat—— Cat takes a Grothendieck fibration to a Grothendieck
fibration

Theorem
The ultracompletion Ult(C) is an ultracategory in the sense of Makkai

Proof
hom,;,.¢ ((K, W, (cp)per). ) : ULt(C)— Set preserves ultraproducts

e
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Basic results

Proposition
For A an ultracategory the hom-category Ult-PsAlg(A, Set) is a pretopos

Proposition
The 2-functor Ult:Cat—— Cat takes a Grothendieck fibration to a Grothendieck
fibration

Theorem
The ultracompletion Ult(C) is an ultracategory in the sense of Makkai

Corollary
Ult-PsAlg— M-Ultcat

Corollary

For P a pretopos with a generating set
the evaluation functor Ev:P— Ult-PsAlg(Pret(P, Set), Set) is an equivalence

et



Lurie’s ultracategories

Definition

For U an ultrafilter on I and (V,),.; an I-indexed family of ultrafilters on J
their composition 1 - V, consists of those subsets of J such that

Weu-v.sfiel|wev}eu

IxJ ind Z,‘EJ
2 —>‘2 1 Z ,\7

y ch(U- V) X
h %(u)'

<Ch( E»lel [ ch (u) 2 2/ (Ch( i))iEI 21 2
\’/ \—/

ch(U-(i€).y) = ch (W) ch(\?,-o)

10/12[1/3]



Lurie’s ultracategories

Definition

An ultracategory (in the sense of Lurie) is a category C endowed with
» afunctor [U]:C'—C for each I and ultrafilter U on I
» natural transformations

CI

<W [u]
A
o u,v./f

[U-V.]

» natural isomorphisms C! £Ul’ C foriel

such that...

10/12[2/3]

et



Lurie’s ultracategories

such that
[ic]
C} <[Vi]>iel CI EIIE' <[V ]>IEI
d\/\ is inverse of A,g v,
[V 5V = [v
C] <[vi])iel CI C} ([V,'D,'e[ CI
\ AY
(Wise
<[Wf])161 [U'V%] = (v, - Wo)igq [u]
A N—— A
CL / C CL /C
[(U-V.)- Wi [U - (V. - W,)]

By (i [u (F()%)iqr] == [WIIF(D=D),, is iso when f:l—)

10/12[3/3] yniversi



Set is an ultracategory in the sense of Lurie

> [U]:Set! Moy Set
5= (s)

iel COtheu HieU Si

> Set!

11/12[1/8]



Set is an ultracategory in the sense of Lurie
My

» [Uu]:Set! Set
5. = (S))iar »colimy, .y Ty S;
> Set!
<n\7i)iel ﬂu
Dy v, /f
Set/ Set
My,
M
S N
> Set! E"’l' Set
_—

11/12[2/8]



Set is an ultracategory in the sense of Lurie
My

> [U]:Set! Set
5. = ()i > colimy,, Ty S
- Set! My, (5 = Ty, (5 =TT, (T, (S)
<H\7i)iel Mg
Dy, / Divs,
Set/ Set
Il
Mic
-
- Li,S

11/12[3/8]
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Set is an ultracategory in the sense of Lurie
My

> [U]:Set! Set
5. = (S)jg > colim Ty S;
l &3 ~
> Set Moy, (S) = ﬂzu (8 = T (T, (S.))
<H\7i)iel Mg
Dy, / Divs,
Set/ Set
Il
Mic
— =
> Setl &, Set Me(S)——5;
_ Li
P; =
> for f:l—) Mo emer, (S = T (T2 ne(Se)iey)
UAf()E)ig Au,(f(i)e)ie,,S. UM f() iel
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Set is an ultracategory in the sense of Lurie
My

> [U]:Set! Set
5. = (S)jg > colim Ty S;
l &3 ~
> Set nu.v'(s*) — nzu V.(S*) — ﬂu(nV.(S*))
<H\7i)iel Mg
Dy, / Dogvs,
Set/ Set
M
Mic
S N
> Setl &, Set Me(S)——5;
B — II.I
P; "

Diriye

iel's'
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Set is an ultracategory in the sense of Lurie
My

> [U]:Set! Set
5. = (S)jg > colim Ty S;
> Set! My, (5 = Ty, (5 =TT, (T, (S)
<H\7i)iel Mg
Dy, / Digvs,
Set/ Set
My,
Mie
_
> Setl &, Set Mie(S$)——5;
B — 1y
P; =
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Set is an ultracategory in the sense of Lurie

T, (8 = Ty 4, (6) = Ty (TT,, (S.))
\_/r

A

M
» [U]:Set! u Set
5. = (S))iar »colimy, .y Ty S;
> Set!
<”Vi)iel ﬂu
Dy v, /f
Set/ Set
My,
M
S N
> Set! El.iJ,' Set
_—
125
» for f:l—) Hu‘(ie),'e,(s')

Mo ((Sie)
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Set is an ultracategory in the sense of Lurie

T, (8 = Ty 4, (6) = Ty (TT,, (S.))
\_/r

A

M
» [U]:Set! u Set
5. = (S))iar »colimy, .y Ty S;
> Set!
<”Vi)iel ﬂu
Dy v, /f
Set/ Set
My,
M
S N
> Set! El.iJ,' Set
_—
125
» for f:l—) Hu‘(ie),'e,(s')

= M ((S)iep)




Basic results

" Proposition

The ultracompletion Ult(C) is an ultracategory in the sense of Lurie

H B\H-“H\m

|
Ult-PsAlg==L-Ultcat

3 Theore

M-Ultcat
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