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A quick recap on exact completions

Theorem (Carboni-Celia Magno, 1982)
An exact category is an exact completion of a category with finite limits
if and only if
(i) it has enough (regular) projectives
(i) projectives are closed under finite limits

Theorem (Vitale, 1994; Carboni-Vitale, 1998)

An exact category is an exact completion of a category with weak finite limits
if and only if

(i) it has enough (regular) projectives

In fact, every category with weak finite limits in which every idempotent splits,
appears as the full subcategory of the (regular) projectives of its exact completion
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A quick recap on exact completions

Theorem (Carboni-Celia Magno, 1982)

Let C be a category with finite limits
There is a functor JxC—C,_, ., into an exact category C, .,
The functor preserves finite limits and pre-composition with it gives

an equivalence EX(C E)% LEX(C,E) for any exact category E

ex/lex?

Theorem (Vitale, 1994)

Let C be a category with weak finite limits
There is a functor JxC—C,_ /., iNto an exact category C_, ..
The functor is left covering and pre-composition with it gives

an equivalence EX(Ceyjwiexs

E)éc}: LftCov(C,E) for any exact category E

et
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A quick recap on exact completions

A functor F:C—E is left covering

from a category C with weak finite limits to an exact category E when

w
for every weak finite limit D’,/l\}‘ D,

D,
FW= - - — > limFD
| \\ /
the arrow given by universality FD s (regular) epi
FD

E. Vitale. Left Covering Functors. PhD Thesis, Louvain-la-Neuve, 1994
A. Carboni, E. Vitale. Regular and exact completions. JPAA, 1998

He



The exact completion of a category C with weak limits

Pseudo-equivalence relations

px

X;—=X, : a pair of parallel arrows in C such that
Px

there are commutative diagrams

px pX

0 1 ” X1 - X1

idX0 X Px X
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The exact completion of a category C with weak limits

The category C

ex/wlex

Objects are _/\

ps.-equiv.rel.

\ « "
P;{ lp; P;/l lpﬁ An arrow is an
X

equiv.class of
— Y fs such that

[V there is
Yq
' p;
[f1=[g] when thereis /p/ \Y
4 0
f\)yo

0
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The exact completion of a category C with weak limits

A. Carboni, R. Celia Magno. The free exact category on a left exact one. JAMS, 1982
E. Robinson, G. R. Colimit completions and the effective topos. JSL, 1990
P.J. Freyd, A. Scedrov. Categories Allegories. 1991
E. Vitale. Left Covering Functors. PhD Thesis, Louvain-la-Neuve, 1994
A. Carboni. Some free constructions in realizability and proof theory. JPAA, 1995
H. Hu. Flat functors and free exact categories. JAMS, 1996

H. Hu, W. Tholen. A note on free regular and exact completions and their
infinitary generalizations. TAC, 1996

A. Carboni, E. Vitale. Regular and exact completions. JPAA, 1998

e
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A problem about the 2-functor (-)

ex/wlex

Theorem (Carboni-Celia Magno, 1982)

Let C be a category with finite limits
There is a functor JxC—C,_, ., into an exact category C, .,
The functor preserves finite limits and pre-composition with it gives

: - &
an equivalence EX(C E)=——=LEX(C,E) for any exact category E

ex/lex?

Theorem (Vitale, 1994)

Let C be a category with weak finite limits
There is a functor oE:C—>CEX/Wlex into an exact category Cox/wlex
The functor is left covering and pre-composition with it gives

an equivalence EX(C E)éot LftCov(C,E) for any exact category E

ex/wlex!’

et
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A problem about the 2-functor (-)

ex/wlex

From Carboni and Vitale’s Regular and exact completions

As a left covering functor defined on a left exact category is exactly a left exact
functor, we have, as a particular case of Theorem 29, the main theorem
contained in (Carboni and Celia Magno, 1982); as it is shown there, the universal
property of the exact completion of a left exact category becomes part of the
left biadjoint to the obvious forgetful 2-functor EX——LEX , where EX is the
2-category of exact categories and exact functors, and LEX is the 2-category of
left exact categories and left exact functors

The question naturally arising is then whether, with a good choice of morphisms
between weakly lex categories, the universal property stated in Theorem 29
becomes part of the analogous biadjunction between exact categories and
weakly lex ones

The answer is negative

E. Vitale. Left Covering Functors. PhD Thesis, Louvain-la-Neuve, 1994
A. Carboni, E. Vitale. Regular and exact completions. JPAA, 1998

He



Doctrines, primary, elementary, and existential

A functor P:C°® —Pos is a doctrine if C has finite products
A doctrine P°’:C—Pos is

primary if the fibres have natural finite products P(C) x P(C)LP(C)
elementary if the reindexings along diagonals have a natural left adjoint

P(C x D%<*%¢ x D x D)
P(C x D x D) T P(C x D) and satisfy FR

existential if the reindexings along terminal arrows have a natural left adjoint

P(C x D¢ x 1)
P(C x 1) T P(C x D) and satisfy FR

F.W. Lawvere. Adjointness in foundations. Dialectica, 1969
F.W. Lawvere. Equality in hyperdoctrines and comprehension schema as an
adjoint functor. Applications of Categorical Algebra, 1970
A.M. Pitts. Categorical Logic. Handbook of Logic in Computer Science, 2000
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Doctrines, primary, elementary, and existential

Examples

For C a category with finite limits
the subobject functor Sub.:C°® —; Pos is elementary
The case C:= Set is the standard contravariant powerset functor

For R a regular category
the functor Sub,:R°? —; Pos is elementary existential

For S an inf-semilattice
the functor S™):Set® — Pos is primary
S():Set°? __, Pos is elementary if and only if C has a least element (and 6. is

“Kroneker delta”)
S(7):Set°? __, Pos is existential if and only is S is a frame

For 7 atheory in the first order language L
the Lindenbaum-Tarski functor LT Ctx,; —Pos is elementary existential

e



Doctrines, primary, elementary, and existential

Characterization of doctrines as orders in the topos [CP, Set]

A doctrine P°P:C—Pos is precisely an object of Pos([C°P, Set])
primary if and only if the po-object P on the presheaf
cor_— P Pos—— - Set is an inf-semilattice
So PZLdm is a Grothendieck fibration in [C°P, Set]

existential if and only if each diagonal functor A:P——P* has
a fibered left adjoint V:P"—P

VerpiaYogipl [(PAVaaX)Sq & (PAX)<q]

elementary if and only if the functor [-=1]:P—Q has
a fibered left adjoint w:Q—P

YoV gp [(PAWW) <q & (w=[(pag)=pl)

./13[3/3]




Basic notations

Since Cx1—=C
» for an existential doctrine there are also left adjoints

P(C)

P(Cx1) T _ P(C xD)

» for an elementary doctrine the left adjoints are determined from specific
objects 6. inthe fibre P(C x C) such that

1. P(P,)(B)A6. < P(P,)(B) forevery B in P(C)
2. T < P(A)S,)
3. P((P;, P))(8.) A P((P,, PXE.) < 6,
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Basic notations

Since Cx1—=C
» for an existential doctrine there are also left adjoints

P(C)

P(Cx1) T _ P(C xD)

» for an elementary doctrine the left adjoints are determined from specific
objects 6. inthe fibre P(C x C) such that

1. P(P,)(B)A 6. < P(P,)(B) for every B in P(C) B(x)Ax=y - B(y)
2. T.<P(A)6,) THXx=x
3. P((P,, P3))(6.) A P((P,, PG, < B¢, X=ynx =y = (xx)=(,y)
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Basic notations

Since Cx1—=C
» for an existential doctrine there are also left adjoints

P(C)

P(Cx1) T _ P(C xD)

» for an elementary doctrine the left adjoints are determined from specific
objects 6. inthe fibre P(C x C) such that

1. Pi(B) A6, < P5(B) forevery B in P(C) Bx)Ax =y B(y)
2. T <AY(6,) THx=x
3. (P, P)"(6) A (P, P,)(6.) < b0 X=ynx =y = (xx)=(,y)
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The doctrinal view on exact completions

The doctrine of variations

C: a category with finite products and weak equalisers
The functor Vrn.:C°®* — Pos is an elementary existential doctrine

X——(C/X)yo
==
X' ———(C/X')y0

F.W. Lawvere. Adjoints in and among bicategories. Logic and algebra, 1996

M. Grandis. Weak subobjects and the epi-monic completion of a category.
JPAA, 2000
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The doctrinal view on exact completions

The doctrine of variations

C: a category with finite products and weak equalisers
The functor Vrn.:C°®* — Pos is an elementary existential doctrine

X——(C/X)yo
lf+—>f*lﬁf o-=13,
X' ———(C/X')y0

F.W. Lawvere. Adjoints in and among bicategories. Logic and algebra, 1996

M. Grandis. Weak subobjects and the epi-monic completion of a category.
JPAA, 2000
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The doctrinal view on exact completions

Pseudo-equivalence relations are “equivalence relations”

_Px.,
X1 —,,>X0
Px
id X
Xo 0
7y
XO X‘] ”
) X
ldXO XO

6/13[3/20]

by = (P} D) € (C/X, x xo)po

X X" Xy | X' = X" b= pylx’, x")

X: Xy | T pylx,x)

X'y X" Xy | py(X'y X7) = py(x”, X')



The doctrinal view on exact completions

Pseudo-equivalence relations are “equivalence relations”

Px o
X, ==X, Py = Py py) € (C1Xy % X,)

”

po

X

2 "

XX X Xy | Py(XTy XT)VAPy (X7, X)) = py(Xy X™)

6/13[4/20]
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The doctrinal view on exact completions

An arrow in C is the “graph” of an arrow in C

ex/wlex

X, —Y,

NN
XX X | oYX, X") b= pAFO), FX)

Xof—>Y0
[f]1=1[g] if and only if

Y
% 1W XX | T pF(), 9(x)
Xo 2 Yo
f\ Y,

6/13[5/20]




The doctrinal view on exact completions

An arrow in C is the “graph” of an arrow in C

ex/wlex

X, ——————,

[oN p),é p: p;
/\Xo ! /_&O XX Xy | Py X7) b pyFO), FX)

Xof—>Y0
[f]1=1[g] if and only if

Y
% 1@; XX | T py(f(x),900)
Xo 2 Yo
f\ Y,

X : Xy Yo | py(f(X),¥) 4= py(g(x),y)

6/13[6/20]




The doctrinal view on exact completions

The doctrine VrnC:C°P_>Pos satisfies the Rule of Choice

c:C|TF3,,6(cd)
c:C|TF6(,f(c)) somef:C—D

M.E. Maietti, F. Pasquali, G. R. Triposes, exact completions, and Hilbert's e-operator.
™/, 2017
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The doctrinal view on exact completions

The doctrine VrnC:C°P_>Pos satisfies the Rule of Choice
Take [6] in Ving(C x D)

C—A

le c:C|Th 3,,6(d)
T=id, 31)16 CxD c:C|TF6(,f(c)) somef:C—D
P
© 1

M.E. Maietti, F. Pasquali, G. R. Triposes, exact completions, and Hilbert's e-operator.
™/, 2017
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The doctrinal view on exact completions

The doctrine VrnC:C°P_>Pos satisfies the Rule of Choice
Take [6] in Ving(C x D)

= —A
le c:C| Tl 3,,6(cd)
T-id EIp1e CxD c:C|TF6(,f(c)) somef:C—D
=id, D,
P \
c ! D

M.E. Maietti, F. Pasquali, G. R. Triposes, exact completions, and Hilbert's e-operator.
T™J, 2017
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The doctrinal view on exact completions

Hence an arrow in C is the same as a map

ex/wlex

X, Y,

i A

Xo Yo

[f]

6/13[10/20]



The doctrinal view on exact completions

Hence an arrow in C is the same as a map

ex/wlex

©(x,y) = py(f(x),y)

XX X Yoy Yo Loy (X7 X)) A (x, y ) Apy (Y, y7) = o(x”, y")

X Y . , y .
L L X: XV V" Yo Lo,y )A@(X, ") = py (v, y")
b o
S L B X: X | TH3,, o(xy)
o o

6/13[11/20]




The doctrinal view on exact completions

Another presentation of C when C has finite products

ex/wlex

Objects: X = (X,,p,) where X, is an objectin C
py is an object in the fibre Vrn.(X, x X;) such that
X :Xol T I'_ px(Xr X)
X, X" 2 Xol Py(X', X7) b= py(X7, X7)
X', XX Kol By X) A pL X, X) b= oyl X”)
Arrows: @:X—Y where ¢ is an object in the fibre Vin,(X, xY,) such that
XX X VY Yol (X XY A (X, Yy ) Ap Ly, yT) B o(x”,y")
X:Xo, V¥ Yol 006y ) Ao(x,y") = py Yy, y")
X :Xol T I'_ EIy;yo (p(X,)/)

F.W. Lawvere. Category theory over a base topos. Mimeographed notes, 1973
A. Carboni, R.F.C. Walters. Cartesian bicategories I. JPAA 1987

G.M. Kelly. A note on relations relative to a factorization system. CT’'90, 1992
P.J. Freyd, A. Scedrov. Categories Allegories. 1991

6/13[12/20]
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The doctrinal view on exact completions

The doctrine Vrn :C°® —Pos satisfies weak full comprehension

fohA—C

a:AlTHFe{elka)
d:D| T e(f(d)

D——A

tol
He

A——A

lob> 19’}

c:C|l o) ()

M.E. Maietti, G. R. Quotient completion for the foundation of constructive
mathematics. LU, 2013

6/13[13/20]



The doctrinal view on exact completions

The doctrine Vrn :C°® —Pos satisfies weak full comprehension

For [¢] in Ving(C) take
lob:=0¢ lolkA—C

a:AlTHe{eka)
d:D|TH e(f(d)

D——A

tol
He

A——A

lob> 19’}

c:Cl o) ()

M.E. Maietti, G. R. Quotient completion for the foundation of constructive

mathematics. LU, 2013
6/13[14/20]




The doctrinal view on exact completions

The doctrine Vrn :C°® —Pos satisfies weak full comprehension
For [¢] in Ving(C) take

lob=0 fohA—C
SN a:A| T o{ela)
T=ic&lﬂtp[}*(q)) lw d:D| T+ o(f(d))
D——A
e € P\ ot
A——A
INSATY

c:Cl o) ()

M.E. Maietti, G. R. Quotient completion for the foundation of constructive

mathematics. LU, 2013
6/13[15/20]




The doctrinal view on exact completions

The doctrine Vrn :C°® —Pos satisfies weak full comprehension
For [¢] in Ving(C) take

{ol=0 {olA—C
A/VVV%A a:A|TE o{ela)
H%l o lq, d:0 1T o(f(d)
D——A
A——A
lob> 19’}

c:Cl o) ()

M.E. Maietti, G. R. Quotient completion for the foundation of constructive

mathematics. LU, 2013
6/13[16/20]




The doctrinal view on exact completions

The doctrine Vrn :C°® —Pos satisfies weak full comprehension
For [¢] in Ving(C) take

lob=0 lohA—C
/—\ X
A Ww.pb. A a:AlTEH e({eha)
H%l o lq, d:D | T F p(f(d)
D—A
A——A
lob> 19’}

c:Cl o) ()

M.E. Maietti, G. R. Quotient completion for the foundation of constructive

mathematics. LU, 2013
6/13[17/20]




The doctrinal view on exact completions

The doctrine Vrn :C°® —Pos satisfies weak full comprehension
For [¢] in Ving(C) take

lob=0 flohA—C
— T )
AW A a:A| T o{ela)
T= ic&lﬂﬁp[}*(q)) lw d:D| T+ o(f(d))
D——A
e € P\ Uot
b Vw.pb. a A——A’
T=i<&l “(¢) lcp ﬂ(P[}\C/{](p’[}
D——mF—C c:Cl o) - o(c)

M.E. Maietti, G. R. Quotient completion for the foundation of constructive

mathematics. LU, 2013
6/13[18/20]




The doctrinal view on exact completions

The doctrine Vrn :C°® —Pos satisfies weak full comprehension
For [¢] in Ving(C) take

lob=0 lohA—C
— T )
AW A a:A| T o{ela)
T= ic&lﬂtp[}*(tp) lw d:D| T+ o(f(d))
D——A
e € P\ Uot
DTA A——A
T=i<&lf*(tp) lcp ﬂ(P[}\C/{l(p’[}
P—rp—¢ c:Cl o) - o(c)

M.E. Maietti, G. R. Quotient completion for the foundation of constructive

mathematics. LU, 2013
6/13[19/20]




The doctrinal view on exact completions

Yet another presentation of C when C has finite products

ex/wlex

Objects: X = (|X],p,) suchthat |X| isan objectin C
p, isan object in the fibre P(|X| x [X]) and
X', X" 2 XI] py, X") b=y, X)
XXX X P X" Ay (X" X) = oy, )
Arrows: @:X—Y such that ¢ is an object in the fibre P(|X]| x |Y|) and
x XLy 1Yo, y) B py(x, x) Apy(y,y)
XX XYY YT o, X) A UK, V) APV, Y b (X", y")
X IXLY,y" YT oGy ) A, y™) = pyy',v")
X |X|| px(Xr X) }__ EIy;|y| (P(X,y)

6/13[20/20]
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The exact completion of an e.e.d. P:C°°_,Pos

The exact category P, .4 —aka the “tripos-to-topos construction”

Objects: X = (|X[,p,) suchthat [X]| isan objectin C
p, is an object in the fibre P(|X| x [X]) and
XX X[ py(X, X7) = py(x”, X7)
XXX X1 pylX's X7 A X, X7) =y X)
Arrows: p:X—Y such that ¢ is an objectin the fibre P(|X| x|Y]|) and
X |X|1y |Y|| (p(va) |__ pX(XrX)Apy(yry)
XX XLYL Yy Y ey (X X)) A,y ) Ap (Y, YY) B e(x, YY)
X |X|rylty” : |Y|| (p(va,)A(p(Xry") |__ py(ylry")
X IXI] pe(%, %) b= 3, 0(%,Y)

D. Higgs. A category approach to Boolean valued models. Preprint, 1973
R. Grayson. Heyting-valued models for intuitionistic set theory. Applications of Sheaves, 1979
M. Fourman, D.S. Scott. Sheaves and logic. Applications of Sheaves, 1979
J.M.E. Hyland, PT. Johnstone, A.M. Pitts. Tripos Theory. MPCPhS, 1980
J.M.E. Hyland. The effective topos. Brouwer Centenary Symposium, 1982
A.M. Pitts. Tripos theory in retrospect. MSCS, 2002
M. Shulman. Exact completions and small sheaves. TAC, 2012
M.E. Maietti, G. R. Elementary quotient completion. TAC, 2012
M.E. Maietti, G. R. Unifying exact completions. ACS, 2013
). Frey Triposes, g-toposes and toposes. APAL, 2014

F. Dagnino, F. Pasquali. Quotients and Extensionality in Relational Doctrines. Formal Structures for Computation and Deduction, 2023




The exact completion of an e.e.d. P:C°°_,Pos

Theorem
U

(_)E

ED EED

( S —) —[Sub (“)ex/eed [1| Sub

u

LEX EX

(_)exllex

D. Trotta. The existential completion. TAC, 2020

7/13[2/2]
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A diagram of the talk

U
ED T EED
(_)E Vrn
(f ‘)X —1[Sub (“ex/eed |H| Sub PrWEq
(_)ex/wle
U
LEX T EX WLEX

(_)exllex (_)ex/wlex

8/13[1/3]



A diagram of the talk

U
ED T EED >LVS

(_)E \

(_)exllvs ~_
\
(f _)x —[Sub (_)ex/eed —1[Sub J /PI'WEq
u J /

LEX T EX WLEX

(_)exllex (_)ex/wlex

8/13[2/3]



A diagram of the talk

ED

(/-) |+|sub

LEX

8/13[3/3]
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The doctrine of local variations on the site (B, 0)

B is a category with finite products and weak equalisers
o is a Grothendieck topology on B generated by singleton covers

The doctrine Vrn, :B°® — Pos
X—— VrnB,o(X)
lf'—> flH)f-=3

X' +——Vrng (X)

vV
1
where the fibre Vrn, (X) is the poset reflection of A \ B
' o p vd B

Theorem

The doctrine Vrng :B°? — Pos is elementary existential
It is the associated o-sheaf of the doctrine of variations Vrny:B°’ —; Pos

et



The doctrine of local variations on the site (B, 0)

B is a category with finite products and weak equalisers
o is a Grothendieck topology on B generated by singleton covers

The doctrine Vrn, :B°® — Pos

X—— VrnB,o(X)
lf'—> flH)f-=3

X' +——Vrng (X)

vV
. . +
where the fibre Vrng (X) is the poset reflection of A \ B

Corollary

For R a regular category and reg the regular topology on R

VrnR,reg = Subg:R°® —; Pos

9/13[2/2]
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The 2-category LVS

o-cells are sites (B,0) where B has finite products and weak equalisers
and o is generated by singleton covers

1-cells are functors F:B——B’ which take coversin o to covers o' and
induce a homomorphism of e.e.d.s from Vrn,  to Vrng, ,

2-cells are natural transformations n: F—G which induce a 2-cell from
Vrng , to Ving,

Examples

F:C—C’ for C and C’ with finite products and weak equalisers is a
1-cell in LVS if and only if F preserves finite products and weak equalisers

F:C——R from C with finite products and weak equalisers to R regularis a
1-cell in LVS if and only if F preserves finite products and takes a weak
equaliser of C—=D to a regular cover of an equaliser of FC_—=FD

et
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The 2-functors EX__ Y _Lvs, / WLEX
For E an exact category U(E) = (E, req)

For C a category with weak limits J(C) = (FinPrd(C), )
» FinPrd(C) is the completion of C with respect to finite products

) > L(f::Cpiy = D.).e
(Ci)iel ( J*RG) j’i 1) (Dj)jej

» 1 is the topology on FinPrd(C) generated by the singletons

(!:1 - 1,(pW - C,-)iel)

(Ci)iel ]

w
Pi, Pi.
such that the diagram is a weak productin C
Ci1 eee Ci

[ (W)




The completion of the solution

Lemma
The fibre Vrn ¢ ((C));;) is the poset reflection of C/C;\ns

In

J. Emmenegger. On the local cartesian closure of exact completions. JPAA, 2020
C.Jr. Cioffo. Biased elementary doctrines and quotient completions. JPAA, to appear

12/13[1/2] yn
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The completion of the solution

Theorem

Let C be with weak finite limits

Afunctor F:C—R to a regular category is left covering if and only if

its extension F:FinPrd(C)——R is a 1-cell (FinPrd(C), 1)— (R,reg) in LVS
Hence

EX(C, /wiex EI=LI{tCov(C, E)==LVS(J(C), U(E))
Theorem
The exact completion ()., /y1ex: WLEX— EX extends to a biadjunction
LVS
(_)exllvs
> J
u
EX WLEX

(_)ex [wlex




The diagram at the end of the talk
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The diagram at the end of the talk

u
ED T EED
(_)E
(/-), |+|Sub (“Jex/eed || Sub LVS
(_)exllvs
8 J
U u
LEX T EX WLEX
(_)exllex (_)ex/wlex

13/13[2/2] yniversi
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