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Introduction

Different notions of limit - |

The Rademacher sequence

Let
ro(x) = X[o0,1/2)(x mod 1) — X[1/2,1)(x mod 1)

and consider the Rademacher sequence r,(x) = r(2"x), x € [0, 1].
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ro(x) = X[o,1/2)(x mod 1) — x[1/2,1)(x mod 1)
and consider the Rademacher sequence r,(x) = r(2"x), x € [0, 1].

0 limp_oo rn(x) does not exist for a.e. x € [0,1];
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Let
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and consider the Rademacher sequence r,(x) = r(2"x), x € [0, 1].

0 limp_oo rn(x) does not exist for a.e. x € [0,1];

0r—=0(r,20if p=1,00);
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The Rademacher sequence

Let
ro(x) = X[o,1/2)(x mod 1) — X[1/2,1)(x mod 1)
and consider the Rademacher sequence r,(x) = r(2"x), x € [0,1].

0 lim,_o0 rn(x) does not exist for a.e. x € [0, 1];
0 liMnsoo fo ra(x)(x)dx = 0 for all o € C°([0,1]);
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Different notions of limit - |

The Rademacher sequence

Let
ro(x) = X[o,1/2)(x mod 1) — x(1/2,1)(x mod 1)
and consider the Rademacher sequence r,(x) = r(2"x), x € [0,1].
0 lim,_o0 rn(x) does not exist for a.e. x € [0, 1];
0 liMnsoo fo ra(x)(x)dx = 0 for all o € C°([0,1]);
o for all f € CO(R) and for all ¢ € C°([0,1]),

i [ oyt - (3r+5-n) ., o
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A sequence that features concentrations

Consider the sequence s,(x) = ry(x) + 2”X[0 L](x).
)N
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A sequence that features concentrations

Consider the sequence s,(x) = ry(x) + 2nX[o,2L,,](X)'
o limp_00 Sn(x) does not exist for a.e x € [0,1];
0 liMnseo fo sn(x)p(x)dx = (0) for all p € CO([0,1]);
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A sequence that features concentrations

Consider the sequence s,(x) = ry(x) + 2”X[o L](X).
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o limp_00 Sn(x) does not exist for a.e x € [0,1];

0 liMnseo fo sn(x)p(x)dx = (0) for all p € CO([0,1]);
o for all f € CJ(R) and for all ¢ € C°([0,1]),

i [ Aot = (5704 570 [ ot
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Introduction

Young measures

Definition (Young — 1937, ..

A Young measure over Q C R* is a measurable function
v:Q — P(R).
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A Young measure over Q C R* is a measurable function
v:Q— P(R). If f € C)(R), the “composition” f(v) is defined by

Fu(x)) = /R v (x).
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Introduction

Young measures

Definition (Young — 1937, ...)

A Young measure over Q C R* is a measurable function
v:Q— P(R). If f € C)(R), the “composition” f(v) is defined by

Fu(x)) = /R ().

Theorem (The main theorem of Young measures)

For every bounded sequence of LP(QQ) functions {z,}nen, there
exists a Young measure v such that for all f € C)(R) and for all
€ C°([0,1]),

n—o0

firg /Q F(2a(x)) () dx = /Q F((x))p(x) d.
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Young measures

Definition (Young — 1937, ...)

A Young measure over Q C R* is a measurable function
v:Q— P(R). If f € C)(R), the “composition” f(v) is defined by

Fu(x)) = /R ().

Theorem (The main theorem of Young measures)

For every bounded sequence of LP(QQ) functions {z,}nen, there
exists a Young measure v such that for all f € C2(R) and for all
€ C°([0,1]),
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Grid functions of Nonstandard Analysis

Nonstandard analysis in a nutshell

Let P(X) be the power set of X, and define

v(X) = P(X).

neN

Definition (Nonstandard universe)

A nonstandard universe is a triple (V(R), V(*R), *) such that:
o *:V(R) —» V(*R);
o * maps R properly into *R (i.e. R # *R);

o * preserves “elementary properties”.
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Grid functions of Nonstandard Analysis

e basic idea of nonstandard analysis

Infinitesimal

~3-2-1 0 1 2 3
Negative Finite Positive
infinite infinite

Image from “Elementary Calculus: An Infinitesimal Approach”, (© 2000 by H. Jerome Keisler.
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Grid functions of Nonstandard Analysis

Grid functions

Definition (Grid functions)
Let N € *N be infinite and let £ = N=1. We define

X ={ne:ne€*Z and —N2§n§N2}.
The space of grid functions defined over an open set Q C R¥ is

G(Q) = {f: *QNX* - "R}
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The main theorem

The main theorem

For every bounded sequence {zp}nen in LP(S2), there exists a (non
unique) function z € G(2) such that

o for all ¢ € C°(Q) it holds

g Z z(x)*¢(x) = lim /z,,(x)go(x)dx;

_)
XE*QNXK e Ja

o for all f € CQ(R) and for all ¢ € C°(Q) it holds

ek Z f(z(x)) e(x) = lim [ f(zn(x))e(x)dx.
Q

s
xE*QNXkK e
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The main theorem

Idea of the proof - |

For every distribution T, there exists u € G(Q) that satisfies

e N u(x)*e(x) & (T, ) forall p € C(Q).
x€*QNXk
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The main theorem

Idea of the proof - |

For every distribution T, there exists u € G(Q) that satisfies

e N u(x)*e(x) & (T, ) forall p € C(Q).
x€*QNXk

Theorem (Cutland — 1986)

For every Young measure v, there exists u € G(Q2) that satisfies

3 () e(x) ~ /Q £ (v(x))p ()

xe*QNXk

for all f € C2(R) and for all ¢ € C°(RQ)
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The main theorem

Idea of the proof - Il

The ingredients of the grid function z

o Let z, — zy (z,,izOo if p=1,00).
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The main theorem

|dea of the proof - Il

The ingredients of the grid function z

o Let z; — zo (2 Koz ifp=1, 00). Zoo is a well-defined
distribution.
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The main theorem

|dea of the proof - Il

The ingredients of the grid function z

o Let z; — zo (2 Koz ifp=1, 00). Zoo is a well-defined
distribution.

o Let z, = v, and define b(x) = Jg Tdv(x).
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The main theorem

|dea of the proof - Il

The ingredients of the grid function z

o Let z; — zo (2 Koz ifp=1, 00). Zoo is a well-defined
distribution.

o Let z, v, and define b(x) = [, rdu(x). b € LP(Q).
o Let zp € G() correspond to the distribution zo, — b.

Emanuele Bottazzi
Describing limits of bounded sequences of measurable functions via nonstandard analysis



The main theorem

|dea of the proof - Il

The ingredients of the grid function z

o Let z; — zo (2 Koz ifp=1, 00). Zoo is a well-defined
distribution.

o Let z, v, and define b(x) = [, rdu(x). b € LP(Q).
o Let zp € G() correspond to the distribution zo, — b.
o Let zy € G(Q2) correspond to the Young measure v.
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The main theorem

|dea of the proof - Il

The ingredients of the grid function z

o Let z; — zo (2 Koz ifp=1, 00). Zoo is a well-defined
distribution.

o Let z, v, and define b(x) = [, rdu(x). b € LP(Q).
o Let zp € G() correspond to the distribution zo, — b.
o Let zy € G(Q2) correspond to the Young measure v.

z = zp + zy € G(Q) satisfies the desired properties.
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Revisiting the examples

Revisiting the examples - |

The Rademacher sequence

Consider the grid function r(ne) = (—1)" for 0 < n < N.
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Revisiting the examples

Revisiting the examples - |

The Rademacher sequence

Consider the grid function r(ne) = (—1)" for 0 < n < N.
o r(ne) is well-defined for all 0 < n < N;
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Revisiting the examples - |

The Rademacher sequence

Consider the grid function r(ne) = (—1)" for 0 < n < N.
o r(ne) is well-defined for all 0 < n < N;
° 62,’:’20 r(ne)*p(ne) ~ 0 for all ¢ € CO([0,1]);
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Revisiting the examples

Revisiting the examples - |

The Rademacher sequence

Consider the grid function r(ne) = (—1)" for 0 < n < N.
o r(ne) is well-defined for all 0 < n < N;
° 62,’:’20 r(ne)*p(ne) ~ 0 for all ¢ € CO([0,1]);
o for all f € CO(R) and for all ¢ € C°([0,1]),

= ety (Lrgy s L !
5;) f(r(ne))olne) = (Ef(1)+§f(—1)) /0 i
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Revisiting the examples

Revisiting the examples - |l

The concentrating sequence

Consider the grid function s = r + Nxq;.
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The concentrating sequence

Consider the grid function s = r + Nxq;.
o s(ne) is well-defined for all 0 < n < IV;
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The concentrating sequence

Consider the grid function s = r + Nxq;.
o s(ne) is well-defined for all 0 < n < IV;
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Revisiting the examples

Revisiting the examples - |l

The concentrating sequence

Consider the grid function s = r + Nxq;.
o s(ne) is well-defined for all 0 < n < IV;

° 52,,)[:0 s(ne)*p(ne) =~ (0) for all ¢ € CO([0,1]);
o for all f € CX(R) and for all ¢ € C°([0,1]),

-, ety (Lrpy s L !
6; Fs(ne)) e(ne) ~ <§f(1)+§f(—1)) /0 i
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Conclusions

Perspectives for future research

Perspectives for future research

Possible applications of grid functions include:

o the definition of new notions of limits;

o the description of physical phenomena that cannot be
formalized in the space of distributions;

o the study of generalized solutions to classically ill-posed
problems from many areas of functional analysis.
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