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A function is elementary if it can be computed in time O(2n) ∪ O
(
22

n) ∪
O
(
22

2n ) ∪ · · · , or equivalently, if it is in the third level E3 of the Grzegorczyk
hierarchy. A strictly increasing function A : N → N is the sum approximation
(from below) of an irrational number α if α = a+

∑∞
i=0

1
2A(i)+1 for some integer a.

A function T : Q → Q is a trace function for α if |T (q) − α| < |q − α| for all
q ∈ Q. We show that there exists an irrational number with an elementary trace
function and without an elementary sum approximation, as was conjectured by
Kristiansen [Kri17, Section 5].
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