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Preliminaries: Circulant graphs & their applications
Circulant matrix

F = circ($) :=


$0 $1 . . . $n−2 $n−1

$n−1 $0 . . . $n−3 $n−2
...

. . . · · · . . .
...

$2 $3 . . . $0 $1

$1 $2 . . . $n−1 $0

 ∈ Rn×n

Circulant matrix spectrum

λF(j) =
n−1∑
k=0

[
$k exp

(
−2kπi

n
j

)]
for j = 0 . . . n− 1

Randić matrix relation + d-regularity

F := D−1A = D−1/2AD−1/2 =: RRR

Laplacian matrix relation + d-regularity

L := D−A = dL = d(In −RRR )

Spectral equivalence between normalize Laplacian and Randić matrices

λF(j) = λRRR (j) = 1− λL(j) for j = 0 . . . n− 1
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λF(j) = λRRR (j) = 1− λL(j) for j = 0 . . . n− 1

3 of 20



Preliminaries: Circulant graphs & their applications
Circulant matrix

F = circ($) :=


$0 $1 . . . $n−2 $n−1

$n−1 $0 . . . $n−3 $n−2
...

. . . · · · . . .
...

$2 $3 . . . $0 $1

$1 $2 . . . $n−1 $0

 ∈ Rn×n

Circulant matrix spectrum

λF(j) =
n−1∑
k=0

[
$k exp

(
−2kπi

n
j

)]
for j = 0 . . . n− 1
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Preliminaries: Circulant graphs & their applications

Intelligent surveillance of public spaces

Tracking-by-Detection

Distributed Consensus-like algorithms
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Preliminaries: κ-ring graphs
κ-ring graphs Cn(1, κ) are a class of circulant graphs constructed

by multiple circulant edge layers
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C9(1, 1)
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C9(1, 2)
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C9(1, 3)

κ ∈ N>0 represents the maximum length of the path that leads from one of the
n nodes vi to one of its neighbors vj, neglecting the presence of all the other
nodes that are not members of Ni. In other words, for2 κ = 1 . . . bn/2c − 1,
constant κ can be interpreted as the width of the identical panorama seen
from each vertex, as depicted in Fig. 1. In addition, to provide further de-
tails in this description, it is worth to mention that κ-regular graphs are not
only circulant but also connected, Hamiltonian and Eulerian, since this kind
of topology is constructed by means of multiple edge layers beginning with
the cycle of length n. Lastly, in Table 1, few standard quantities related to
κ-ring graphs are summarized.

1

23

4

5

6

7 8

9

(a) C9(1, 1)

1

23

4

5

6

7 8

9

(b) C9(1, 2)

1

23

4

5

6

7 8

9

(c) C9(1, 3)

Figure 1: All the three κ-ring graphs with n = 9 vertices. A layer of edges is added
for each increasing value of κ: 1(a) first layer (black), 1(b) second layer (green),
1(c) third layer (red).

#Vertices #Edges Diameter Radius Girth Regularity

|V| = n ≥ 4 |E| = nκ φ = dn/2κe r = φ g =

{
n, if κ = 1

3, otherwise
d = 2κ

Table 1: Basic topologic quantities of a κ-ring graph with n vertices.

2Values κ = 0 and κ = bn/2c are purposely excluded since they lead to degenerate
well-known topologies, such as the void or complete graphs.

5
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Main results: Spectral characterization

General aim: investigate stability,
performances of graph-based
protocols and the communication
exchange over networks.

Eigenvalues of F tell us more about
the convergence of linear dynamic
multi-agent systems.

We expect the spectrum of F to be a
real subset of the unit circle, since F
is row-stochastic and symmetric.

The spectrum of F is linked to the
spectrum of the Laplacian L.

x(t+ 1) = Fx(t) + u

C

1−1 <(z)

=(z)

λFn−1 λF1λ
F
0

[ ]
Spectrum of F

λFj = 1− d−1λLj
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Main results: Spectral characterization

Definition (Dirichlet kernel)

Dκ : R→ R of order κ ∈ N such that

Dκ(x ) :=


sin((κ+ 1/2)x )

2 sin(x /2)
, if x 6= 2πl, ∀l ∈ Z;

κ+ 1/2, otherwise.

Theorem (Spectral characterization of κ-ring graphs)

L graph Laplacian of κ-ring graph Cn(1, κ), θ := π/n. Eigenvalues
λL(j) ∈ Λ(L) can be expressed in function of the Dirichlet kernel as

λL(j) = 1 + 2 (κ−Dκ(2θj)) , for j = 0 . . . bn/2c;
λL(n− j) = λL(j), for j = 1 . . . bn/2c.

λL(j) ∈ [0, 4κ], ∀j = 0 . . . n− 1, λL0 := λL(0) = 0 is simple and, if
∃j? ∈ N s.t. λL(j?) = 4κ, j? ∈ (0, n), then λL(j?) is simple.
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Main results: Spectral characterization
Proof. Exploiting the spectrum of the circulant matrices and setting

[$]i :=

{
d−1, if ei1 ∈ E ;

0, otherwise;

eigenvalues of the Randić matrix RRR can be rewritten as

λRRR (j) =
1

d

d/2∑
k=1

[exp(−i2kθj)] +
1

d

n−1∑
k=n−d/2

[exp(−i2kθj)]

=
1

d

d/2∑
k=1

[exp(−i2kθj)] +
1

d

d/2∑
k=1

[exp(i2kθj)]

=
2

d

(
1

2

∑
|k|≤d/2

[exp(i2kθj)]− 1

2

)
= κ−1 (Dκ(2θj)− 1/2)

protocol performances
improve as κ increases!

Leveraging the d-regularity, the rest of the statement can be proven
resorting to Landau H., Odlyzko A., 1981 “Bounds for Eigenvalues
of Certain Stochastic Matrices”. �
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Main results: Fiedler value
The previous theorem offers a deep insight on the connection between the
Dirichlet kernel and the eigenvalues of L.

The analysis continues focusing on the extremal eigenvalues of the

restricted spectrum Λ0(L) := Λ(L) \
{
λL0
}
⊆ (0, 4κ], denoting the

eigenvalues of Λ(L) with 0 = λL0 < λL1 ≤ . . . ≤ λLn−1.

Corollary (Fiedler value of κ-ring graphs)

The smallest positive eigenvalue λL1 of the graph Laplacian L
associated to the κ-ring graph Cn(1, κ) is given by

λL1 := min
j=1...n−1

λL(j) = λL(1) = λL(n− 1) ∈ (0, 2κ).

Eigenvalue λL1 gives us information on the right limit λF1 of the unit circle
allowing to determine protocol performances.
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Main results: Spectral radius of the Laplacian

Corollary (Spectral radius of κ-ring graphs: properties)

For the largest eigenvalue λLn−1 of the graph Laplacian L
associated to the κ-ring graph Cn(1, κ) one has

i λLn−1 ∈ [n− 2κ, 4κ], with the equality for the upper bound
holding iff n is even and κ = 1;

ii λLn−1 = λL(j?) = λL(n− j?), where j? ∈ N belongs to
[j, j] ⊂ N with

j = 1 + bn/(2κ+ 1)c, j = d(3n/(2κ+ 1)− 1)/2e;

iii λLn−1 = λL(bn/2c) = λL(dn/2e) iff κ = 1;

iv λLn−1 = λL(2) = λL(n− 2) if κ ≥ κn with κn := 3n/10− 1/2.

Eigenvalue λLn−1 gives us information on the left limit λFn−1 of the unit
circle allowing to determine, again, protocol performances.
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Main results: Spectral radius of the Laplacian

Recall that λLn−1 = d(1− λRRRn−1);

λFn−1 = λRRRn−1 can be computed
through a binary search;

D′κ is crucial for the
index selection;

Complexity: O(log(n/κ))
as n/κ→ +∞.

(iv) λLn−1 = λL(2) = λL(n− 2) if κ ≥ κn with κn := 3n/10− 1/2.

Moreover, λLn−1 can be computed in function of the smallest eigenvalue

λFn−1 = λRRRn−1 := min
j=0...n−1

{
λRRR (j)

}
(20)

of the Randić matrix RRR , since it holds that λLn−1 = 2κ(1 − λRRRn−1). This
calculus can be conveniently implemented whenever κ ∈ (1, κn), by means
of the procedure illustrated in Alg. 1, with a computational complexity3 of
O (log2(n/(4κ))) as the ratio n/κ goes to infinity.

Algorithm 1 Computation of eigenvalue λRRRn−1 and its relative index j?

1: set (j, j);

2: if D′κ(2θj) ≤ 0 then
(
j?, λRRRn−1

)
←
(
j, λRRR (j)

)
;

3: else if D′κ(2θj) ≥ 0 then
(
j?, λRRRn−1

)
←
(
j, λRRR (j)

)
;

4: else
5: found← false;
6: while j − j > 1 and not found do

7: j? ← b(j + j)/2 + 1/2c;
8: if D′κ(2θj?) < 0 then j ← j?;

9: else if D′κ(2θj?) > 0 then j ← j?;
10: else found← true; λRRRn−1 ← λRRR (j?);
11: end if
12: end while
13: if notfound then

(
j?, λRRRn−1

)
← min

j∈{j,j}

{
λRRR (j)

}
;

14: end if
15: end if

Proof. Let us restrict w.l.o.g. the analysis to j = 1 . . . bn/2c by exploiting
the symmetry shown in (9).

(i) According to (5), let λLn−1 := λLn−1/(2κ) be the spectral radius of the
normalized graph Laplacian L. Since a connected graph is characterized by
λLn−1 = 2 if and only if it is bipartite (Lemma 1.7 of [11]), then equality
λLn−1 = 4κ holds if and only if the corresponding κ-ring graph Cn(1, κ) is an

3In terms of number of operations directly proportional to the number of comparisons
between the current estimate of λRRRn−1 and the next potential incumbent.

9
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Main results: Stochastic spectral radius

Definition (Stochastic spectral radius)

The stochastic spectral radius (SSR) is defined as

λF := max
λ∈Λ(F)\{λF0 }

|λ| = max
{
|λRRR1 |, |λRRRn−1|

}
=: |λFm|

Theorem (SSR of the κ-ring graphs: properties)

For the SSR λRRR of the Randić matrix RRR associated to the κ-ring
graph Cn(1, κ) one has

i λRRR >max{(nκ)−1
√
n+ 2κn(n− 2κ)− (2κ+ 1)2−λRRR1 , λRRR1 }

ii λRRR ≤ 1 with the equality holding iff n is even and κ = 1;

iii λRRR =
∣∣λRRR (j′)

∣∣ =
∣∣λRRR (n− j′)

∣∣, where j′ ∈ N belongs to
{1} ∪ [j, j] ⊂ N;

iv λRRR = −λRRR (bn/2c) = −λRRR (dn/2e) iff κ = 1;

v λRRR = −λRRR (2) = −λRRR (n− 2) if κ ≥ max {κn, κθ}.
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Conjecture on the SSR characterization

Conjecture (SSR index characterization)

The SSR λF for a κ-ring graph is equal to
∣∣λF(j′)

∣∣ where θ :=
π

n
and

j′ =


bn/2c, if κ = 1;

3, if n = 9 and κ = 2;

1, if κ ∈ [2, κθ];

2, if κ > κθ.

Sparsity
of F
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Discussion: Eigenvalue distribution for n = 4, 5

C4(1, κ)

κn = 0.7

κθ ' 0.2596

C5(1, κ)

κn = 1

κθ ' 0.6274
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Discussion: Eigenvalue distribution for n = 6, 7

C6(1, κ)

κn = 1.3

κθ = 1

C7(1, κ)

κn = 1.6

κθ ' 1.3773
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Discussion: Eigenvalue distribution for n = 8, 9

C8(1, κ)

κn = 1.9

κθ ' 1.7589

C9(1, κ)

κn = 2.2

κθ ' 2.1442

λF = −λF(3) if (n, κ) = (9, 2)
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Discussion: Eigenvalue distribution for n = 10, 11

C10(1, κ)

κn = 2.5

κθ ' 2.5330

λF = −λF(3) = λF(1) =
√

5/4

if (n, κ) = (10, 2)

C11(1, κ)

κn = 2.8

κθ ' 2.9249
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Discussion: Eigenvalue distribution for n = 10, 11

C10(1, κ)

κn = 2.5

κθ ' 2.5330

C11(1, κ)

κn = 2.8

κθ ' 2.9249

Conjecture

κθ > κn, ∀n ≥ 10

∀n ≥ 11:

λF = λF(1) if κ ∈ (1, κθ]

λF = −λF(2) if κ > κθ
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Conclusions and future directions

A class of circulant topologies defining κ-ring graphs has been
examined providing results on consensus-like algorithm
performances

Both the spectral and structural properties of κ-ring graphs
are inherently linked to the Dirichlet kernel

The algebraic connectivity has been fully characterized

The stochastic spectral radius and the Laplacian spectral
radius have been partially characterized

Additional investigations on this topology are envisaged

Further studies of new spectral properties related to the
Dirichlet kernel might be considered
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Thanks for the attention
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Computation of threshold κθ relative to the SSR

Lemma

Let RRR be the Randić matrix of a κ-ring graph Cn(1, κ) and
θ := π/n ∈ (0, π/4]. There exists a real number κθ ∈ (0, n/2)
such that if κ ≥ κθ then λRRR (1) + λRRR (2) ≤ 0, with the equality
holding iff κ = κθ. Moreover, letting c2θ := cos(2θ), the value of
κθ is yielded by

κθ = θ−1 arcsin (
√x θ) ,

where x θ is the unique solution belonging to (0, 1) of the
polynomial equation

pθ(x ) := x 3 + aθ,2x 2 + aθ,1x + aθ,0 = 0,

with aθ,2 = −(c2θ + 5)/2, aθ,1 = (4c2
2θ + 7c2θ + 13)/8,

aθ,0 = −(3c2θ + 1)2/16.
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