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Dynamical networks: graph representation
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Graph:

Hypergraph:
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Graph representation: nodes
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Graph representation: arcs

Arcs: Interactions
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Local interactions = Global behaviour

Local Interactions

Global Behaviour
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Dynamical networks: structural analysis and control

A twofold goal

Structural Analysis Network-
of Dynamical Decentralised
Networks Control Synthesis

...especially meant for...

N

{ Natural Systems ] [Man-made Systems]

N~
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Structural analysis of dynamical networks

Structural analysis

@ Looking for structural, parameter-free properties.
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Structural: more than robust

Definition

Z: family of systems, &: relevant property

Z is robust if any element f € .7 has the property &

Moreover, & is structural if % is specified by a structure without
numerical bounds

| A\

Example
Let a,b,c,d > 0.

—-a b —a —b
e i B

@ A is robustly stable if 0 < b,c <1, 2<a,d<3;

@ Conversely A, is structurally stable.
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Structural properties

o Parameter-free approach: system structure

Structural analysis

Explain behaviours based on the system inherent structure (graph)
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Structural properties

o Parameter-free approach: system structure

Structural analysis

Explain behaviours based on the system inherent structure (graph)

@ Structurally assess fundamental properties

Structural properties

Satisfied by all the systems of a family specified by a structure,
without numerical bounds.
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Structural properties

o Parameter-free approach: system structure

Structural analysis

Explain behaviours based on the system inherent structure (graph)

@ Structurally assess fundamental properties

Structural properties

Satisfied by all the systems of a family specified by a structure,
without numerical bounds.

o Applications to biochemical systems

Structural properties in nature

Biological systems — extremely robust: fundamental properties
preserved despite huge uncertainties and parameter variations.
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(Bio)chemical reaction networks

Species: A, B, C

Concentrations: a, b, ¢

ODE system:
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(Bio)chemical reaction networks

Species: A, B, C
Reactions: 0 2% A

Concentrations: a, b, ¢

ODE system:
a=ag
[3_
&=
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(Bio)chemical reaction networks

Species: A, B, C
Reactions: 0 2> A, A& B+ C

Concentrations: a, b, ¢

ODE system:
a=ao—g,(a)
b= g,(a)
¢ =gai(a)

Giulia Giordano Control-theoretic tools for the structural analysis of biological systems



(Bio)chemical reaction networks

Species: A, B, C
Reactions: 0 22 A, AS2B4+C, A+C 529
Concentrations: a, b, ¢

ODE system:

a=ao—ga(a)—gac(a,c)
b= 82(a)
c= ga(a)*gac(av C)
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(Bio)chemical reaction networks

Species: A, B, C
Reactions: (Z)AA AL “B+C, A+ C &= 0, B £ g

Concentrations: a, b, ¢

ODE system:

d=a0—gs(a)—gac(a. )
b= ga.(a)—gn(b)
c= ga(a)*gac(av C)
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(Bio)chemical reaction networks

Species: A, B, C
Reactions: 0 22 A, AZ2B4+C, A+C 220, BE2y
Concentrations: a, b, ¢

ODE system:

d=a0—gs(a)—gac(a. )
b= ga(a)—gs(b)
c= ga(a)*gac(av C)

a -1 -1 0 ga(a) 40
b | = 1 0o -1 gaclac) |+ 0
¢ 1 -1 0 gs(b) 0

Giulia Giordano Control-theoretic tools for the structural analysis of biological systems



(Bio)chemical reaction networks

Species: A, B, C
Reactions: 0 22 A, AZ2B4+C, A+C 220, BE2y
Concentrations: a, b, ¢

ODE system:

d=a0—gs(a)—gac(a. )
b= ga(a)—gs(b)
c= ga(a)*gac(av C)

a -1 -1 0 ga(a) a0
b | = 1 0o -1 gaclac) |+ 0
é 1 -1 0 gb(b) 0
L N ,
S = stoichiometric matrix & = rate go = influx
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(Bio)chemical reaction networks

Species: A, B, C

Reactions: 0 22 A, AZ2B4+C, A+C 220, BE2y
Concentrations: a, b, ¢

ODE system:

) (e
a=ao—gs(a)—gac(a.c) °
b= gs(a)—gs(b) ‘e

c= ga(a)*gac(av C)

a -1 -1 0 ga(a) ao
b | = 1 0o -1 gaclac) |+ 0
¢ 1 -1 0 gn(b) 0
L . ,
S = stoichiometric matrix & = rate go = influx
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The BDC-decomposition

x(t) = Sg(x(t)) + o, g monotonic functions
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The BDC-decomposition

x(t) = Sg(x(t)) + o, g monotonic functions

Local BDC-decomposition

The Jacobian can be decomposed as:

) = B2 pagye, A - dig {| 22

&b o
Xh

)

The decomposition is unique (up to permutations).
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The BDC-decomposition

x(t) = Sg(x(t)) + o, g monotonic functions

Local BDC-decomposition

The Jacobian can be decomposed as:

J(x) = asag)fx) =BA(x)C,  A(x)=diag {'@

aXh

bro

The decomposition is unique (up to permutations).

Global BDC-decomposition

Given the equilibrium X (0 = Sg(x)+go), z=x—
The system can be rewritten as:

XI

2(t) = Sg(z(t) + ) — Sg(%) = [BD(2)C] z(t),  D(z) = 0.
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BDC-decomposition: from local to global

For any vector X
Se()-Se(x) = | [ Jx+ otx—)dor| (-2
1
— B[/O D(x+o(x — X)) dc}C(x—i)
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BDC-decomposition: example

a -1 -1 0 ga(a) ao
b | = 1 0 -1 gacla,c) |+1] 0
¢ 1 -1 0 gb(b) 0

a_O, e 2= BDCz
T aga agac agac agb
° D_dlag{8a’ da’ dc’ db =0

G L oo

B= 1 0 0 -1 and C=
1 -1 -1 0 oo
010
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BDC-decomposition: example

a -1 -1 0 ga(a) ao
b | = 1 0 -1 gacla,c) |+1] 0
¢ 1 -1 0 gb(b) 0

4
—

z=BDCz

° o aga agac agac agb
‘e D_dlag{aa’ da’ dc ' db =0

IR 100
B = 1 0 0 -1 and C=
1 -1 -1 0 00l
010
Structure: parameter free, no numerical bounds. )
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Structural stability of chemical reaction networks

x(t) = Sg(x(t)) + &0

Monotonic functions g and dissipative reactions % <0
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Structural stability of chemical reaction networks

x(t) = Sg(x(t)) + &0

Monotonic functions g and dissipative reactions % <0

Matrix S and qualitative information on g(-) < structure < graph.
A structural result depends on the associated graph and stability
must hold for all networks with the same graph.
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Structurally assess stability

How can we structurally assess stability? )

F. Blanchini and G. Giordano, “Piecewise-linear Lyapunov Functions for Structural
Stability of Biochemical Networks”, Automatica, 2014
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Structurally assess stability

How can we structurally assess stability? J

We exploit the BDC-decomposition! Structurally < for any D; >0

F. Blanchini and G. Giordano, “Piecewise-linear Lyapunov Functions for Structural
Stability of Biochemical Networks”, Automatica, 2014
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Structurally assess stability

How can we structurally assess stability? )

We exploit the BDC-decomposition! Structurally < for any D; >0

dea: D(z(t)) — D(t)

Absorb the nonlinear system in a Linear Differential Inclusion
z(t)=[BD(t)C] z(t), D(t)>0. (LDI)

Any trajectory of the original system is also a trajectory of (LDI).

F. Blanchini and G. Giordano, “Piecewise-linear Lyapunov Functions for Structural
Stability of Biochemical Networks”, Automatica, 2014
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Structurally assess stability

How can we structurally assess stability? J

We exploit the BDC-decomposition! Structurally < for any D; >0

dea: D(z(t)) — D(t)

Absorb the nonlinear system in a Linear Differential Inclusion
z(t)=[BD(t)C] z(t), D(t)>0. (LDI)

Any trajectory of the original system is also a trajectory of (LDI).

To analyse stability we can assume 0 < D; < 1.

F. Blanchini and G. Giordano, “Piecewise-linear Lyapunov Functions for Structural
Stability of Biochemical Networks”, Automatica, 2014
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Structurally assess stability: polyhedral Lyapunov functions

Vx(x) =inf{||wlj1: Xw=x}
X full row rank
Based on a discrete difference inclusion, a numerical algorithm

computes the unit ball of the polyhedral Lyapunov function
(if any) via set iteration.

X=[x,x,%;x,]

F. Blanchini and G. Giordano, “Piecewise-linear Lyapunov Functions for Structural
Stability of Biochemical Networks”, Automatica, 2014

Giulia Giordano
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Structurally assess stability: example

a, ° °
| E

The procedure converges = structurally stable
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Local and global asymptotic stability

Problem: For x =0 the procedure stops successfully!
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Local and global asymptotic stability

Problem: For x =0 the procedure stops successfully!

Proposition

If the procedure produces a PLF, then there exists an equilibrium
that is locally asymptotically stable iff BDC is robustly nonsingular,
namely

det[-BDC] >0

for all D > 0. We have a vertex-type algorithm.
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Local and global asymptotic stability

Problem: For x =0 the procedure stops successfully!

Proposition

If the procedure produces a PLF, then there exists an equilibrium
that is locally asymptotically stable iff BDC is robustly nonsingular,

namely
det[-BDC] >0

for all D > 0. We have a vertex-type algorithm.

Proposition

| \

Let € > 0 (Infinitesimal dissipativity):
x=—€ex+ Sg(x)+ go

A PLF implies that there exists an equilibrium that is globally
asymptotically stable. With € =0, the equilibrium is globally
asymptotically stable iff BDC is robustly nonsingular.
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Examples

Networks with positive test outcome

Mabhler6

Sostakovits Schénberg?
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Structurally assess stability: polyhedral... why?

The only structural Lyapunov function is polyhedral!

There are no other rate-independent Lyapunov functions.

F. Blanchini, G. Giordano, “Polyhedral Lyapunov functions structurally ensure global
asymptotic stability of dynamical networks iff the Jacobian is non-singular”,

Automatica, 2017
Control-theoretic tools for the structural analysis of biological systems
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Structural steady-state analysis: the influence matrix

dx Output variation
Input variation U — = f(m, u) Y (at steady state)
dt —
y=g(z)
input
+ J—
| Increase Decrease
time O 2
|
[Perfect | Depends on
adaptation parameters

G. Giordano, C. Cuba Samaniego, E. Franco, F. Blanchini, “Computing the Structural
Influence Matrix for Biological Systems”, J. Math. Biol., 2015
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The structural influence matrix

Structural influence of variable j on variable i

Assuming stability, ¥;; € {+,—,0,7}: sign of the steady-state
variation of x;j(e) due to a step input acting on x;.

G. Giordano, C. Cuba Samaniego, E. Franco, F. Blanchini, “Computing the Structural
Influence Matrix for Biological Systems”, J. Math. Biol., 2015
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The structural influence matrix

Structural influence of variable j on variable i

Assuming stability, ¥;; € {+,—,0,7}: sign of the steady-state
variation of x;j(e) due to a step input acting on x;.

| \

For systems admitting a BDC decomposition

Y = H:(—BDC)™'E;,

H output matrix, E input matrix — efficient vertex algorithm

G. Giordano, C. Cuba Samaniego, E. Franco, F. Blanchini, “Computing the Structural
Influence Matrix for Biological Systems”, J. Math. Biol., 2015
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The structural influence matrix

Network from Shinar&Feinberg (2010)

+ 0+ o+ o+ o+ 4+ o+ o+
+ o+ 4+ o+ o+ o+ o+
+ 4+ + 0 4+ 0 4+ o+
0 0 0+ 4+ 4+ + 0
+ o+ o+ o+ o+ o+ o+
? ? ? ? ? ? ? ?
+ o+ o+ o+ o+ o+ o+ o+
+ 0+ 4+ o+ o+ o+ o+ o+
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The structural influence matrix

Network from Shinar&Feinberg (2010)

+ o+ o+ o+ o+
+ T o+ o+ o+ o+ o+ 4+
+ o+ 0o+ 0+  +
00 0 4+ 4+ 4 o+ 0
+ 0+ o+ o+ o+ o+ o+ o+
77 A
+ 0+ o+ o+ o+ o+ o+ 4+
o+ o+ o+ o+
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The structural influence matrix

\O Network from Shinar&Feinberg (2010)

+ 0+ o+ 4+ o+ o+ o+ o+
+ o+ o+ o+ o+ o+ o+ o+
+ o+ 4+ 0 + + o+
0 0 o+ + F + 0
+ + o+ o+ o+ o+ o+ o+
? ? ? ? ? ? ? ?
+ o+ o+ o+ o+ o+ o+ o+
+ o+ o+ o+ o+ o+ o+ o+
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The structural influence matrix

N Network from Shinar&Feinberg (2010)

+ 0+ o+ 4+ o+ o+ o+ o+
+ o+ o+ o+ o+ o+ o+ o+
+ o+ 4+ 0 + + o+
0 0 o+ + F + 0
+ + o+ o+ o+ o+ o+ o+
? ? ? ? ? ? ? ?
+ o+ o+ o+ o+ o+ o+ o+
+ o+ o+ o+ o+ o+ o+ o+

Can be important for model falsification!
Compare structural influence matrix and experimental results!
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Intracellular ceramide transport: a case study

Short distance shuttle model
(a)
rox NARRARARAARAATR . ARAAAAARAAARAAR 1oy ARRARARAARAARRR o ARARAAAAAARARAR
HHHHHH@HHH iy ™ UHHUUH@HUH HUBY HHUBHB@HHB HHLY HUUHH LHEHBEAHY
MCS

MCS h MCS #"‘r
Ekﬁﬁﬂﬁﬁﬁﬁﬁﬂﬁﬁlﬁﬁﬁ e MAAAARAAAATANGR o AARRAARAARR ART L. ARAARFHARER AR

100 O

phase 1 phase 2 phase 3 phase 4

PH domain ——
=0 ccramide | Yty VAP SR domain - @
FEAT motif — START domain

Tmﬂﬁﬂﬁﬁﬁﬁﬂﬁﬁﬂﬁﬂﬁﬁ rox TTARARRTARARAAN rox ARRRRARAAARTTTT wox ARRTRTTTRARGAR

CICICKCES iiBUU HHEY HUUHHHUU CICICK I ii%tﬁ HEEE - HHHEY iIHBH HHEY
MCS

- ﬁﬁﬂﬂﬂﬁﬁﬁﬂﬂﬁlﬁﬂﬂ er A ﬁﬂﬂﬁﬂ lﬁﬂ R ﬂﬁﬁﬁﬁﬁﬁﬂﬁﬁﬂ ﬂﬂﬁ ﬁﬁﬁﬁﬂﬁﬁﬁﬂﬁﬁ il
0 T T

phase 1 phase 2

phase 3 phase 4

Neck swinging model

Giulia Giordano
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Intracellular ceramide transport: a case study

PKD and PI4KIIIP states: both models

rox TR AR AT AR TR AR AR AT AR
BHUHMHUUB..HHUUUUMHUHUUBHUHBUHHQ&H

= —-

ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬂﬁﬂﬁﬁﬂﬁﬁﬁﬁﬁﬁﬁﬁﬂﬁﬁﬁﬁﬁ
"~ JULNBLEBLEBLLBL LR HELES HELEEBLEY

I hosphoryl
PI4P P ozpuory ceramide

DAG VAP




Intracellular ceramide transport: a case study

CERT states: short distance shuttle model

H T T T R T T A A AR
HHUQﬁBBBHBHQBHBHBBBMUUMBUH%g@@@@@@

MCS
— @ > —» — —
state 5 state 7 state 6

st
JEUHHEEEEEHEHEE B HE U U BB HEE

I hosphoryl
PI4P P oiguory ceramide

DAG VAP

TGN




Intracellular ceramide transport: a case study

CERT states: neck swinging model

i
BHBHUBBBHHUHHHUHUBBBHHHBHHUHBHBBUB

",L <—
ttttt

ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬂﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ
" WUNBLSHHSUHBLSL BSLH HBLEE BUdBLLsLY

I hosphoryl
PI4P PROSPorY ceramide

DAG VAP Eow

TGN
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Model comparison: influence matrices

2 2 2 2 — — -7 r? 2 - — — — -7
+ o+ 2?7 + o+ o+ + 4+ + + + + o+
- - 2 27 - - - - - 7 7 - - -
Ysps=|+ + ? ? + + +| and Zns=|+ + + + + + +
N T T B I 2 02— — 2 7 2
+ + 22?2 2?2 2 7 2?7 - = 2 7 7

2 2 22 2 2 7] L2 2 + + + + +]

NOT CONFLICTING!
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Model comparison: input influence matrices

Inputs:
up increases the flow from x; to x»
u> increases the flow from x; to xg

Ui U up Uz
—— A ——

x{[ — + 7 x{[ — +
X2 + - X2 + -
x3{ - 4+ x3{ - 4+

SDS x4{ + - and NS x4 + -
x5{ ? 2 x5{ ??
Xe6f + - Xe{ ? ?
AL 77 w{iL 2?7
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Model comparison: flow influence matrices

Short distance shuttle model

Psps = AXe + x782(x2) + x594(x4)

uy 1753 X1 X2 X3 X4 X5 X6 X7
P A P 2N
os{[ + - + + 2 2 2 2 2|

Neck swinging model

DNs = X694(x4) + x782(x2)

uy Uy X1 X2 X3 X4 X5 X6 x7
—~ = N S S S S S S

Onsl| + - + + + o+ o+ o+ 4

wi|l 2 2 2 2 4+ 4+ + + +
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CERT-mediated ceramide transfer: wrap up

Both models: flow-inducing systems; flows between pairs of
species are tuned by the concentrations of other species, and
suitable external inputs can structurally regulate ceramide transfer

Short distance shuttle: amount of transferred ceramide
structurally tuned by PKD, both directly and indirectly, in a
coherent feed-forward loop motif

Neck-swinging: amount of transferred ceramide structurally
tuned by active PI4KIIIS.

Active PKD directly inhibits ceramide transfer and indirectly
promotes it: incoherent feed-forward loop. It structurally
favours CERT mobility in the cytosol. Possible explanation: if
CERT bound to ER+TGN in the same location, area soon depleted
of ceramide; increased mobility in the cytosol helps it detach and
bind again where ceramide more abundant.

Giulia Giordano Control-theoretic tools for the structural analysis of biological systems



CERT-mediated ceramide transfer: wrap up

The influences in the two models are not conflicting.

Often structurally determined steady-state signs, which can help
falsify the models against experimental traces.

G. Giordano, "CERT-mediated ceramide transfer is a structurally tunable flow-inducing
mechanism with structural feed-forward loops”, Royal Society Open Science, 2018
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Oscillatory/multistationary systems: structural classification

+

. . . . . z: —— | 2

Candidate oscillator|Candidate multistationary ! :

Weak| A negative cycle exists A positive cycle exists _T Z l"

Strong All cycles are negative All cycles are positive a =
DEr—

Candidate
oscillator

Candidate

multistable

stable equilibrium
@ unstable equilibrium

F. Blanchini, E. Franco and G. Giordano, “A Structural Classification of Candidate
Oscillators and Multistationary Biochemical Systems”, Bull. Math. Biol., 2014
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Aggregation of monotone/PIR subsystems

We can recognize and aggregate subsystems that are stable
Input-Output Monotone Systems
or Positive Impulse Response Systems

D
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Aggregation of monotone/PIR subsystems

We can recognize and aggregate subsystems that are stable
Input-Output Monotone Systems
or Positive Impulse Response Systems

—_—
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Aggregation of monotone/PIR subsystems

The same results
(classification, influence)
hold for the aggregate system

Giulia Giordano Control-theoretic tools for the structural analysis of biological systems



Oscillatory/multistationary aggregate monotone systems

Analogous results for the sign-definite interconnection
of Structurally Stable Monotone Subsystems

Candidate Candidate
oscillator multistable

F. Blanchini, E. Franco and G. Giordano, “Structural Conditions for Oscillations and
Multistationarity in Aggregate Monotone Systems”, IEEE CDC, 2015

Giulia Giordano Control-theoretic tools for the structural analysis of biological systems



Biomolecular clocks

XrA

s activator

inhibitor <—<T 2
-3 inhibitor Zi i

(titrating species)

2 » Xa activator ..
inhibitor (titrating species) ™, X
(titrating species) v inert k
inhibitor, 5
Z oy activator
b Z't

Xt inactive) y«

Xa
g activator
i (titrating species)

[Kim&Winfree]

C. Cuba Samaniego, G. Giordano, F. Blanchini, E. Franco, J Biol Dyn 2017

C. Cuba Samaniego, G. Giordano, J. Kim, F. Blanchini, E. Franco, ACS Synth Biol 2016
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Biomolecular switches

e % el < ) @ Equilibrium conditions zr(xr)
T CTREED (titrating species) ™, X' @ Equilibrium conditions xr(zr)
» 2 : v .
(titrating species) inhibitor inert
activator
ZRr)
z
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