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e functional a pOSteI’IOI’I error estimates

for BEM (computations with BEM and FEM and W|th coIIeagues from Darmstadt

Wien, St. Petersburg, Bosch GmbH)

e functional a posteriori error estimates

for electro-magneto static optimal control problems (computations with FEM and with

colleagues from Essen)

e DEC: Discrete Exterior Calculus as discrete version of FA-ToolBox (Jyvaskyla Group)

~ https://sites.google.com/jyu.fi/gfd/method/online-time-integrator
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FA-ToolBox: Solving PDEs with Hilbert Complexes (Overview)

FA-ToolBox (Hilbert complexes, tailor-made functional analysis)

(1) | general theory

. Ao A s Vo, ot divo,
(I1) | applications to pdes -Hyop 2 HHL 2 Hy--- L 2 L 2L 2L°--
Ag AT —div rot -V

de Rham complex, elasticity complex, biharmonic complex, general relativity complex, ...
(111) | applications to Friedrichs/Poincaré/Maxwell /Gaffney estimates and constants
o Hr,(rot,Q2)Rr, n e 'Hr, (div, Q) «» L2 () compact  ((2,T;) bd weak Lip pair)

= Friedrichs/Poincaré/Maxwell type estimates | positivity/continuity

Eeh'
- 1
Ve eHr () Pli2 ) < lVeli2 (o)
‘AXE? — O ¥ © e 'Hr, (div,Q) n VH{ (Q) 1Ol:2 (g < crol dive®li2(g,
N r.‘é V ® e Hr, (rot, Q) N e 'rot Hr, (rot, Q) |P|, 2 @ S Ca| rot <D||_2(Q)
o ) €
T]u VW e Hr, (rot, Q) nrotHr, (rot, Q) |\U|L2(Q) < Gy rot W|L%(Q)

(cfp: Friedrichs/Poincaré const, cn: Maxwell const)
o M, =Torl =g and Q bd and suff smooth (C''*) or of prtclr shape (convex)

= | regularity | and Gaffney type estimates

o (Q,T;) bd and suff smooth (C'-piecewise)
= Gaffney type estimate | Korn type

V& e H'(Q) N Hr, (rot, Q) n Hr, (div, Q) VP 2y < & (1D]2(q) + 110t D] 2 gy + |dive] 2 )

(cg: Gaffney const)
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FA-ToolBox

Solving PDEs with Hilbert Complexes

Introduction and Motivation
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general observations

A:D(A) cHg — Hj (lin, dd, cI) and Hp, Hi Hilbert spaces

question: How to solve?

77 x=ATLF 777
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general observations

A:D(A) cHo — Hj (lin, dd, cl)

solution theory in the sense of Hadamard

e existence < feR(A)
e uniqueness < Ain] < N(A)={0} < Al exists
e cont dep on f < A7l cont

= x =A71f e D(A) and cont estimate (Friedrichs/Poincaré type estimate)

x|y = AT FlH, < calflh, = calAx|n,

= best constant ca = |A_1|R(A),HO
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general observations

A:D(A) cHg — H;y
A* : D(A*) c H; — Hp Hilbert space adjoint

Helmholtz/Hodge /Weyl decompositions (projection theorem)

Hi=R(A)® N(A*),  Ho=N(A)® R(A*%)

Ax="f

solution theory in the sense of Hadamard

e existence < feR(A)=N(A*)* (Fredholm alt, if R(A) cl)
e uniqueness < Ain] < N(A)={0} < Al exists
e contdepon f < A7l cont < R(A)dl (cl graph theo)

fund range cond: | R(A) = R(A) closed | (must hold ~ right setting!)

kernel cond: N(A) = {0} | (fails in gen ~ proj onto N(A)! = R(A*) = R(A*))

Dirk Pauly FA-ToolBox: Solving PDEs with Hilbert Complexes Universitat Duisburg-Essen
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general observations

Helmholtz/Hodge /Weyl decompositions (projection theorem)

Hi = R(A) @ N(A%) Ho = N(A) ® R(A*)

observations (from this perspective)

@ | time-dependent problems | are simple

ingen A:D(A)cH->H, |A=0:+T| (gen T skw-sa, or at least Re T > 0)

N(A)={0}  N(A*)={0}  R(A) (cl) = N(A*)" =H

@ | time-harmonic problems | are more complicated

ingen A:D(A)cH-H, |[A=-w+T

N(A), N(A™) (fin dim) R(A) (cl, fin co-dim) = N(A*)*

(Fredholm alternative)

@ | static problems | are most complicated

ingen A:D(A)cHg—->Hi;, |[A=0+T

dim N(A) = dim N(A*) = oo (possible/standard)  R(A) (cl, infin co-dim) = N(A*)*
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FA-ToolBox for linear (first order) problems/systems

Il
5{\

Ax

general theory

solution theory

closed ranges

Friedrichs/Poincaré estimates and results about constants
Helmholtz/Hodge/Weyl decompositions

compact embeddings

continuous and compact inverse operators

regular potentials and regular decompositions (to show compact embeddings)
variational formulations

generalized div-curl-lemma

index theorems

dimensions and bases of cohomology groups

functional a posteriori error estimates

idea: solve problem with general and simple lin fa (= FA-ToolBox) ...
literature: many parts probably very well known for ages, but hard to find ...
(Friedrichs, Weyl, Hormander, Fredholm, von Neumann, Riesz, Banach, ... ?)

Why not rediscover and extend/modify for our purposes?
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1st fundamental observations

A:D(A) cHg— Hj ldde, A*:D(A*) cHj — Hp Hilbert space adjoint
(A, A*) dual pair as (A*)* = A=A
A, A* may not be inj

Helmholtz/Hodge /Weyl decompositions (projection theorem)

Hi = N(A*) ® R(A)  Ho=N(A)® R(A¥)

reduced operators restr to N(A)* and N(A*)*

A= Alnayr = Algany A = A |yanys = Allgay

A A*inj = A1 (.A*)_1 ex
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1st fundamental observations

A:D(A)cHog—H;, A*:D(A*)cHj; — Hplddc (A, A*) dual pair

Hi= N(A*)® R(A)  Ho=N(A) ® R(A*)

more precisely

A= Ao i D(A) c R(AT) > R(A),  D(A) = D(A) n N(A)* = D(A) n R(A")
A

= A'lgay : D(A") € R(A) - R(A*),  D(A*):= D(A*)n N(A*)" = D(A*) n R(A)
(A, A*) dual pair and A, A* inj =

inverse ops exist (and bij)

AT R(A) > D(A)  (A*)TH:R(AY) - D(AY)

refined decompositions

D(A)=N(A)® D(A) D(A*) =N(A*) e D(A")

R(A)=R(A)  R(A*) = R(A*)

Dirk Pauly FA-ToolBox: Solving PDEs with Hilbert Complexes Universitat Duisburg-Essen
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1st fundamental observations

closed range theorem & closed graph theorem =

Lemma (Friedrichs-Poincaré type est/cl range/cont inv)

The following assertions are equivalent:

(i) 3ca €(0,00) VxeD(A) IX|Hy < calAx|h,
() Fcar € (0,00) ¥y e D(A) Iyl < cas [A*ylig
(i) R(A)=R(A) is closed in Hj.

(ii*) R(A*) =R(A") is closed in Hg.
(iii) A™1: R(A) » D(A) is continuous and bijective.
(iii*) (A*)71: R(A*) - D(A*) is continuous and bijective.

Note: trivial equivalence of (i) or (i*) to inf-sup condition

Dirk Pauly FA-ToolBox: Solving PDEs with Hilbert Complexes Universitat Duisburg-Essen
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1st fundamental observations

recall

(i) Jea €(0,00) VxeD(A) |X||-|0 < CA|AX‘|.|1
(i) Jcar €(0,00) VyeD(A")  |yln; < cax|A"yln,

‘best’ consts in (i) and (i*) equal norms of the inv ops and Rayleigh quotients

CA = |A_1|R(A),R(A*) Cax = |(A*)_1|R(A*),R(A)

1 A A*
A= — = inf [AX]y Apx = - inf IA"YlH,

CA  0#xeD(A) ||y, car  0#yeD(A*) |y|H,

Lemma (Friedrichs-Poincaré type const)
CA = Cpx

Remark (spectrum)

Even whole spectrum coincides, i.e.,

F(A*AN{0} = o (A*A) = (AA*) = o(AA*)\{0}

Dirk Pauly FA-ToolBox: Solving PDEs with Hilbert Complexes Universitat Duisburg-Essen
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1st fundamental observations

Lemma (Friedrichs-Poincaré type est/cl range/cont inv)

| | D(A)<=>Hy compact

(i) 3ca €(0,00) VxeD(A) IX|Hy < calAx|h,
(i) Jcar €(0,00)  VyeD(A")  |yln, < cax[A%ylH,
(ii)) R(A) = R(A) is closed in Hy.

(ii*) R(A*) =R(A") is closed in Hy.
(iii) A™1: R(A) - D(A) is continuous and bijective.
(iii*) (A*)71: R(A*) - D(A*) is continuous and bijective.

(i)-(iii*) equi &  the resp Helm deco hold & |A7Y[=ca =ca» = |[(A*)7]

Lemma (cpt emb/cpt inv)

The following assertions are equivalent:
(i) D(A)<»Hq is compact.
(i) D(A*)<»H;1 is compact.
(i) A7t : R(A) - R(A*) is compact.
(ii*) (A*)7L1: R(A*) - R(A) is compact.

Dirk Pauly FA-ToolBox: Solving PDEs with Hilbert Complexes Universitat Duisburg-Essen
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2nd

Dirk Pauly

fundamental observations

So far no complex...

Ao : D(Ao) C Ho - H1, A1 : D(Al) c H1 g H2 (|C|C|C)
A; : D(AY) cHi — Ho, Af:D(AY) c Hy - Hy (Iddc)

general complex (| AjAg =0 | i.e., R(Ag) c N(A1) and R(A]) c N(A}))

Ao Aq
2 Hp = H; = H, =
e AE){- Ai&

recall Helmholtz deco

Hi = R(Ag) @ N(Ap)
N U =(ee) NA)=RMA)@(NA)NNAY))

- N(A1) ® R(A]) =Ny

) -
= refined Helmholtz deco L = v H!“ @ ue&@ Q.A/(H(Qu«()

Hi = R(Ao) e N & R(AI)

FA-ToolBox: Solving PDEs with Hilbert Complexes Universitat Duisburg-Essen
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2nd fundamental observations

Ni=N(A)NN(AY)  D(A1)=D(A1)nR(A])  D(A}) = D(A2) n R(Ag)

Lemma (cpt emb II)

The following assertions are equivalent:
(i) D(Ap)«»Hp, D(A1)<«»H;, and N;<»H; are compact.
(ii) D(A1)nD(Aj)<»Hy is compact.

In this case N; < oo.

v
Theorem (FA-ToolBox I)

J | D(A1) n D(Aj)<»H1 compact

(i) all emb cpt, i.e., D(Ag)<»Ho, D(A1)<»H1, D(Aj)<»H1, D(A])<»H2 cpt
(i) cohomology group Nj finite dim
(iii) all ranges closed, i.e., R(Ag), R(A;), R(A1), R(A])
(iv) all Friedrichs-Poincaré type est hold
(v) all Hodge-Helmholtz-Weyl type deco | & Il hold with closed ranges

Dirk Pauly FA-ToolBox: Solving PDEs with Hilbert Complexes Universitat Duisburg-Essen
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2nd fundamental observations

Ao Ay
complex - 2 Hyp =2 H;y =2 H =2
e A* A* ces

0 1

Theorem (FA-ToolBox | (Friedrichs-Poincaré type est))

I [D(A) A D(Aj)»Hy compact| = 3 |A7Y|=ca, = car = [(A) 7 € (0, 0)

(i) VxeD(Ao) [X[Ho < caglAox|h,
(i") VyeD(Ap) ylHy < caglAgyng
(i) VyeD(A1) ylny < caylAryln,

(i) ¥z eD(A}) 2l < A2l

(iii) Vy e D(A1)n D(Ap) (1= 7Ny ) ylH, < calALy I, + cag Ay YIH,

note mp, y € Np and (1 -7, )y € N}

enough R(Ag) and R(A;) cl

Dirk Pauly FA-ToolBox: Solving PDEs with Hilbert Complexes Universitat Duisburg-Essen
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Solving PDEs with Hilbert Complexes

(Static) First Order Systems
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(Static) First Order Systems

(stat) first order system - solution theory

Ao Ay
complex - 2 Hp 2 Hi =2 Hy =
A* A>(-
0 1
Aix="f dim N(A1) = o0

find x e D(A1) n D(Aj) such that the fos

Aix=f (rotE = F)

Agx =g think of (-divE = g)

7TN1X=/( (7TDE=K)
kernel = cohomology group = Ni=N(A1)nN(A})

trivially necessary feR(A1) geR(Ay) kel

apply FA-ToolBox

Dirk Pauly
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(Static) First Order Systems

(stat) first order system - solution theory

complex <_—> Ho =2 Hq = H»> <_—’
cee AS— A]>f- cee
find x e D(A1) n D(Aj) st fos Aix=f Agx=g TN X = k

Theorem (FA-ToolBox Il (solution theory))

J | D(A1) n D(Aj)<»H1 compact
feR(A1)

fos is uniq sol < g e R(AY) k e Ny

x =X+ xg + k€ D(A1) ® D(A) ® Ny = D(A1) n D(A})

Xf = .AII f

xg = (A3) g

dep cont on data
moreover
WR(A;)X = Xf

WR(AO)X = Xg

e D(Ap)

€ D(Ap)

TN X = K

Iy < Ixelny + |Xglhy + [klny < caglfln, + caglglng + [k,

2 2 2 2
Ixli, = Ixeli, + Ixgli, + [KlG,

enough R(Ag) and R(A;) cl

Dirk Pauly
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(stat) first order system - a posteriori error estimates

problem: | find xe D(A;1)nD(A;) st Aix=f Aix=g TN X = K

‘very’ non-conforming ‘approximation’ of x: | X € Hy skip

def., dcmp. err. |[e=x—-X|= TR(Ag)€ T TNy € + TR(A¥)€ € Hi = R(Ao) ® N1 & R(AY)

Theorem (sharp upper bounds)

Let X e H; and e =x—X. Then
2 2 2 2
leli, = 1TReao)elity +Imnyeliay +Imrear)eli,
TR(AG) €lH; = ¢€rg(izg) (CAo IAGP — &lH, + ¢ — >?|H1) reg (AgAg +1)-prbl in D(AG)
‘WR(AI)6|H1 - cpenlgégl) (CA1 A1 — fln, + @ - >?|H1) reg (A¥ Ay +1)-prbl in D(Aq)
|7TN e||.| = ‘7‘(‘/\/ X — k||.| = min |A0€+A*C+)?— k||.|
1€1H, 1 1 <D(Ao) 1 1
CeD(AY) cpld (Ad Ag)-(AAT )-sys in D(AQ)-D(A})

Even my, e = k — wn, X and the minima are attained at
¢:7TR(AO)6+)’Z, Q?D:T('R(Ai(-)e-i-)?, AoE-i—A:TCZ(TFNl—l))’Z.

Dirk Pauly FA-ToolBox: Solving PDEs with Hilbert Complexes Universitat Duisburg-Essen
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Aj-Ai-lemma (generalized global div-curl-lemma)

skip

Lemma (Aj-A;-lemma)

Let D(A1) n D(Aj) < H1 be compact, and

(i) (xn) bounded in D(Ay),

(ii) (yn) bounded in D(A}).
= 3 xe D(A1), y € D(A}) and subsequences st
xp = x in D(A1) and y, —y in D(Aj) as well as

(XnaYn)Hl = (Xa}’)Hl-

Dirk Pauly FA-ToolBox: Solving PDEs with Hilbert Complexes Universitat Duisburg-Essen
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(Static) First Order Systems

Aj-Ai-lemma (generalized global div-curl-lemma)

Lemma (generalized Aj-A;-lemma)

Let R(Ag) and R(A1 be closed, and let Ny be finite dimensional. Moreover, let
(xn), (yn) € H1 be bounded such that

(i) (A1xn) is relatively compact in D(A})’,
(i) (AZyn) is relatively compact in D(Ag)’.

= 3 x,y € H1 and subsequences st x, — x in H1 and y, — y in Hy as well as

(Xnayn>H1 - (X,}/)Hl-

proof uses key observation skip

Lemma

Let R(A) be closed. For (xn) c Hg the following statements are equivalent:
(i) (Ax,) is relatively compact in D(A*)’.

(i) (wr(a*yxn) is relatively compact in R(A*) resp. Hj.

If xn — x in Hy, then either of cond. (i) or (ii) implies Tr(a*yXn — Tr(A*)X in Hi.

nice results and joint work with Marcus Waurick

Dirk Pauly FA-ToolBox: Solving PDEs with Hilbert Complexes Universitat Duisburg-Essen



Online Seminar on Mathematical Methods in the Theory of Electromagnetism Zoom, (almost) U Padova, December 9, 2020
[ JoloJelelele)e]

Applications: FOS & SOS (First and Second Order Systems)

Solving PDEs with Hilbert Complexes

Applications: FOS & SOS (First and Second Order Systems)
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classical de Rham complex in 3D (V-rot-div-complex)

general complex property AjAg =0, i.e., | R(Ag) c N(A1)

Ao Ay
2 Hp =2 H; =2 Hy =2
e A(>)(— Aie oo
Q c R3 bounded weak Lipschitz domain, 8Q =T =0,
(electro-magneto dynamics, Maxwell's equations)
t{o} v rot div TR
{0y =2 12 =2 L2 =2 L =2 L° =2 R
T{0} —div rot -V LR

mixed boundary conditions and inhomogeneous and anisotropic media

Vr rotr divr

L t t t U\

{OVorR =2 L2 2 L2 2 12 =2 L> =z Ror{0}
™ —divr, € e-1 rotr -Vr, L

Dirk Pauly
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Applications: FOS & SOS (First and Second Order Systems)

classical de Rham complex in 3D (V-rot-div-complex)

Q c R3 bounded weak Lipschitz domain, 8Q =T =0,

(electro-magneto dynamics, Maxwell's equations with mixed boundary conditions)

Vr rotr divr
L t t t N
{0}orR = L2 2 L2 2 12 =2 L> =2 Ror{0}
™ —divp, € e~lrotr, -Vr, L
related fos
Vr,u=A  inQ | rotr, E=J  inQ | divr, H =k inQ | mv=b inQ
mu=a inQ | —div;,eE=j inQ | elrotr, H=K inQ | -V v=B inQ
related sos
—divp, eVr,u=j in Q | et rotr, rotr, E = K in Q | -Vr,divr, H=B in Q
Tu=a in Q | —divp, eE =] in Q | et rotr, H=K in Q
corresponding compact embeddings:
D(Vr,) nD(w) =D(Vr,) = H}t o L2 (Rellich’s selection theorem)
D(rotr,) N D(—divr, €) =Rr, N z—:_lDrn - Li (Weck's selection theorem, '74)
D(divr,) n D(s_1 rotr, ) =Dr, NRr, = L2 (Weck's selection theorem, '74)
D(Vr,)nD(r)=D(Vr,) = H%n o L2 (Rellich’s selection theorem)

Weck's selection theorem for weak Lip. dom. and mixed bc: Bauer/Py/Schomburg ('16)
Weck's selection theorem (Weck '74, (Habil. '72) stimulated by Rolf Leis)

(Weber '80, Picard '84, Costabel '90, Witsch '93, Jochmann '97, Kuhn '99, Picard/Weck/Witsch '01,
Py '96, '03, '06, '07, '08)
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Applications: FOS & SOS (First and Second Order Systems)

classical de Rham complex in 3D (V-rot-div-complex)

rotE = F in Q
—diveE =g in Q
vxE=0 at ¢
v-eE=0 at [

non-trivial kernel Hp . ={HeL? : rotH=0,diveH =0, v x H|r, =0, v-eH|r, =0}
additional condition on Dirichlet/Neumann fields for uniqueness

7TDE =Ke HD,E
Vr rotr din
0JorR = 12 2 12 2° 12 2" 12 2 Ror{0
™ —divp, € e-1 rotr -Vr, L
A_ A A A A
2 Hy =2 Ho 2 H =2 Hy 2 Hy 2 Hy =
find EeRr,(Q)ne!Dr () st (fos) find xeD(A1)nD(A}) st

rotr, E=F Aix=f
—divr, cE =g translation Ajx =g
WD/NE:K 7TN1X=k
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Applications: FOS & SOS (First and Second Order Systems)

classical de Rham complex in 3D (V-rot-div-complex)

cA, = Crp (Friedrichs/Poincaré constant) and ca, = cm (Maxwell constant)

Lemma/Theorem Il | D(A1) n D(A})«»L2(Q) compact

(i) all Friedrichs-Poincaré type est hold

Ve eD(Ao)  [elHy < caglAopln,
VoeD(Ag) |oln, < caglAgdlng
VoeD(AL)  [@ln, < calA1dln,
Vipe D(AT)  |lh, < cag|AT%ln,

1
VeHr, pli2 < Cfp|V90||_§
Vo ee D, nVHE,  [®2 < cpldived|

V& eRr, netrotRr, @2 < cal rot &2

U

VWV eRr Nnrot th |\U|L2 < Gp|rot \Uh%

(i) all ranges R(Ao) = VHE, R(A1)=rotRr,, R(Aj)=divDr, areclin L?

(iii) the inverse ops (Vr,)7 !, (dff\//rnz-:)_l, (rotr,)~t, (e 1rotr, )~ are cont, even cpt

(iv) all Helmholtz decomposition hold, e.g.,
Hi=R(Ao)® Ny ® R(A}) <« L2=VH[, ®2 Ho,c 2 el rotRr,

(v) solution theory

(vi) ...
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Applications: FOS & SOS (First and Second Order Systems)

classical de Rham complex in 3D (V-rot-div-complex)

find E € Rr, ne™!Dr, s.t. / think of x € D(A1) n D(A})
divr cE=g / think of Agx =g
THy .E =K TR X =k

)

sol is simply x:=xr+xg+keD(A1) @ D(AS) ® Ky = D(A1) n D(Af)

with x¢ = A7 f |e D(Ay) and xg = (A§) g |e D(AY)

i.e., E=EFr+E;+K, where

EF := (Fafirt)_ll: € D(I:—(Sfrt) = th ﬂa’-j_l rot an = th F‘Ié‘_lDrmo ﬂ’HE e

Eg = (aT\’/Fns)_lg € D(C’rl\’/rna) = 6_]-Drn N VH%t = 6_1Drn n RFI‘?O n HJ[_),E
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Applications: FOS & SOS (First and Second Order Systems)

classical de Rham complex in 3D (V-rot-div-complex)

Theorem (sharp upper bounds)

Let| E ¢ Lg (very non-conforming approximation of E!) and|e:= E — E |. Then

2 2 2 2
|e||_§ = |7TR(V|-t )e||_§ + |7TR(8_1 rotrn)e|L§ v |7THD,€ e‘Lg

= min (CfpldiV€¢+g|L2 + |¢— E|L2 )2 reg(—Vrt divrn +1)-prbl in Drn
¢€€_1Drn €
. = 2
I q)rg%?t (Cm| rotd — F|L2 U |¢ — E|L§) reg (rotrn rotr +1)-prbl in th

+  min  |[Vo+e ! rot\I!+E—K|Ez
¢eHL WeRr, €

. o il
cpld (_d'VFn Vrt )—(rotrt rotr )-sys in Hrt —an

4

@ (rotr, rotr )-prbl needs saddle point formulation skip

@ Qtoptrv= mp=0andRr, o= VH}t and Dr, o =rotRr,

diam
@ | Qconvexande=p=1andlt=Torl, == cfSCmSCPS—Q

s

Dirk Pauly FA-ToolBox: Solving PDEs with Hilbert Complexes Universitat Duisburg-Essen



Online Seminar on Mathematical Methods in the Theory of Electromagnetism Zoom, (almost) U Padova, December 9, 2020
O000000e
Applications: FOS & SOS (First and Second Order Systems)

div-curl-lemma

skip

Lemma (div-curl-lemma (global version))

Assumptions:

(i) (En) bounded in L2(R)

(i") (Hn) bounded in L2(Q)

(i) (rot E,) bounded in L?(Q)
(ii") (diveH,) bounded in L?(Q)

(iii) vxE,=0o0nT:, ie, E,eRr(Q)
(ii’) v-eH,=0o0onT,, ie, H,eeiDr (Q)

= 3 E, H and subsequences st

E,— E, rotE, ~rotE and H, — H, divH, —~divH in L2(Q) and

(En, Hn)12(q) = (E, H) 12 (q)

= classical local version
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APPENDIX I: Friedrichs/Poincaré/Maxwell constants

Solving PDEs with Hilbert Complexes

APPENDIX I: Friedrichs/Poincaré/Maxwell constants (numerics)

joint work with Jan Valdman (Prag) and Carl-Martin Pfeiler (TU Wien)
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APPENDIX I: Friedrichs/Poincaré/Maxwell constants

Friedrichs/Poincaré /Maxwell constants

assumption: e=p=1and|l:=T,ie,cp=cslor|[n=T,le,cp=6

VoeD(A) |olhg < caglPogli, <=  VeeHp 2“,/, lpli2 < ce[ Vel 2

VoeD(A5) Idlh <caglAgdlh, <= VPeDNVHr |92 < ce|dive|2
Ho@et)

VoeD(AL) |l <calAidlh, << VOeREINrotR ]2 < calrotd| 2

Vipe D(AT)  |Yln, <calAiYl, <= VYWeRnrotRr |V < qrotW]»

<~

<~

:‘10@"

ve{EDNRY (G2 < 6l VC2

Vipe D(A2)  [|Y|n, < ca,|A2v|H,
VEeD(AS)  [€Hs < e lASElH,
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APPENDIX I: Friedrichs/Poincaré/Maxwell constants

Friedrichs/Poincaré /Maxwell constants

surprise | numerical tests show even for | non-convex domains | and | mixed bc

e.g., Fichera corner domain

Conjecture (Maxwell-Poincaré constants)

ce < min{Cep, Cpr } < Gn < Max{Cep, Cpf } < SUPF, .1 Crp} < 00

Theorem (FA-ToolBox / Friedrichs-Poincaré type estimates and constants)
VoeD(Ao) ol < caglPoglh, < VoeHr eli2 < e Vel
VoeD(Ay) |oln, <calAgdln, =
VoeD(A1) ¢l <calAidlh, <=
Vipe D(AT) |Yln, <caJAiYln, < VWeRr nrotRr, V|2 < clrotV|»

<~
<~

V& eDr, nVHF, [P < cpp| div Do

V& eRr, nrotRr, [P] 2 < G| rot P2

VW eDr, nVH W2 < cp| div V|

Vipe D(A2) [¢]H, < cay|A2t|H,
VEeD(AS)  [€lH, < ca,lASEN,

V¢eHp ¢l 2 < cpf|VC| 2
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APPENDIX I: Friedrichs/Poincaré/Maxwell constants

Friedrichs/Poincaré /Maxwell constants

2D unit square 3D unit cube

P o ——

2D L-shape

i 1.8 i
C P C, (Poincare)
180 o 0 Coy (Poncare) o o Cr |
o 02 r (Divergence tangential) 16l o Cz,r (Divergence tangential)
16 C,  (Maxwell tangential) C,  (Maxwell tangential)
+ C1 r (Maxwell normal) 1.4 & + C1 r (Maxwell normal)
14+ w/ g y
@ o 02 r (Divergence normal) 0 o 02 r (Divergence normal) o
v 12+ Ty
1.2 Pe) Co‘r (Friedrichs) o B &O Co.r (Friedrichs)
£ o ¢ 2 1k 8)
S 1 S O
2 2 &
3 Sosl A
0.8 O
0.6
0.6
04l 0.4
02k 0.2
. . . . . . . . . . . ok . . . . .
0O 20 40 60 80 100 120 140 160 180 200 0 50 100 150 200
number of Neumann faces number of Neumann faces
3D unit cube 3D Fichera corner domain
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APPENDIX IlI: More Complexes

Solving PDEs with Hilbert Complexes

APPENDIX II: More Complexes
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APPENDIX IlI: More Complexes

elasticity complex in 3D (sym V-Rot Rotd-Divs-complex)

general complex property AjAg =0, i.e., | R(Ap) c N(A1)

Ao A
2 Hp = H; = Hb =2
cen AX— A* cee
0 1
Q c R3 bounded strong Lipschitz domain
o o T .
{0} symV Rot Rotg Divg TTRM
{0y = L* = L3 2 L3 2 L2 =2 RM
{0} — Divg Rot Rot'S" —symV LRM

Dirk Pauly

FA-ToolBox: Solving PDEs with Hilbert Complexes

Universitat Duisburg-Essen



Online Seminar on Mathematical Methods in the Theory of Electromagnetism Zoom, (almost) U Padova, December 9, 2020
[e]e] leJelele}
APPENDIX IlI: More Complexes

elasticity complex in 3D (sym V-Rot Rotd-Divs-complex)

Q c R3 bounded strong Lipschitz domain

L{o} symV RotoRot; D':ivS TRM
{0} =2 L* = L3 2 12 = L2 2 RM
{0} — Divg Rot Rot] —-symV LRM
related fos (RotoRotg, Rot Rot-Sr first order operators!)
symVYv=M inQ | RotoRoth =F inQ | DivgN=g inQ | TV =r in Q
v =0 inQ | -DivgM=f inQ | RotRot-SerG inQ | —-symVv=M inQ
related sos (Rot Rotg Rothotg second order operator!)
~DivgsymVv=f inQ | RotRotgRotRot{M=G inQ | —symVDivgN=M inQ
7v=0 inQ | ~DivgM=f inQ | RotRot N=G  inQ
corresponding compact embeddings:
D(symV)nD(w) =D(V) = At o L2 (Rellich’s selection theorem and Korn ineq.)
D(RotuRotg) N D(Divg) — Lé (new selection theorem)
D(Divg) N D(Rot Rotg) > Lé (new selection theorem)

2

D(m)nD(symV)=D(V) = HY oL (Rellich’s selection theorem and Korn ineq.)

two new selection theorems for strong Lip. dom.: Py/Schomburg/Zulehner ('18)
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APPENDIX IlI: More Complexes

elasticity complex in 3D (sym V-Rot Rotd-Divs-complex)

Lemma/Theorem | |D(A;))nD(A})<»H;, D(A2)nD(A})<»Hy cpt
(i) all Friedrichs-Poincaré type est hold

est for Ag < VpeD(symV)n R(Divg) = H? ol 2 < colsym V) 2
est for A; < V@ e D(Divg)nR(symV) |®| 2 < co| Div |2

est for 47 < Voe D(RotoRotg) N R(Rot Rot{) || 2 < c1| RotRot™ @2
est for A <« V& e D(RotRotl)n R(RotoRotg) || 2 < c1| RotRot™ @] >
est for Ay < V& e D(Divg)nR(symV) |®| 2 < | Divd|2

est for A3 o VgeD(symV)nR(Divs) = H' nRM?* || 2 < o sym V| 2

(i) all ranges R(A,) =R(An), R(A})=R(A}) areclinlL?
(iii) all inverse ops A, (A%)~! are cont, even cpt
(iv) all Helmholtz decomposition hold, e.g.,

Hy = R(Ao)EBNléBR(Af) = L?%= R(syrﬁ V) ® 2 Hp,s D2 R(ROtROtg)

(v) solution theories

(vi) variational formulations

(vii) functional a posteriori error estimates
(viii) div-curl-lemmas

(ix) ...
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APPENDIX IlI: More Complexes

biharmonic / general relativity complex in 3D (VV-Rots-Divr-complex)

general complex property AjAg =0, i.e., | R(Ag) c N(A1)

e AO A]. oo
= Ho = H; 2 H»> =
A>(- A*
0 1
Q c R3 bounded strong Lipschitz domain
“{o} \AY Rotg Divy TRT
(0} =2 L* = L3 2 12 =2 L*> =2 RT
{0} div Divg sym Rotp —devV LRT
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APPENDIX IlI: More Complexes

biharmonic / general relativity complex in 3D (VV-Rots-Divr-complex)

Q c R3 bounded strong Lipschitz domain

“{o} \AY Rotg Divy TRT
{0y =2 L2 = L3 2 5 = 2 2 RT
T{0} div Divg sym Rotp —devV LRT
related fos (V°V, div Divg first order operators!)
VVu=M inQ | RotsM=F inQ | DiviN=g inQ | Tv=r inQ
mwu=0 inQ | divDivgM=f inQ | symRotyN=G inQ | —devVv=T inQ
related sos (div Divg VV = A? second order operator!)
divDive VVu=A%u=f inQ | symRotpRotsM=G inQ | —devVDivgpN=T inQ
Tu=0 inQ | divDivg M = f inQ | symRoty N=G  inQ

corresponding compact embeddings:
D(VV)nD(w) = D(VV) = H? & L2
D(Rotg) N D(div Divg) — L3

Rellich’s selection theorem)
new selection theorem)

D(Divy) N D(sym Rotp) — L% new selection theorem)

(
(
(
(

D(w) N D(devV) = D(devV) = D(V) = HY o L2 Rellich’s selection theorem and Korn type ineq.)

two new selection theorems for strong Lip. dom. and Korn Type ineq.: Py/Zulehner ('16)
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APPENDIX IlI: More Complexes

biharmonic / general relativity complex in 3D (VV-Rots-Divr-complex)

Lemma/Theorem | |D(A;)nD(A})<»Hi, D(Ay)nD(A})<»Hy cpt

(i) all Friedrichs-Poincaré type est hold

est for Ay < VpeD(VV)n R(divDivg) = H? |2 < co|VVe| 2

est for A5 < V& e D(divDivg) n R(VV) |®| 2 < co| div Div®| 2
est for A; < V& e D(Rots)n R(sym Rotr) |®| 2 < c1|Rot @2

est for A} < V& e D(symRotr)n R(Rotg) |®| 2 < c1|symRot |2
est for A» < V& e D(Divy)n R(devV) |®|,2 < 2| Div )2

est for A3 < Ve D(devV)nR(Divy) = H' nRT* |p|2 < 2| dev Vi,

(i) all ranges R(An) = R(A,), R(AX)=R(A:) areclinL?
(iii) all inverse ops A1, (A%)~! are cont, even cpt
(iv) all Helmholtz decomposition hold, e.g.,

Hi=R(Ag) ® Nv & R(A]) < L2 = R(VV) 2 Hp,s 82 R(sym Rotr),
Hy = R(A1) @ No ® R(A3) < L2 = R(Rotg) ®2 Hn,r @2 R(devV)

(v)-(ix) solution theories, variational formulations, functional a posteriori error estimates,
div-curl-lemmas, ...
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APPENDIX IlI: Literature

Solving PDEs with Hilbert Complexes

APPENDIX Ill: Literature
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APPENDIX IlI: Literature

literature (FA-ToolBox, complexes, a posteriori error estimates, ...

some results of this talk:

@ Py: Solution Theory, Variational Formulations, and Functional a Posteriori Error
Estimates for General First Order Systems with Applications to
Electro-Magneto-Statics and More,

(NFAO) Numerical Functional Analysis and Optimization, 2020
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APPENDIX Ill: Literature

literature (complexes, Friedrichs type constants, Maxwell constants)

results of this talk:

@ Py: On Constants in Maxwell Inequalities for Bounded and Convex Domains,
(JMS) Journal of Mathematical Sciences, 2015

@ Py: On Maxwell’s and Poincare’s Constants,
(DCDS) Discrete and Continuous Dynamical Systems, 2015

e Py: On the Maxwell Constants in 3D,
(M2AS) Mathematical Methods in the Applied Sciences, 2017

e Py: On the Maxwell and Friedrichs/Poincaré Constants in ND,
(MZ) Mathematische Zeitschrift, 2019

e Py: ...some (so far) unpublished results
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APPENDIX IlI: Literature

literature (complexes, Friedrichs type constants, compact embeddings)

@ Weck, N.: Maxwell’s boundary value problems on Riemannian manifolds with
nonsmooth boundaries,
(JMAZ2) Journal of Mathematical Analysis and Applications, 1974 (1972)

@ Picard, R.: An elementary proof for a compact imbedding result in generalized
electromagnetic theory,
(MZ) Mathematische Zeitschrift, 1984

e Witsch, K.-J.: A remark on a compactness result in electromagnetic theory,
(M2AS) Mathematical Methods in the Applied Sciences, 1993

results of this talk:

e Bauer, S., Py, Schomburg, M.: The Maxwell Compactness Property in Bounded
Weak Lipschitz Domains with Mixed Boundary Conditions,
(SIMA) SIAM Journal on Mathematical Analysis, 2016

@ Py, Zulehner, W.: The divDiv-Complex and Applications to Biharmonic
Equations,
(AA) Applicable Analysis, 2020

@ Py, Zulehner, W.: The Elasticity Complex,
submitted, 2020
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APPENDIX IV: A Posteriori Error Estimates for BEM

Solving PDEs with Hilbert Complexes

APPENDIX IV: A Posteriori Error Estimates for BEM (Boundary Element Method)

joint work with

Stefan Kurz (Bosch GmbH & TU Darmstadt),
Dirk Praetorius (TU Wien),

Sergey Repin (Steklov Mathematical Institute , St. Petersburg),
Daniel Sebastian (UDE, TU Wien)

skip
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APPENDIX IV: A Posteriori Error Estimates for BEM

functional a posteriori error estimates for BEM

problem: num approx with | BEM skip

Au=0 in Q, ur=g onT.

functional a posteriori error estimates: num approx with | FEM

max (2(n-E,g-1|r),- —|EP? = |V(u-1)] = min |Vv]?
EeL2(Q)( < ~||_)H 1/2(1) | ||_2(Q)) | ( )||_2(Q) veh (2) | ||_2(Q)
div E=0 vlr=g-1lr

natural energy norm (H!(Q)-volume norm)

idea: | compute upper and lower bounds in a thin boundary layer using | FEM
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APPENDIX IV: A Posteriori Error Estimates for BEM

functional a posteriori error estimates for BEM

max (2(n- E g- ff]r>H—1/2(r) - |E|ﬁ2(g)) =|V(u- U)|ﬁ2(9) = min |Vv|i2(§2)

Eel?(Q) veH! (Q)
div £=0 vlr=g-Tlr
minimiser of upper bound | v = u — I1: standard Dirichlet-Laplacian skip

Av=0 inQ, vif=g-dlr onTl

exact solutionisv=v = standard FEM on boundary layer for v

maximiser of lower bound | E = Vv = V(u — &7): Neumann-type-Laplacian

Av=0 inQ, n-vvlr={(g-ar,n-v()|r) in HY2(I)

(here () harmonic extension and n- V(- )|r Dirichlet2Neumann operator)

exact solutionisv=vand Vv=E = non-standard FEM on bd layer for E

= saddle point formulation (mixed/dual Laplacian)
Find (E,v) € H(div,Q) x L2(Q) s.t. for all (®, ) € H(div, Q) x L2(Q)

(E, ®)2(q) +{divP,v)i2q) =(n-®, g - D']r)H_1/2(|—),
(divE,@)i2(q) =0
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APPENDIX IV: A Posteriori Error Estimates for BEM

functional a posteriori error estimates for BEM - some pics

Q: unit square, u(x) = cosh(xy)cos(xp), known smooth solution u

0

102

0tk

10

—majorant -
—  error
— minorant NS
— oscy,

107 10°
nts )

107

100k

Q: L-shaped domain, u(x) = u(r, p) = r2/3 cos(2/3¢), known non-smooth solution u

104 S o)

10| —majorant -

— efror -
—minorant--- \
— oscy -

10° 10°
# BEM-clements N

Q: L-shaped exterior domain, g (bd data) given by double-layer potential operator, unknown exact solution u

10°°
.| —majorant -
107

— minorant ---

107 10°
# BEM-clements N

oscillatory error upper bound exact error lower bound convergence rates

adaptive mesh-ref with Dorfler marking (solid lines) vs. unif mesh-ref (dashed lines
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APPENDIX V: Discrete Exterior Calculus

Solving PDEs with Hilbert Complexes

APPENDIX V: DEC - Discrete Exterior Calculus:
A Discrete Version of the FA-ToolBox
(joint work with the Jyvaskylda Group)

https://sites.google.com/jyu.fi/gfd/method/online-time-integrator | skip
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