Duality-based reformulations in
bilevel optimization

Margarida Carvalho

Département d’informatique et de recherche opérationnelle, Université de Montréal

Université oHh @ cIRRelT  E-Mila

de Montréal

IPCO 2026 Summer School, Padova, Italy
June 15-16, 2026



Duality-based reformulations in bilevel optimization

e
Contents

1. Introduction to bilevel programming
= Overview
= Bilevel model

2. Duality in bilevel
= Complexity
= Reformulations
= Summary

3. Duality among leaders



Duality-based reformulations in bilevel optimization

~ Loveiew
Contents

1. Introduction to bilevel programming
= Overview

2. Duality in bilevel

3. Duality among leaders



Duality-based reformulations in bilevel optimization

Imagine we govern the
Repubblica di Mozzarella...

@O ©°o00o000o°00000o000000o0000000000000000c0o00o0000°0000o0000000000ooocf(



Duality-based reformulations in bilevel optimization

Imagine we govern the
Repubblica di Mozzarella...

@O ©°o00o000o°00000o000000o0000000000000000c0o00o0000°0000o0000000000ooocf(



Duality-based reformulations in bilevel optimization

Imagine we govern the
Repubblica di Mozzarella...

— : 8
.

@0 o ©0000090000000000000000900o0G0So oo



Duality-based reformulations in bilevel optimization

Imagine we govern the
Repubblica di Mozzarella...

Set subsidy

@O ©°o00o000o°00000o000000o0000000000000000c0o00o0000°0000o0000000000ooocf(



Duality-based reformulations in bilevel optimization

Imagine we govern the
Repubblica di Mozzarella...

Set subsidy

Decides production
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Imagine we govern the \
Repubblica di Mozzarella... tariff
Foreign producers may join subsidy

domestic markets.
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Imagine we govern the \ /
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Imagine we govern the /
Repubblica di Mozzarella... tariff subsidy
Foreign producers may join subsidy subsidy
domestic markets. tariff
subsidy
MfP'e Market Chegse Market
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Imagine we govern the \ /

Repubblica di Mozzarella... tariff subsidy
Foreign producers may join subsidy subsidy
domestic markets. cariff
ubsidy
We get a game with
. Maple Market
multiple leaders and i_p d Chegse Market

followers. -
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More formally: the problem of is

max L( ,i,§ ™) ,
A8 .
subject to  ( ,i) € X | \ /
where i tariff subsidyj

solves an optimization problem |

miinF( ) subsidy \ subsidy i
st.icY subsidy
e Market
where ¥

solves an optimization problem

ménF( ,1,8, )

st.ie”Z
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__oevew ..
Our goal

To understand how to use dualize-and-combine to tackle
bilevel optimization problems;

To extend the technique for non-linear and mixed-integer
cases.
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Formalization

min L(x,y)
Y

st. (z,y)eX
y €argmin  F(z,7)
Yy

st (z,9) €l

Upper-level /leader variables x
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Formalization

min L(z,y)
1‘7y

st. (z,y) eX
y €argmin  F(z,9)
)

st (z,9) el

Upper-level /leader variables x

Lower-level /follower variables y

Set X can contain coupling (linking) constraints
Optimal /best-response

BR() ={y:y cargmin{F(z,§) : (z.9) € V}}
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Duality-based reformulations in bilevel optimization

Formalization

min L(z,y)
x7y

st. (z,y)eX
yeargmin F(z,)
g

st (z,9) €)Y

Upper-level /leader variables x

Lower-level /follower variables y

Set X' can contain coupling (linking) constraints
Inducible region (bilevel feasible solutions)

IR = {(z,y) : (z,y) € X,y € BR(v)}
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Formalization

Optimistic model
min L(z,y)
z?y
st. (z,y)eX

y €argmin  F(z,y)
Y

st (z,9) el
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Formalization

Optimistic model

min  L(x,y)
x?y
st. (z,y) e X
y € BR(z)
Pessimistic model
min L(z,y)
Y
st. (z,y) €X
y € BR(z)

L(z,y) = L(z,§) Vy € BR(x)
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Formalization

Optimistic model min L(z,y)
zy
st. (z,y)eX
y € BR(z)
Pessimistic model
min L(z,y)
zy

st. (z,y) e X
y € BR(z)
L(z,y) > L(z,y) Yy € BR(x)
In both models above, for (z,y) to be bilevel feasible, BR(x) # 0.
There are alternative pessimistic models, e.g.,
[Wiesemann et al., 2013].
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Formalization

Optimistic model min L(x,y)
.y
st. (z,y)eX
y € BR(x)

(Another) Pessimistic model
min L(z,y)
x?y

st. (z,y) e X

y € BR(T)

Lw,y) > L(a,j) Ve BR(x)

In both models above, for (z,y) to be bilevel feasible, BR(z) # 0.
There are alternative pessimistic models, e.g.,
[Wiesemann et al., 2013].
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Duality-based reformulations in bilevel optimization
Formalization

Besides the extreme tie-breakers (optimistic and pessimistic), we
have the general intermediate case:

min By, [L(z.9)]

st. ze€ X

where i, is a probability measure with supp(u,) C BR(z).

First studied

by [Aboussoror and Loridan, 1995, Mallozzi and Morgan, 1996].
Most works study the existence of optimal solution.
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Duality-based reformulations in bilevel optimization

Formalization

Bilevel programming problem

min L(z,y)
Y
st. (z,y)eX

y €argmin  F(z,y)
Y

st (z,9) €l
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Formalization

Single-level relaxation, also known as high-point relaxation

min L(z,y)

x?y

st. (r,y) e X
(z,y) €Y
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Bilevel model

Formalization
Bilevel programming problem

min L(z,y)
x7y

st. (z,y)edX
yeargmin F(z, )
]

st (z,9) €y
Optimal value function reformulation

min L(z,y)
x?y

st. (x,y) €
(z,y) €
F(z, ) o(x)
where ¢(z) = ming{F(z,9) : (z,y) € Y}
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Duality-based reformulations in bilevel optimization

Example from [Moore and Bard, 1990]

g},ig —x — 10y 4 Py = Ry and P, = R 4 Py =Ry and Pr, = Z
st. € Py
where y solves 3 3
myin Yy 2 2
1 1

st bz —4y > —6

—e—2y>-10 "1 2345678 "1 2345678
-2z +y>-15

2z 4+ 10y > 15

y € Pp
4 Py =Zy and Pp, = Z 4 Py = Zy and P, = Ry
3 3
2 2
1 1
"1 2345678 "1 2345678
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Bilevel model

Example from [Moore and Bard, 1990]

min
Y

s.t.

—x — 10y

x € Py

where y solves

min y
Y

st Sz —4y > —6
—x—2y > —10
—2z+y>-15
2z 4+ 10y > 15
y € P

Py =Ry and P, = R

Py =Ry and Pr, = Z

4 N 4
AN OPT = —18
3 - 3
21 2
1 1
"1 2345678 "1 2345678
Py =Zy and Pp, = Z 4 Py = Zy and P, = Ry
3
2
1

— N W

"1 2345678
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Example from [Moore and Bard, 1990]

g},ig —x — 10y 4 \}\DU =Ry and P;, = Ry 4 Py =Ry and Pr, = Z
st. z € Py ‘\\\ OPT = —18
where y solves 3 ) 3
myin y 2 2
1 1

st bz —4y > —6
—e—2y>-10 "1 2345678 "1 2345678
-2z +y>-15
2z 4+ 10y > 15

y € Pp
4 f’f/:Z+andPL:Z+ 4 Py =24y and P, = Ry
3 3
2 2
1 \\\\\ % 1
"1 2345678 "1 2345678
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Example from [Moore and Bard, 1990]

min
Y

s.t.

—x — 10y

x € Py

where y solves

min y
Y

st Sz —4y > —6
—x—2y > —10
—2z+y>-15
2z 4+ 10y > 15
y € P

Py =Ry and P, = R

Py =Ry and Pr, = Z

4 4
-~ OPT = —18
3 - 3
21, 2
1 1
"1 2345678
4 f’\U:ZJFandPL:ZJF A Py = Zy and P, = Ry
3 3
21,7 o N 2
1] T = e e e o 1
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Example from [Moore and Bard, 1990]

min
Y

s.t.

—x — 10y

x € Py

where y solves

min y
Y

st Sz —4y > —6
—x—2y > —10
—2z+y>-15
2z 4+ 10y > 15
y € P

Py =Ry and P, = R

Py =Ry and Pr, = Z

4 ~. 4
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3 s 3

217 2

1 1

"1 2345678 "1 2345678
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TR 3

,’lo QP’JZ . \.\‘~\\ 2

= - - e o o ; ~» 1

— N W
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Bilevel model

Example from [Moore and Bard, 1990]
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Bilevel model

Example from [Moore and Bard, 1990]
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Example from [Moore and Bard, 1990]

rplg —x — 10y Py = R4 and P, = Ry Py =Ry and Pr, = Z
' 4 . 4 .
st. € Py 3 \\ OPT = —18 3 , \\ OPT = —22.5 + ¢
where y solves o DRI
min 217 2 ,—ODPT AN
Yy S
Y 1 I —
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Linear case

The bilevel linear program

max ¢ z+d'y
z,Y

s. t. Az + Ay <y
where y solves

max dyy
Yy

s. t. Asx + Ay < by



Duality-based reformulations in bilevel optimization
Bilevel LP

The bilevel linear The tractable cases

program
Fixed number of lower-level
variables [Deng, 1998]

max c¢'z+ dTy

=Y Fixed number of lower-level
s. t. Az + Ay <y constraints [Basu et al., 2021,
where y solves: B.uchhei'm, 2023] o
- (including the pessimistic
max  dy y case [Ketkov and Prokopyev, 2025])

s. t. Asz+ A4y < b
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Bilevel LP

The bilevel linear The NP-hard cases

program
Leader's objective > target [Jeroslow, 1985,
Ben-Ayed and Blair, 1990, Hansen et al., 1992]

max ¢ e+ dy (also in NP [Buchheim, 2023])
z,y

s.t. Az + Ay < b
where y solves:
max dqy

y

s. t. Asxr+ A4y < by
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The bilevel linear The NP-hard cases

program
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Bilevel LP

The bilevel linear The NP-hard cases

program
Leader's objective > target [Jeroslow, 1985,
Ben-Ayed and Blair, 1990, Hansen et al., 1992]

max ¢ e+ dy (also in NP [Buchheim, 2023])

Y Pessimistic & fixed number of lower-level
s.t. Az + Ay < by variables [Ketkov and Prokopyev, 2025]
where y solves: Single upper-level
max dJy variable [Sugishita and Carvalho, 2026a]
Y

Unboundedness [Rodrigues et al., 2026] (also in
s. t. Aszx+ A4y < by NP)



Duality-based reformulations in bilevel optimization

Bilevel LP

The bilevel linear The NP-hard cases

program
Leader's objective > target [Jeroslow, 1985,
Ben-Ayed and Blair, 1990, Hansen et al., 1992]

max ¢ e+ dy (also in NP [Buchheim, 2023])

Y Pessimistic & fixed number of lower-level
s.t. Az + Ay < by variables [Ketkov and Prokopyev, 2025]
where y solves: Single upper-level
max dJy variable [Sugishita and Carvalho, 2026a]
Y

Unboundedness [Rodrigues et al., 2026] (also in
s. t. Aszx+ A4y < by NP)

Verifying local optimality [Vicente et al., 1994]

Finding solution within ¢™™- V3" of |ocal optimal

solution [Prokopyev and Ralphs, 2026]
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Bilevel LP

BILEVEL LP-DECISION
INPUT: Parameters of bilevel program in Q

max ¢ z+4+d'y
x7y

s. t. Ajx+ Ay < by
y € argmax dy §
Yy

s. t. Ay <by— Asx

and a target value k € Q.
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Bilevel LP

BILEVEL LP-DECISION
INPUT: Parameters of bilevel program in Q

max ¢ z+4+d'y
x7y

s. t. Ajx+ Ay < by
y € argmax dy §
Yy

s. t. Ay <by— Asx

and a target value k € Q.



Duality-based reformulations in bilevel optimization

Bilevel LP

BILEVEL LP-DECISION
INPUT: Parameters of bilevel program in Q

max ¢ z+4+d'y
x7y

s. t. Ajx+ Ay < by
y € argmax dy §
Yy

s. t. Ay <by— Asx

and a target value k € Q.

QUESTION: Is there (z*,y*) such that (z*,y*) is feasible for the
upper- and lower-level constraints, optimal for the lower-level and
clar +dTy* > k?
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Duality-based reformulations in bilevel optimization

Bilevel LP

Theorem

BILEVEL LP-DECISION is NP-hard.

Proof.
Consider your favorite 0-1 problem (TSP, Knapsack, SAT, etc).

=}
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Bilevel LP

Theorem

BILEVEL LP-DECISION is NP-hard.

Proof.

Consider your favorite 0-1 problem (TSP, Knapsack, SAT, etc).
S ={xe{0,1}": Az <b} (thiscaninclude c¢'z <~)

=}
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Bilevel LP

Theorem

BILEVEL LP-DECISION is NP-hard.

Proof.

Consider your favorite 0-1 problem (TSP, Knapsack, SAT, etc).
S ={xe{0,1}": Az <b} (thiscaninclude c¢'z <~)

Reformulation of S as BILEVEL LP-DECISION Ui
) z y<l-z y<=z

min ;yi
st. Az <b

0<z<1

2 g < @
Yy € arg max Ui o Vi
g{zg:lt Ui S 1—wy } zi

1/2 1



Duality-based reformulations in bilevel optimization

Bilevel LP

Theorem

BILEVEL LP-DECISION is NP-hard.

Proof.

Consider your favorite 0-1 problem (TSP, Knapsack, SAT, etc).
S ={xe{0,1}": Az <b} (thiscaninclude c¢'z <~)

Reformulation of S as BILEVEL LP-DECISION Ui
) z y<l-z y<=z

min ;yi
st. Az <b

0<z<1

2 g < @
y € arg max Ui o Vi
g{zg:lt Ui S 1—wy } zi
1/2 1

Make the target k£ = 0.
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Duality-based reformulations in bilevel optimization

Bilevel bilinear problem

BILEVEL BILINEAR-DECISION (Quadric program... not really
bilevel)
INPUT: Parameters of bilevel program in Q

min - (dz — Diz)" A

s. t. Az <bh
Aeargmin (dy — Diz)TA
A>0
s. t. A45\ = by

and a target value k € Q.
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Bilevel bilinear problem

BILEVEL BILINEAR-DECISION (Quadric program... not really
bilevel)
INPUT: Parameters of bilevel program in Q

min - (dz — Diz)" A

s. t. Az <bh
Aeargmin (dy — Diz)TA
A>0
s. t. A45\ = by

and a target value k € Q.
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Bilevel bilinear problem

BILEVEL BILINEAR-DECISION (Quadric program... not really
bilevel)
INPUT: Parameters of bilevel program in Q

min - (dz — Diz)" A

s. t. Az <bh
Aeargmin (dy — Diz)TA
3>0

s. t. A45\ = b
and a target value k € Q.

QUESTION: Is there (z*, \*) such that (z*, \*) is feasible for the
upper- and lower-level constraints, optimal for the lower-level and
(dj — Do) T A < k?
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Complexity via Lower-Level Duality
Theorem
BILEVEL BILINEAR-DECISION is NP-hard.

Proof.

We reduce from BILEVEL LP-DECISION.
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Duality-based reformulations in bilevel optimization

Complexity

Complexity via Lower-Level Duality
Theorem

BILEVEL BILINEAR-DECISION is NP-hard.

Proof.

We reduce from BILEVEL LP-DECISION.

Consider the lower-level minimization problem for a fixed leader
decision x:

min {(d2 “Diz)TA ¢ A= b2}

A>0

LP dual of the lower level

max {b;y : AIy < dy— Dlx}
Yy
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Proof.
Primal and dual form last slide:

. T . _ T . T _
[n {(dnglz) N A4/\_b2} max {b2y D Ay <ds Dlac}

If the follower has a finite optimal solution for all x, by strong
duality
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Primal and dual form last slide:

. T . _ T . T _
[n {(dnglz) N A4/\_b2} max {b2y D Ay <ds Dlac}

If the follower has a finite optimal solution for all x, by strong
duality
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mn {(dg—Dlx) S A4>\_b2}_myax {bzy D Aly<dy Dlac}
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Proof.
Primal and dual form last slide:

. T . _ T . T _
[n {(dnglz) N A4/\_b2} max {b2y D Ay <ds Dlac}

If the follower has a finite optimal solution for all x, by strong
duality

. T . _ _ T . T _
mn {(dg—Dlx) S A4>\_b2}_myax {bzy D Aly<dy Dlac}

Substituting this dual problem
into the leader’s formulation:
min szy
T,y
s.t. Ajx < by

y € arg mgax b;g

st Diz+A]§<dy
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Proof.
Primal and dual form last slide:

. T . _ T . T _
[n {(dnglz) N A4A_b2} max {b2y D Ay <ds Dlz}

If the follower has a finite optimal solution for all x, by strong

duality
mn {(d2 —Diz) A : Agr= bg} = max {b;—y D Aly<ds— Dlac}
Substituting this dual problem This fits the Bilevel LP of the
into the leader's formulation: previous proof:
. bT n
oy B min Z vi
s.t. Ajxz < by i=1
T g st. Az <b
yEargm;x > U 0<z<1
st Diz+A]§<dy . Ui < )
y Eargm;x{izzlyl e 2 — Vi

Lower-level has finite optimal solution.
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Binary bilevel LP

Theorem ([Lodi et al., 2014])

The decision version of a binary bilevel linear program is
P -complete.
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Complexity

Binary bilevel LP

Theorem ([Lodi et al., 2014])

The decision version of a binary bilevel linear program is

P -complete.

max{L(z,y) : (z,y) € X,y € BR(x)}
= argmax{F(z,y) : (z,y) € V}
V(@) ={y: (y,z) € V}

+ Membership in X%

BR(x)

P,
D3N
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Complexity

Binary bilevel LP

Theorem ([Lodi et al., 2014])

The decision version of a binary bilevel linear program is

P -complete.

max{L(z,y) : (z,y) € X,y € BR(x)}
BR(x) = argmax{F(z,y) : (z,y) € Y}
V(@) ={y: (y,z) € V}
+ Membership in X%
! Iz,y) e XNY, VY € V() :

P,
D3N

' L(z,y) > kA F(z,y) > F(,9)



Duality-based reformulations in bilevel optimization

Complexity landscape: Multilevel linear programming

With Linking Constraints Without Linking Constraints
k Unbounded « Bounded « Unbounded « Bounded «
k-VAL >2 , . Eiilfcomplete 227 l—complete Eiilfcomplete E£7 l—complete
k-UNB >2 m= 5P . -complete - ) _ | -complete -
2 L NP-complete NP-complete P P
P_ D_ .
L-FEAS 3 u 35 -complete 35 -complete coNP-complete P
4 L] Eg-complete Eg—complete Hg»hard P
>5 L] Ezil—complete 2%71-complete Egil—complete 2%71-complete
2 L] DP-complete NP-complete coNP-complete P
k-ATTAIN 3 L Ag—complete Ag-complete 15-complete P
>4 L] Az-complete Ai-complete Ai-complete Ai-complete

k-SEARCH > 2 L] FAi{omplete FAi—compIete FAifcomplete FAi—compIete

[Jeroslow, 1985]
® [Rodrigues et al., 2026]
® [Sugishita and Carvalho, 2026b]
® [Sugishita and Carvalho, 2026c]
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Complexity

Complexity landscape: Mixed-binary multilevel linear
programming

With Linking Constraints Without Linking Constraints
k Unbounded z Bounded z Unbounded = Bounded x
k-VAL >2 = Zz-complete Zi-complete Ei-complete Efc’-complete
p_ - | -
k-UNB 2 35 -complete NP-hard
>3 = Zz-complete - Ei-complete -
[] P_ p_ » .
L-FEAS 2 35 -complete 35 -complete NP-complete NP-complete
3 = Ei—complete Eifcomplete Eg—complete Ei—complete
k-ATTAIN >2 = Ai_‘_l-complete Ai+1-complete A£+1»complete A£+1-complete
k-SEARCH >2 = FA£+1-compIete FA£+1-compIete FA£+1-compIete FA£+1-compIete

® [Sugishita and Carvalho, 2026b]
® [Sugishita and Carvalho, 2026c]
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Reformulations

Nowadays, there are effective methods to solve optimization
problems such as linear programs and mixed-integer linear
programs.
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Duality-based reformulations in bilevel optimization

Reformulations

Nowadays, there are effective methods to solve optimization
problems such as linear programs and mixed-integer linear
programs.

One approach to tackle bilevel programs is to represent them as
optimization problems for which there are off-the-shelf solvers.

In this context there are typically 4 important components:
primal representation
dual representation
optimality condition

linearization method
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Reformulations

Example: Network Pricing Problem iaseea, 105 suietal, 2022

Leader prices t1, 19, t3, t4.

Follower 1 goes from 1 to 3.
Follower 2 goes from 9 to 15.

For each follower there is a toll-free
path.




Duality-based reformulations in bilevel optimization

Reformulations

Example: Network pricing problem wassetat 190 suietat, 2022

max E nktaz(}i
t>0,z,y
ke

", y*) cargmin 3= (ca +ta)ih + Y cada

“Vaca, a€Aqy
- ~ o ~ k .
ek S bt Y Gee Y Gt S ga=f, eV,
acat (i) acAf (9 a€ A7 (i) a€A; (i)
Zq € {0,1}, a € Ay,
Ja € {0,1}, a € Az,

where bi-“ =1lifi= ok, —1ifi= dk, and O otherwise.
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Example: Network pricing problem wassetat 190 suietat, 2022

Network pricing problem:

max Z nkt—rzk Dual for each follower:
t>0,x
kEK k k\T -k
k . Tk y© €argmax(b”) g
ok
eh cagmine +1) Vkelc{ g
vk € K Ak — ok ATgF <c+t
#* >0



Duality-based reformulations in bilevel optimization

Reformulations

Example: Network pricing problem wassetat 190 suietat, 2022

Network pricing problem:

max Z ﬂktTﬁfk Dual for each follower:
t>0,x
T kex k kT -k
k . T .k y" € argmax(b”) g
x" € arg I';]II?(C +t) & VE € K gk
Vk e K pro. ATgF <ctt
#* >0

Standard formulation: strong duality

max > nFeT 2
t20,@,y o

vk € K T
(c+n)lak =05 Ty

@ ©9 0000006060000 000°009 00000000 ooy



Duality-based reformulations in bilevel optimization

Reformulations

Example: Network pricing problem wassetat 190 suietat, 2022

Network pricing problem:

max Z ﬂktTﬁfk Dual for each follower:
t>0,x
Tkex k kT -k
k . T .k y" € argmax(b”) g
z" € arg I';]II?(C +t) & VE € K gk
Vk e K pro. ATgF <ctt
#* >0

Standard formulation: complementary slackness

max >~ nFtT 2k

1202,y g
Azk =P
zP >0
Vk e K ATyk et

(c+t)T —aTy®)a* =0

@ ©9 0000006060000 000°009 00000000 ooy



Duality-based reformulations in bilevel optimization

Follower's problem representation

Primal Arc: Dual Arc:
min  (c+1t) zF max (bF) Ty
zk yk
Azt =bF ATyF <+t
2" >0
Dual Path:
Primal Path: i
makx L
L
: T ap\ Lk
min > (e+t)Tanz, IF < (c+t)Tar,pe Pt
pEPk
>
pePk
z;f >0,pe Pt



Duality-based reformulations in bilevel optimization

Reformulations

Example: Network Pricing Problem
Table 1: Strong duality

Primal
Dual Arc Path
A Standard Path-Arc Standard
re (STD) (PASTD)
Path Value Function | Path Value Function
(VF) (PVF)
Table 2: Complementary slackness
Primal
Dual Arc Path
Path-Arc

Complementary
Arc Complementary
Slackness (CS) | gj5ckness (PACS)

Value Function Path Complementary
Path Complementary Slackness (PCS)
Slackness (VFCS)

@ © 00000000000 00000006000060ooo(d




Duality-based reformulations in bilevel optimization

Example: Network Pricing Problem

Primal arc, Dual arc, Strong duality

max » " nftT ok
ke
Azk = bF, kek
2 >0, kek
ATyF < e+t kck
(c+t) 2P = (P TyF, kek
t>0.



Duality-based reformulations in bilevel optimization

Reformulations

Example: Network Pricing Problem

Primal path, Dual path, Complementary slackness

max Y > nf(tTar)zf

kEK pepk
r=1, kek

pePk

k > k
z, > 0, keK,peP
LF<(evn)it, keK,pePt
((c+t)'ar — LMk =0, keK,pePk
t>0.

@O o 000000000000 000o0000o0ooc(d



Duality-based reformulations in bilevel optimization

Reformulations

Example: Network Pricing Problem

Primal arc, Dual path, Strong duality

maXanthk
ke
Ak =P, kek
2k > 0, ke
LF<(cvnir, kek,pePk
(c+t)'zF=1F, kek

t>0.
Value function constraint

(c+t)TaF < (c+1)Tar

@ 0©90 00000000000 00000 o000 ooy



Duality-based reformulations in bilevel optimization

Reformulations

Example: Network Pricing Problem

Value function formulation: natural cutting-plane method

max Z nkthk
ke
Azk = bk, kek

>0,  kek
(c+ t)TZL'k < (c+t) P, keK,pePt
t>0.



Duality-based reformulations in bilevel optimization

Mixed-integer bilevel program:
min ¢}z + chy
Apz + Apy < by,
rekX
ycargmin{d'y : Drz+ Dpy' < bp,y € V}.

where X' and ) impose integrality requirements.



Duality-based reformulations in bilevel optimization

Reformulations

Mixed-integer bilevel program:
min ¢}z + chy
Apr + Apy < by,
reX
ycargmin{d'y : Drz+ Dpy' < bp,y € V}.
where X' and ) impose integrality requirements.
Value function reformulation:
min ¢l x4+ chy
Apr + Apy < bg
reX
Dix+ Dpy < bp
yey
d'y < ¢(x) ={d"y': Drx+ Dpy < bp,y € Y}

@ °© 0000090 00©°00000o°0000o©oo0 oo



Duality-based reformulations in bilevel optimization

Bilevel knapsack with interdiction

Bilevel model: Value function model:

n
max E PiYi
yEB™ i o

n
st > wiy; <O
=1



Duality-based reformulations in bilevel optimization

Bilevel knapsack with interdiction

Bilevel model: Value function model:

min
(z,y)€BM™ xB™

n
Z PiYqi
i=1

n
st 5 viz; < Cy
i=1

where y1, ..., yn solves the follower's problem

n
max E PiYi
yEB™ i o

n
st > wiy; <O
=1

y; <1l—xz; for1 <i<mn
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Reformulations

Bilevel knapsack with interdiction

Bilevel model: Value function model:

n n
min PiYi min PiYi
(a:,y)EB"XB"i:Z:I v (z,y)EB™ x BN 1:2:1 v
n n
s. t. Z viz; < Cy st Z viz; < Cy
i=1 i=1
where y1, ..., yn solves the follower's problem L
n w;iyp < Oy
i=1
max DPiVi )
yeBN 1:221 b

n
st > wiy; <O
=1

y; <1l—xz; for1 <i<mn



Duality-based reformulations in bilevel optimization

Bilevel knapsack with interdiction

Bilevel model: Value function model:
n n
min PiYi min PiYi
(a:,y)EB"XB”i:z:I v (z,y)EB™ x BN 1:2:1 v
n n
s. t. Z viz; < Cy st Z viz; < Cy
i=1 i=1
where y1, ..., yn solves the follower's problem n
n S wiys < ¢
i=1
max PiYi
yeBN Z:l e

n n
n S pivi(l—2) > > pii(1 — z;)Vfeasible g
st szyr < Ol =1 i=1
-1

y; <1l—xz; for1 <i<mn

Can you see duality here? We will unveil that in the next lecture...



Duality-based reformulations in bilevel optimization

Contents

1. Introduction to bilevel programming

2. Duality in bilevel

= Summary

3. Duality among leaders

(=}
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Duality-based reformulations in bilevel optimization

Summary

To solve bilevels, we try to reformulate them into something we
know how to solve.

Reformulations tend to have non-linearities due to optimality
conditions.

Reformulations of mixed-integer linear bilevel programs tend to be
non-compact.



Duality-based reformulations in bilevel optimization

e ——
Stackelberg game

Latin leader

mn : ¢ az+dy
z,y

subject to Ar+By < b

y € argmin{ny:ngg—P:r}
Yy



Duality-based reformulations in bilevel optimization

e ——
Stackelberg game

Trivial NASP

Latin leader

-
min ch+dTy+(G(§)) <m)
z,y X Y

subject to Ar+By < b
y € argmin{ny:ngg—P:r}
Y

T T 13
mn - oTershr () (1)

subject to PE+TUY < p
x € argmin{¢TX:Q¢§wa§}.
X

Greek leader

(=}

@ o0 000©°00000o°000Qo0oo0 0



Duality-based reformulations in bilevel optimization

Nash Games among Stackelberg Players
( Lea d e I’S) [Carvalho et al, 2023]




Duality-based reformulations in bilevel optimization

NASP
Definition (NASP)

A NASP is a linear Nash game N = (P, ..., P¥) where for each i, P’ is a
simple Stackelberg game:

Pt min {f'(zhe7) 2t = (2y) € Ty’ € SOL(P(2")}
ztER™i
f%is linear
F; is a polyhedron
SOL(P(z")) is the set of Nash equilibria for the game played by the followers
Followers have quadratic convex objectives and polyhedral feasible regions.

(=}
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Duality-based reformulations in bilevel optimization

E——
What is a Nash equilibrium?

Rock | Paper | Scissors
Rock 0,0 -1,1 1,-1
Paper | 1,-1| 0,0 ~-1,1

Scissors | —1,1 | 1,—1 0,0




Duality-based reformulations in bilevel optimization

What is a Nash equilibrium?

Rock | Paper | Scissors
Rock 0,0 -1,1 1,-1
Paper | 1,-1| 0,0 ~-1,1

Scissors | —1,1 | 1,—1 0,0

)

Nash Equilibrium: Both players play x =y = (3, 3, 3).
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E——
What is a Nash equilibrium?

Rock | Paper | Scissors
Rock 0,0 -1,1 1,-1
Paper | 1,-1| 0,0 ~-1,1

Scissors | —1,1 | 1,—1 0,0

Nash Equilibrium: Both players play x =y = (3, 3, 3).
Row Player’s Expected Payoff (if Column plays y):

]‘E[URO'LU] — Z U]Row Y]

Jj€{R,P,S}
1 1 1
E[U o] =0 o4 (=D g+1-5=0
~ N——
Tie Loss Win

@0 o 00000000000 o(



Duality-based reformulations in bilevel optimization

—
Linear complementarity problem

Definition (LCP)
Given ¢ € R™ and M € R™*", the linear complementarity problem,
searches for z € R™ such that
z2>0
q+Mz=>0
zT(q+Mz)=O Sw=q+Mzz2'w=0w>0



Duality-based reformulations in bilevel optimization

2>0, q+Mz>0, z (¢g+Mz)=0

Player X Player Y
X 1 Y 1
min e’ a:+zc-CX-y+§acTQXa: min e’ y+y-0yw+§yTny
s.t. Az >b s.t. Dy>f
x>0 y>0
KKT conditions KKT conditions
a=c +0¥y+Q¥e—aTy B=c" +C¥2+Q y-D"x
v=-b+ Az n=—-f+Dy
z o= yTB:O
[_LTVZO )\TT]:O
z2>0,p>0,0>20,v>0 y>0XA>0,8>0,72>0

@o 00000000000l



Duality-based reformulations in bilevel optimization

2>0, q+Mz>0, z (¢g+Mz)=0
Player X Player Y

X 1 Y 1
mlin el a:+zc-CX-y+§acTQXa: myin e’ y+y-Cy»ac+§yTQYy

s.t. Az >b

s.t. Dy>f
x>0 y>0
KKT conditions KKT conditions
a=c +0¥y+Q¥e—aTy B=c" +C¥2+Q y-D"x
v=—b+4 Az n=—f+ Dy
z a=0 yTB:O
[_LTVZO )\TT]:O
z2>0,p>0,0>20,v>0 y>0XA>0,8>0,72>0
X
c QX —-AT cX*¥ 0 z
—b A 0 0 0 I
q= Y M = z=
c CY 0 QY 7DT Yy
=/ o D 0 0 A

@o 00000000000l



Duality-based reformulations in bilevel optimization
———
Equilibria & LCPs

Theorem ([Cottle et al., 2009])
Let P be a facile Nash game. Then, there exist M, q such that
every solution to the LCP defined by M, q is a pure Nash

equilibrium for P and every pure Nash equilibrium of P solves the
LCP.
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Equilibria & LCPs

Theorem ([Cottle et al., 2009])
Let P be a facile Nash game. Then, there exist M, q such that
every solution to the LCP defined by M, q is a pure Nash

equilibrium for P and every pure Nash equilibrium of P solves the
LCP.

. The followers play a facile Nash game. We can find a pure
equilibrium for it by solving an LCP.

y' € SOL(P(') &, 0 < (2',\') L Ma' + NX' +q >0
KKT



Duality-based reformulations in bilevel optimization

E——
Equilibria & LCPs

Theorem ([Cottle et al., 2009])
Let P be a facile Nash game. Then, there exist M, q such that
every solution to the LCP defined by M, q is a pure Nash

equilibrium for P and every pure Nash equilibrium of P solves the
LCP.

. The followers play a facile Nash game. We can find a pure
equilibrium for it by solving an LCP.

y' € SOL(P(') &, 0 < (2',\') L Ma' + NX' +q >0
KKT

We will also show that the leader's problem can be transformed in
a facile Nash game.

@ o 000000000 of



Duality-based reformulations in bilevel optimization

—
Stackelberb & Equilibria & LCPs

Theorem ([Basu et al., 2021])

Let S be the feasible set of a simple Stackelberg game. Then, S is a finite
union of polyhedra. Conversely, let S be a finite union of polyhedra. Then,
there exists a simple Stackelberg game with P(x) containing exactly 1 player
such that the feasible region of the simple Stackelberg game provides an
extended formulation of S.
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—
Stackelberb & Equilibria & LCPs

Theorem ([Basu et al., 2021])

Let S be the feasible set of a simple Stackelberg game. Then, S is a finite
union of polyhedra. Conversely, let S be a finite union of polyhedra. Then,
there exists a simple Stackelberg game with P(x) containing exactly 1 player
such that the feasible region of the simple Stackelberg game provides an
extended formulation of S.

. The followers’ game can be replaced by a union of polyhedra.

(P) min {f'(z';27") 2" = (2',y') € Fiy" € SOL(P(2"))}

& min {f'(z27") 2" = (2,y") € F,0 <w' = (2, \) L M'w' + ¢ >0}
sheRM

L sufficiently large.



Duality-based reformulations in bilevel optimization

—
Stackelberb & Equilibria & LCPs

Theorem ([Basu et al., 2021])

Let S be the feasible set of a simple Stackelberg game. Then, S is a finite
union of polyhedra. Conversely, let S be a finite union of polyhedra. Then,
there exists a simple Stackelberg game with P(x) containing exactly 1 player
such that the feasible region of the simple Stackelberg game provides an
extended formulation of S.

. The followers’ game can be replaced by a union of polyhedra.
(P") min {fi(a"5a™") 12’ = (2,y') € Fi,y' € SOL(P(z"))}
zle ’!Li

& min {f'(z27") 2" = (2,y") € F,0 <w' = (2, \) L M'w' + ¢ >0}
sheRM

& min {f'(z527") 2" = (z,y") € Fi,0 <wj < Luy Vi=1,....k,
ztERM™
0<{M'w' +q}; <(1—v)L ¥j=1,....kve{0,1}"}

L sufficiently large.



Duality-based reformulations in bilevel optimization

Theorem ([Balas, 1985])

Given k polyhedra S; = {x € R" : Az < b} fori=1,...k, then
cleconv(U¥_, S:) is given by the set {x € R™ : 3(z*,...,2",8) € (R")* x R :
e {Alz <&b L, av =2, 3 _ 6, =1,8>0,Vi € [k]}}

: Leader i mixed strategy belongs to the convex hull closure of their

feasible set.
zi
(Pi)rgip{ﬂ(zl;x“) cw' = ((z59"), A, 2" € F,0 < wy < Lvy Vi=1,...,k,
0<{Mw'+q}; <A—vj)L Vj=1,..., k,v € {0,1}*}

Mixed strategy: w' = > 7} with @} € S; NJ;and 35 n; =1
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Theorem ([Balas, 1985])

Given k polyhedra S; = {x € R" : Az < b} fori=1,...k, then
cleconv(U¥_, S:) is given by the set {x € R™ : 3(z*,...,2",8) € (R")* x R :
e {Alz <&b L, av =2, 3 _ 6, =1,8>0,Vi € [k]}}

: Leader i mixed strategy belongs to the convex hull closure of their

feasible set.
zi
(Pi)rgip{ﬂ(zl;x“) cw' = ((z59"), A, 2" € F,0 < wy < Lvy Vi=1,...,k,
0<{Mw'+q}; <A—vj)L Vj=1,..., k,v € {0,1}*}

k
2
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w? :
=1
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Duality-based reformulations in bilevel optimization

Theorem ([Balas, 1985])

Given k polyhedra S; = {x € R" : Az < b} fori=1,...k, then
cleconv(U¥_, S:) is given by the set {x € R™ : 3(z*,...,2",8) € (R")* x R :
e {Alz <&b L, av =2, 3 _ 6, =1,8>0,Vi € [k]}}

: Leader i mixed strategy belongs to the convex hull closure of their

feasible set.
zi
(Pi)rgip{ﬂ(zl;x“) cw' = ((z59"), A, 2" € F,0 < wy < Lvy Vi=1,...,k,
0<{M'w' +q}; <A —v;)L Vi=1,...,kve{0,1}"}

k
2
emn{f'(z527") 2" € F;,w' = (", \") € U S;}
w? :
=1

< min { E njfi(:c;-; zii) : w; € I}”i,w; € S;-, E mj = 1} since the objective is linear
wt,n T -
g

J
S ) ,_i_\ ) Ko
emin{fieheT vt = (2%, y"), A%) € cleonv( | J (s_; n Cﬂ))}

Jj=1
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Duality-based reformulations in bilevel optimization

Enumeration algorithm

Step 1: enumerate all polyhedra for each leader

T




Duality-based reformulations in bilevel optimization

Enumeration algorithm

Step 2: compute the convex-hull of each leader




Duality-based reformulations in bilevel optimization

——
Enumeration algorithm

Step 3: the leaders’ game is equivalent to an LCP (which can be
converted in a MIP)
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Enumeration algorithm

Step 4: the solution can be interpreted as a mixed strategy
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Enumeration algorithm

Step 4: the solution can be interpreted as a mixed strategy

\ A
/

I

f1(0) = fi(x)



Duality-based reformulations in bilevel optimization

E——
Inner approximation algorithm

There can be exponentially many polyhedra!

@O0 o o o0



Duality-based reformulations in bilevel optimization

E——
Inner approximation algorithm

There can be exponentially many polyhedra!
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0<z; L 2z>0 Viel j=1

cleonv(S) COg={z: Az <b, z=Mzx+q, x; >0, 2 >0 VieC}
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E——
Inner approximation algorithm

There can be exponentially many polyhedra!

Ax <b 2/€l
S=<Lz: z=Mx+q :US]-
0<z; L 2z>0 Viel j=1

cleonv(S) COg={z: Az <b, z=Mzx+q, x; >0, 2 >0 VieC}

clconv <U Pb) N Oo> C clconv(S)

beJ

where
Pb)={z, <0, Vie{i:b;=0}}({[Mz+qle; <0, Vie{i:b=1}}
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Duality-based reformulations in bilevel optimization

E——
Inner approximation algorithm

Construct an initial inner approximation F? of each leader i feasible region
Solve the Nash game for the feasible strategies "

If step 2 found an equilibrium, verify if a player has incentive to deviate:
if not, return equilibrium; otherwise go to step 4.
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I ——
Inner approximation algorithm

Construct an initial inner approximation F? of each leader i feasible region
Solve the Nash game for the feasible strategies "

If step 2 found an equilibrium, verify if a player has incentive to deviate:
if not, return equilibrium; otherwise go to step 4. N
Otherwise, for each player ¢, add a new set of polyhedra to F* and go to
step 2.

Add the polyhedra corresponding to a player deviation. Go to step 2.
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