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» Directed graph  (V, A)
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Network design problem

» Directed graph  (V, A)
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Network design problem

» Directed graph  (V, A)
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Network design problem

» Directed graph  (V, A)

< ) Oag . f“}lﬁ ) > Travel time 0a(Sa) foraca
> Candidatearcs A1 C A
faq fag a5 » Decisions Tgq = lfraca \ A1 and
a0 zq € {0,134,z € X
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Assume there is always an (o, d)-path over A\ A;.
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Network design problem

» Directed graph
» Travel time
» Candidate arcs
» Decisions
zq € {0,1}*1, 3 € X
» Users
Origin
Destination
Demand
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Network design problem

Directed graph
Travel time

Candidate arcs

Decisions
zq € {0,1}*1, 3 € X
Users
Origin
Destination

@ Demand
> Flow

(V. A)
Qa(sa) fora € A
A CA

Lg = 1 fora € A\ A and

ke K
O inV
dp inv
e

k
Sq = E Zéc fora € A

keK

Assume there is always an (o, d)-path over A\ A;.
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Network design problem

Directed graph
Travel time

Candidate arcs

Decisions
zq € {0,1}*1, 3 € X
Users
Origin
Destination

fag @ Demand
> Flow

(V. A)
Qa(sa) fora € A
A CA

Lg = 1 fora € A\ A and

ke K
O inV
dp inv
e

k
Sq = E Zéc fora € A

keK

Assume there is always an (o, d)-path over A\ A;.
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Network design problem

Bilevel network design problem

min Z ZZO“ 0, Zzoa (System Optimum Objective)

a€A \ocO 0cO
st.z e X
z € Z(x) (User Equilibrium)
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Network design problem

Bilevel network design problem

min Z Zzoa 0, Zzoa (System Optimum Objective)

a€A \ocO 0cO
st.z e X
z € Z(x) (User Equilibrium)

Travel time function
ea(S) = fa + gasp

where f, > 0 and g, > 0 and p € Z~.
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Total flow of 4.
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Followers

Total flow of 4. User equilibrium: No incentive to deviate.

flow = 2, time =3 + (2/2)* +3=7

\
(4

3 (s/2 3

—_—
flow =2, time=2+1+(2/2)+3=7
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Duality-based reformulations in bilevel optimization

Followers [Beckmann et al., 1955]

Primal Formulation [Beckmann et al., 1955]

Zo Zoa
o(r)=min 3 / O 0u(s)ds (1a)
: a€A(x) v
s.t. Z Zoa — Z Zoa = €ov, YO E O,vEV,
acAf () a€Ay (z)

(1b)
z>0. (1)

> O={veV:3keK,o, =v}

’ ’ /7 ’
> eov = XkeK:ock Cho Where ep, = —eg, epy, = ek, ey, = 0forv ¢ {op, dp}.
»  2,4: Flow of users originating from o traversing arc a.
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Followers

Consider for arc a:

Travel time function: 0, (s) = 1 + s2 Travel Time 04 (s)

Demand: 01 — 1 unit, oo — 1 unit. A

Total flow: s = 2. 0o (s) =1+ s?
The arc travel time at total flow is: 5l-=em ==

0,(2)=14+4=5
Contribution in the lower-level objective:
2 R 312 14
<1>a(2):/ (1+s)ds= s+ | =2
0 3 0 3
Integrating from 0 to s accumulates

the travel time of incremental drivers.
Area = 14/3

> Flow s

=
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Duality-based reformulations in bilevel optimization

Followers

Consider for arc a:

Travel time function: 0, (s) = 1 + s [ ba(s)ds
Demand: o3 — 1 unit, og — 1 unit. A
Total flow: s = 2.
The arc travel time at total flow is: 3
14/3 |- = == = = = j'BQ(S)d5:s+%
0,(2)=14+4=5 A
1
1
Contribution in the lower-level objective: |
1
5 1
2 5 3 14 !
<I>a(2):/(1+s)ds: s+ 2| =2 .
0 31, 3 1
Cor]'vex
Integrating from 0 to s accumulates !
the travel time of incremental drivers. '
1
1
1
; > Flow s
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Followers' dual

To derive KKT conditions, we first introduce dual variables for our constraints:
» 7,,: Dual variable for flow conservation.

» A,o > 0: Dual variable for non-negativity constraints.

The Full Lagrangian L(z, w, \)

Z / o 0.(s)ds

a€A(x)
- E E Tov E Zoa — § Zoa — €ov
0O veV acAY (z) a€Ay (z)
Flow Conservation
- g § Aoa Zoa
0€0 acA(z)
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Optimality conditions

Taking the gradient of £ with respect to flow on arc a = (¢, h):
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Optimality conditions

Taking the gradient of £ with respect to flow on arc a = (¢, h):

oL
D7on =0, (Z Zo’a) — Toh + Mot — Aoa =0

o’eO
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Optimality conditions

Taking the gradient of £ with respect to flow on arc a = (¢, h):

oL
D7on =0, (Z Zo’a) — Toh + Mot — Aoa =0

o’eO

Because A\, is non-negativity, A\oq > 0. We substitute:

Oa (Z Zo’a) — Toh + Mot = Aoa > 0

o’'eO



Duality-based reformulations in bilevel optimization

Optimality conditions

Taking the gradient of £ with respect to flow on arc a = (¢, h):

oL
D7on =0, (Z Zo’a) — Toh + Mot — Aoa =0

o’eO

Because A\, is non-negativity, A\oq > 0. We substitute:

Oa (Z zo’a) — Toh + Tot = Aoa

>0
o’'eO
Applying complementary slackness (Aoq zoa = 0):
(90, <Z Zo'a) — Toh + 7Tot> Zoa = 0
o’'€eO

We have fully eliminated A\ from the system.
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Duality-based reformulations in bilevel optimization

Optimality conditions

KKT Conditions
Z Zoa — Z Zoa = €ow, VOEO,'UGV
ac A () a€Ay (z)

(Primal Feas.)

Oq (Z zoa> — Toh + Mot > 0, Vo € O,a = (t,h) € A(z)
ocO
(Dual Feas.)
<9a (Z zoa> — Toh + 7rot> Zoa =0, Yo € O,a=(t,h) € A(z)
0€0
(Comp. Slack.)
z > 0. (Non-negativity)



Duality-based reformulations in bilevel optimization

Optimality conditions

Recall 0,(s) = fa + gas®.

Step 1: Substitute the specific travel time function into the integral.

L(z,m) = Z /(;Z Foa 04 (s)ds — Z 7o (Flow Cons.)

ac€A(x) 0€0,veV
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Optimality conditions

Recall 0,(s) = fa + gas®.

Step 2: Expand the integral and distribute the node potential duals (7).

L(z,m) = Z /(;Z Foa 04 (s)ds — Z 7o (Flow Cons.)

ac€A(x) 0€0,veV

;(fa(zzoa)+ Ja (Zzoa)p“)— > (woh,—mnzoﬁzkjek(wokdk—w%%>

p+1 0,a=(t,h)
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Optimality conditions

Recall 0,(s) = fa + gas®.

Step 3: Regroup per arc. Introduce (mon — mot — fa) and isolate demand.

L(z,m) = Z /Z Foa 04 (s)ds — Z 7o (Flow Cons.)
acA(z)’0 0€0,vEV
- (o (S 50a) + (% 20a)") - ; (o =m0zt 5 ek oyt~ Topon)

=y < L (S 200) " = S (ron — ot — fa)zoa> +3 en(Topdy, — Topop,)
k

p+1 P

La(za,ma)




Duality-based reformulations in bilevel optimization

Optimality conditions

Recall 0,(s) = fa + gas®.

Step 4: Isolate the arc-wise component L,(za, ). The problem now

separates!
'3 Zoa
L(z,m) = Z / 04 (s)ds — Z 7o (Flow Cons.)
acA(z)’0 0€0,vEV

;(fa(zzoa)+ Ja (Zzoa)p“)— > (woh,—mnzoﬁzkjek(wokdk—w%w

p+1 0,a=(t,h)
_ Ja p+1
=3 (X 20a)"" = X (mon = ot — fa)zoa | + X en(mopay, = Torop)
p+1 o %

La(za,ma)

= > La(za:ma) + ek (Topdy — Topop)

a€A(x) keEK




Duality-based reformulations in bilevel optimization

Optimality conditions
Lagrangian dual problem

maxmin L(z, 7) = max MiN La(Za, 7a) + D €k (Tordi — Toyo,)
- a€A(z) — keK

Solving MiN,>q L4(zq, 7,) analytically yields a piecewise function
dependent on g, [Sugishita et al., 2025]. To linearize it, we introduce 7,:

Na = mea(%({woh — Tlot _fa} <:>77a Z Toh — Tot _fa VO S O
o

Dual Formulation

[
mﬂ%x kei;{ek(’ﬂ'okdk 7T0k0k) aezA;x) ?é/p(p n 1)77a
st. Ny > Ton — Tot — fa, Yo € O,a = (t,h) € A(z),
Mg = 0, Va € A(x) : g, =0
n=0

@0 0000090060009 0060009006000090600o0o0 o



Duality-based reformulations in bilevel optimization

Reformulation

Constraints are linear and the objective is separable and convex (monotropic
programming).
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Duality-based reformulations in bilevel optimization

Reformulation

Constraints are linear and the objective is separable and convex (monotropic
programming).

1. Both follower's primal and dual formulations are feasible Vz € X.

2. Strong duality holds.

3. Primal/Dual variables are optimal <= they satisfy the KKT conditions.

Primal Problem Dual Problem
min Z /EDEO o 0a(s)ds T:’BTIX zk: ek (Toydy — Mogoq)
a€A(x) 0 p+1
s.t. Z Zoa — Z Zoa = €ov a Z %na ’
T — a Ya (p+ 1)
a€AY (z) a€Ay (z) ¢ . o f
550 S.t. Na Z Toh ot a

Ne=0a€ A(z) : 9o =0
n=>0



Duality-based reformulations in bilevel optimization
Reformulation

The original Bilevel Network Design Problem:

min Z (Z z0a> 0, (Z zoa> (System Optimum Objective)

ac€A \o€O o€O
st.x e X, z€ Z(x) (Follower's Equilibrium)



Duality-based reformulations in bilevel optimization

Reformulation

The original Bilevel Network Design Problem:

min Z sz 0, Zzoa (System Optimum Objective)

acA \o€O 0€O
st.x e X, z€ Z(x) (Follower's Equilibrium)

Dualize-and-combine Formulation

. min > (z zoa> (2 <Z zoa>
T oA \oeo 0€O0

1
ZDEO Zoa P Pt N
s.t. Z /0 04 (s)ds < Z ek(ﬂ-"kdk — Topop) — Z T"‘Ip (Strong Duality)
acA kEK acA ga " (p+1)
convexin z concavein (7,n)
Z Zoa — Z Zom = Comn  Zom S Z exTq (primal constraints)
acat acAy kE€Ko

Na = Toh — Tot — fa — Moa (1l — @4) (dual constraints)
Na =0 (ifga =0),2>0,7>0,2 € X
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2. Mixed-integer bilevel
programming
= Combinatorial pricing problem

1. Nonlinear bilevel programming
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The problem

Combinatorial pricing problems (CPP)
» Leader: sets prices (tolls)

» Follower(s): solves combinatorial problem

Shortest path — Network pricing problem (NPP)
Knapsack — Knapsack pricing problem
Min set cover pricing, Max stable set pricing, etc.

Natural (non-linear) bilevel formulation

(=}
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Network pricing problem

te =0 Va € As

T k
max t x
{Z

ta >0 VaeAl}

keK 2 e RF(t) VkeKk
k L . T k A.Tk = bk
R*(¢) := argzrknln {(c+t) T 25 € {0, 1114 Vk e K

<_.O

|

—()
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Duality-based reformulations in bilevel optimization

Network pricing problem

ta >0 Va € Ay
T k _
max ottt ta=0 Va € Ay

keK 2 e RF(t) VkeKk
k L . T k A.Tk = bk
R*(¢) := argzrknln {(c+t) T 25 € {0, 1114 Vk e K

3 1
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Duality-based reformulations in bilevel optimization

Network pricing problem

ta >0 Va € Ay
T k _
max ottt ta=0 Va € Ay

keK 2 e RF(t) VkeKk
k L . T k A.Tk = bk
R*(¢) := argzrknln {(c+t) T 25 € {0, 1114 Vk e K

+
|
|
|

Y
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Network pricing problem

ta >0 Va € A1
max¢ Y t'a" | ta=0 Va € A,
t,x k k
kek z* € R*(t) Vkek
k L . T k A.Tk = bk
R*(¢) := argzrknln {(c+t) T 25 € {0, 1114 Vk e K
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Combinatorial pricing problem

Network pricing problem

te >0 Va € Ay
max¢ Y t'a" | ta=0 Va € A,
t,x k k
kek z* € R*(t) Vkek
k L . T k A.Tk = bk
R*(¢) := argmrknln {(c—|—t) T 25 € {0, 1}14 Vk e K
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Combinatorial pricing problem

Network pricing problem

te >0 Va € Ay
max¢ Y t'a" | ta=0 Va € A,
t,x k k
kek z* € R*(t) Vkek
k L . T k A.Tk = bk
R*(¢) := argmrknln {(c+t) T 25 € {0, 1}14 Vk e K

2+ 0
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Network pricing problem

te =0 Va € As

T k
max t x
{Z

ta >0 VaeAl}

keK 2 e RF(t) VkeKk
k L . T k A.Tk = bk
R*(¢) := argmrknln {(c+t) T 25 € {0, 1}14 Vk e K
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Combinatorial pricing problem

Network pricing problem
te >0 Va € Ay
max Z T2 | ta=0 Va € As
b7 | kek * eRF(t) Vkek

Azk = pF

k L ; T k
R*(t) := argmin {(c+t) z o € {0, 1}

zk

} Vk e K

2+ 4




Duality-based reformulations in bilevel optimization

Network pricing problem

Solving components [Bui et al., 2022]
» Primal representation (of the lower-level)
» Dual representation (of the lower-level)
» Optimality conditions
> Linearization



Duality-based reformulations in bilevel optimization

Network pricing problem

Solving components [Bui et al., 2022]
» Primal representation (of the lower-level)
» Dual representation (of the lower-level)
» Optimality conditions
> Linearization

Primal arc, Dual arc, Strong duality

max Z t7k

keK

st Az® =" kek,
¥ >0 kek,
ATyF <c+t kek,
(c+t) k= ") ke K,

teT.
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Duality-based reformulations in bilevel optimization

Key idea

Ob] primal Ob] dual

(if primal is a maximization)

(=)
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Duality-based reformulations in bilevel optimization

Combinatorial pricing problem

The lower level is a combinatorial optimization problem

expressed as a binary linear program
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Combinatorial pricing problem

The lower level is a combinatorial optimization problem

expressed as a binary linear program

What is the lower-level dual? No compact set of optimality conditions



Duality-based reformulations in bilevel optimization

Combinatorial pricing problem

The lower level is a combinatorial optimization problem

expressed as a binary linear program

What is the lower-level dual? No compact set of optimality conditions

How to solve the CPP effectively?
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Overview

> Literature:

Single-commodity NPP:

well-studied [Labbé et al., 1998, Brotcorne et al., 2001]

Multi-commodity NPP: recently studied through the lens of

strong bilevel feasibility [Bui et al., 2024]

General CPP: only approximation & complexity results
>B-hard result [Bohnlein et al., 2023, Griine et al., 2025]
NP-hardness: lower-level is a shortest path [Roch et al., 2005]
or a minimum spanning tree [Cardinal et al., 2011]

Recent technique to formulate the dual of the

lower-level [Lozano et al., 2022, Bui et al., 2025,

Vésquez et al., 2025]



Duality-based reformulations in bilevel optimization

Overview

> Literature:

Single-commodity NPP:

well-studied [Labbé et al., 1998, Brotcorne et al., 2001]

Multi-commodity NPP: recently studied through the lens of

strong bilevel feasibility [Bui et al., 2024]

General CPP: only approximation & complexity results
>B-hard result [Bohnlein et al., 2023, Griine et al., 2025]
NP-hardness: lower-level is a shortest path [Roch et al., 2005]
or a minimum spanning tree [Cardinal et al., 2011]

Recent technique to formulate the dual of the

lower-level [Lozano et al., 2022, Bui et al., 2025,

Vésquez et al., 2025]

» Goals:

Generalize ideas from the NPP to CPPs
Obtain tractable reformulations

@ 0o 000000000009 00000000060000060o000ooo(d
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Contents

2. Mixed-integer bilevel

1. Nonlinear bilevel programming )
programming

= Lower-level representation



Duality-based reformulations in bilevel optimization

Novel ideas [Bui et al,, 2025]

Solve the CPP using embedded dynamic programming models
» Formulation of the CPP using dynamic programming

Decision diagram
Selection diagram

» Dynamic constraint generation
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Contents

2. Mixed-integer bilevel

1. Nonlinear bilevel programming )
programming

= An example
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Knapsack pricing problem

> ltems T
Weights W; forieT
Base profits P; forieZ

» Capacity C

» Tolled items I, CT
Tolls t; foriedy

» Follower's decision 2 in 0,1}



Duality-based reformulations in bilevel optimization

Knapsack pricing problem

> ltems z
Weights W; forieT
Base profits P; forieZ

» Capacity C

» Tolled items I, CT
Tolls t; foriedy

» Follower's decision x in {0,137

t; >0 Vie Iy
max{t'e| t;=0 Viel,=TI\TL

t.x

R(t) := argmax {(p —t)z Z};{O— it }

@0 0oo0oo00000000 o © 00000000 o0 of@
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Contents

2. Mixed-integer bilevel

1. Nonlinear bilevel programming )
programming

= Value function
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—Cvawetneion
Value function formulation
mgx{ ;Z,W ) @)z | > za =1,z € {0, 1}

TEX
max th min{L | L >w—1t)"a &€ x}
st.w' z<C,

x € {0,1}%,

L>(p-t)4 PeX,
(p_t)szLv
teT.

» L>(p— t)T:i' is generated dynamically
Solve master problem for ¢

Solve knapsack problem given ¢ to obtain &
Repeat



Duality-based reformulations in bilevel optimization

Value function example

|12 3 4 max t 'z

w 1 2 st.w'z <C,

C 3 z € {0,1}%,

pl 1.1 1 1 L>3—t] —ty—ts,
1 1 1 0 L>2—1y,

11 0 0 1 L>2—t,,

“lTol1 o 1 L>2—ts
0o 0|1 1 (p—t)o=1L,

teT.



Duality-based reformulations in bilevel optimization

Value function

VF as Dynamic programming model

33—t —ty — 13 max ¢z
st.w' z<C,

z e {0,171,
L>3—t —ty—ts,
L>2—t,
L>2—to
L>2—ts
p—t)x=1L,
teT.




Duality-based reformulations in bilevel optimization

Value function

VF as Dynamic programming model

max ¢ ' x
T
st.w' 'z <C,

@ @ z e {0,1}7,

(p—t)TQS‘:L,
L'=yo—ya teT.

Remark: We keep the primal representation and not the path formulation.

@ © 00000000000 00000006000060ooo(d



Duality-based reformulations in bilevel optimization

Value function

VF as Dynamic programming model

3—t1—t2—t3 maxtTa:

st.w' z<C,

z € {0,1}%,
@ L>3—t —ty—t3,

(p—t)TQS‘:L,
L'=yo—ya teT.

Remark: We keep the primal representation and not the path formulation.

@ © 00000000000 00000006000060ooo(d



Duality-based reformulations in bilevel optimization

Value function

VF as Dynamic programming model

3—t1—t2—t3 maxtTa:
2 — 1t st.w'z <C,
z e {0,171,
@ L>3—1t —ty—ts,

L>2—1,

(p—t)szL,
L'=yo—ya teT.

Remark: We keep the primal representation and not the path formulation.

@ © 00000000000 00000006000060ooo(d



Duality-based reformulations in bilevel optimization

Value function

VF as Dynamic programming model

3—ti—ta—13 max ¢ ' x
st.w' z<C,
z e {0,171,
L>3—t —ty—ts,
L>2—1,
L>2—ty
(p—t)szL,
L'=yo—ya teT.

Remark: We keep the primal representation and not the path formulation.
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Duality-based reformulations in bilevel optimization

Value function

VF as Dynamic programming model

3—t1—t2—t3 maxtTa:
st.w' z<C,
z € {0,1}7,
L>3—t —ty—ts,
y L227t17
- L>2—ty,
(p—t)szL,

Remark: We keep the primal representation and not the path formulation.

@ © 00000000000 00000006000060ooo(d



Duality-based reformulations in bilevel optimization

Key idea

Objprimal 0bjdual Objdqzal

(if primal is a maximization)

(=}
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Duality-based reformulations in bilevel optimization

Contents

2. Mixed-integer bilevel

1. Nonlinear bilevel programming )
programming

= Decision diagrams
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Duality-based reformulations in bilevel optimization

Decision diagrams

Decision diagram

max t ' x

st.w'z <C,

z € {0,1}%,
Layer, Remaining capacity
Solid: x; =1 T
Dashed: z; =0 (p—1) == yo3 — Yao,

OuutGGEOT;ccO

© 00 oo



Duality-based reformulations in bilevel optimization

Decision diagrams

Decision diagram
max t 'z
st.w'z <C,
z € {0,1}%,
Yo3 — Y13 = 0,
Yo3 — Y12 = 1 — 1,

Layer, Remaining capacity
Solid: z; =1

Dashed: z; =0 (p—1t) = = yo3 — Yo,

JteT. .

)T

© 00 oo



Duality-based reformulations in bilevel optimization

Decision diagrams

Decision diagram

max t ' x

st.w'z <C,

z € {0,1}%,

Yo3 — Y13 = 0,

Yoz — Y12 = 1 —tq,
Y12 — Y22 > 0,

Y13 — Y23 > 0,

Y12 —y21 = 1 —ta,
Y13 — Y22 = 1 — ta,

Layer, Remaining capacity
Solid: z; =1

Dashed: z; =0 (p—1t) = = yo3 — Yo,

JteT. .

)T

© 00 oo



Duality-based reformulations in bilevel optimization

Decision diagram

max t 'z
st.w'z <C,
z € {0,1}%,
Y03 — y13 > 0,
Yo3 — Y12 = 1 — 1,
Y12 — Y22 > 0,

Y13 — Y23 = 0,
Y12 — Y21 > 1 — 1o,
Y13 — Y22 = 1 — 19,

Layer, Remaining capacity
Solid: x; =1
Dashed: z; = 0 (p—t
JteT. .

T, _
) T = Y03 — Y40,
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Decision diagrams

Paths in decision diagram
T € X <> Paths in decision diagram
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Decision diagrams

Paths in decision diagram
T € X <> Paths in decision diagram
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Decision diagrams

Dynamically-generated constraints in DD

» Start with some nodes
> Given Z, try to fit a path — new constraints

» Worst-case: value function constraint
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Dynamically-generated constraints in DD

» Start with some nodes
> Given Z, try to fit a path — new constraints

» Worst-case: value function constraint
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Decision diagrams

Dynamically-generated constraints in DD

» Start with some nodes

> Given Z, try to fit a path — new constraints

» Worst-case: value function constraint
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Selection diagrams

Selection diagram

At step k:
» Decision diagram: Include or exclude the k-th item
» Selection diagram: Include exactly 1 item
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Selection diagrams

Selection diagram

At step k:
» Decision diagram: Include or exclude the k-th item
» Selection diagram: Include exactly 1 item
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Experiments

» VF: value function
» SD N: selection diagram with N nodes in layer 3

» DD W: decision diagram with maximum width W and item
grouping (< 20 layers)

» 1 hour time limit
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Experiments: knapsack pricing

» Knapsack pricing (KPP): DD > VF > SD

150} ~ 300

50 100
—VF —VF
—-SD N = 300 —-SD N = 300
—- DD W =30 —- DD W= 30
0 1 I 0 L 1 T
10 100 1000 3600 0 5 10 15 20 25
(a) KPP - Time (s) (b) KPP - Optimality gap (%)

Cumulative number of instances solved
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Computational results

Maximum stable set pricing problem

R(t)=argmax{(v—t)"z | ATz <1, z € {0,1}F}

where A € {0,1}2%¢ is the node-edge incidence matrix.
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Computational results

Maximum stable set pricing problem

R(t) = argmax{(v — x| ATz <1, ze{0,1}%}
where A € {0,1}2%¢ is the node-edge incidence matrix.
Minimum set cover pricing problem

R(t) = argmin{(v+ )"z | Az > 1, « € {0,1}}

where A € {0,1}¥*T is the incidence matrix between £ and Z.



Duality-based reformulations in bilevel optimization

Computational results

MaxSSPP: decision diagram

Sampled solutions: {1,3},{2,5}

Instance . . .
State: vertices still available
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Computational results

MaxSSPP: decision diagram

Sampled solutions: {1,3},{2,5}
State: vertices still available
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MinSCPP: decision diagram

Instance: € = {a,b,c,d}
7 consists of

i1 ={a,b},is = {a,c}, iz = {a,d}, iy = {b,c,d},i5 = {c}
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Computational results

MinSCPP: decision diagram

Instance: € = {a,b,c,d}
7 consists of

i1 ={a,b},is = {a,c}, iz = {a,d}, iy = {b,c,d},i5 = {c}

Sampled solutions: {i1, 13,15}, {i2, 74}

{il} ...?._.,“3}@@@%
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Computational results

Experiments: Max stable set / Min set cover pricing

» Max stable set pricing (MaxSSPP): SD > DD > VF
» Min set cover pricing (MinSCPP): SD >> DD > VF

250

200

150

100

50

0

— -SD N = 2000
—- DD W = 150

1|
1000 3600
(c) MaxSSPP - Time (s)

Cumulative number

300 m—
/’ - o’
200
’
100 /
Y
4 —VF
K — =SD N = 1500
—- DD W = 300
0 1 I
10 100 1000 3600

(d) MinSCPP - Time (s)

of instances solved

[=}

@ oo 0Ooooo00o oo



Duality-based reformulations in bilevel optimization

Experiments: Knapsack interdiction problem

» Knapsack interdiction problem (KIP): DD >> VF > SD

800

600F ="

400

200
— -SD N =300
—-DD W =10

0 I I T
1 10 100 1000 3600

Cumulative number of instances solved
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Key takeaways

Summary

» Value function reformulations are oblivious to the follower's
primal and dual representations.

» The dual of a follower’s primal restriction is a lower bound to
the optimal follower's reaction.

» The dual of the restricted lower-level can be dynamically
improved to, at the limit, represent the dual of the lower-level.

» Branch-and-cut methodology, essentially improving naive
value function representations.

Objprimat 0bjdual 0bjia
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Related reformulations

[Vasquez et al., 2025]: single level reformulations for 0-1 linear
bilevel programs.

Arx+ By <a
min{ clz+cpy | = €{0,1}
o y € R(z)
o . T_| Dy<b—Cx
R(z) := arggmln {d ] ' 7€ {0,1}7F
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Related reformulations

[Vasquez et al., 2025]: Value function reformulation

Ar+ By <a
. Cx+Dy<b
T T <
T ) EETY | (2,y) € {0, 1)mebnr
dTy < ¢(x)

N T_| Dy<b—Cx
(b(x) T mgln {d ) ‘ g c {07 l}nF }
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Related reformulations

[Vasquez et al., 2025]: Value function reformulation

Ar+ By <a

. Cx+Dy<b
T T >~
M ET TV (1) € {0, 1yretnr
d'y < ¢(z)

N T_| Dy<b—Cx
(b(x) T mgln {d ) ‘ g c {07 l}nF }

Transform ¢(x) into a decision diagram.
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Related reformulations

Transform ¢(x) into a decision diagram.
» np+ngp + 1 layers
» layers for y: from 1 to np + 1 with value d;
» layers for z: from ng + 2 to nr + 1 with value 0

Y1 Y2 T T2

[Vasquez et al., 2025]
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Related reformulations

» Write DD as a capacitated shortest path problem
» Write its dual
» Replace ¢ by the dual

hn Y2 Ty T2
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Final thoughts

» Dualize-and-combine is powerful to obtain single-level
reformulations or simply to strengthen single-level relaxations.
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Final thoughts

» Dualize-and-combine is powerful to obtain single-level
reformulations or simply to strengthen single-level relaxations.

» We should focus on “creating more interaction” between
primal, dual and upper-level formulations.
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