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1Università di Palermo
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opinion dynamics
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Clusters
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Stability
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Hegselmann-Krause model
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plurality
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polarization
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consensus

D. Bauso, H. Tembine, T. Başar Robust mean field games



Introduction and literature
Our perspective

Results

random matching and stubbornness
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convergence in probability
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How can MFG theory help?
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Stubborn agents as disturbances

I X : [0, T ]→ Rn, t 7→ X(t), group’s opinion at time t,

I x its initial opinion at time t = 0;

I u : [0, T ]→ U , t 7→ u(t), control at time t;

I w : [0, T ]→W , t 7→ w(t), disturbance at time t;

I B(t) is a standard vector Brownian motion
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averaging opinions

I running cost

g(x,m, u,w) =
1

2

[
(m− x)T Q (m− x) + uTCu+ wTΓw

]
where Q > 0, C > 0, Γ < 0 and all symmetric.

I m is average opinion

I terminal cost

Ψ(x,m) =
1

2
(m− x)TS(m− x)

where S > 0

I cost functional

inf
u(·)∈U

sup
w(·)∈W

E
[ ∫ T

0
g(X(t),m(t), u(t), w(t))dt+Ψ(X(T ),m(T ))

]
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Robust mean field game



∂tv(x, t) + inf
u∈U

sup
w∈W

{f(x, u, w)∂xv(x, t) + g(x,m, u,w)}

+σ2

2 Tr
(
∂2
xxv(x, t)

)
= 0 in Rn × [0, T [,

v(x, T ) = Ψ(x,m) ∀ x ∈ Rn,

∂tm(x, t) + div(m(x, t) · f(x, u∗, w∗))− σ2

2 Tr(∂
2
xxm(x, t)) = 0,

m(0) = m0,
u∗(t, x) ∈ arg minu∈U{f(x, u, w∗)∂xv(x, t) + g(x,m, u,w∗)},

w∗(t, x, u) ∈ arg maxw∈W {f(x, u, w)∂xv(x, t) + g(x,m, u,w)}.
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Network of (homogeneous) networks
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Politopic bounds

I control set U = ∆(Rp), (∆(Rp) is simplex in Rp, p > 0)

I disturbance set W = ∆(Rq), q > 0

I function f : U ×W → [− 1, 1]n is bilinear

I function g : Rn × Rn → [0,+∞[ independent of u,w


infu(·)∈U supw(·)∈W E

[ ∫ T
0 g(X(t),m(t))dt+ Ψ(X(T ),m(T ))

]
dX(t) = f(u(t), w(t))dt+ σdB(t), X(0) = x.
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L2-gain bounds

I the control set U = Rp, p > 0,
I the disturbance set W = Rq, q > 0,
I function f : U ×W → Rn is linear and of the form,

f(u,w) = Fu+ Ew,

where F ∈ {−1, 0, 1}n×p and E ∈ {−1, 0, 1}n×q
I the running cost

g(x,m, u,w) =
1

2

[
(m− x)T Q (m− x) + uTCu− γ2wTw

]
,

infu(·)∈U supw(·)∈W E
[ ∫ T

0
1
2 [(m−X(t))T Q (m−X(t))

+u(t)TCu(t)− γ2w(t)Tw(t)]dt+ Ψ(X(T ),m(T ))
]}
,

dX(t) = Fu(t) + Ew(t)dt+ σdB(t), X(0) = x.
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consensus error stochastically bounded

I ei(t) := “average opinion” - “ith opinion”

I For each π > 0 there exists an ε(π) > 0 such that

P(‖ei(t)‖∞ ≤ ε(π)) > 1− π (1).

I Necessary and sufficient condition for (1):

val[λ] := infu∈∆(U)supw∈∆(W ){〈f(u,w), λ〉} > 0, ∀λ ∈ Rn.
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value of projected game

I Necessary and sufficient condition for (1):

val[λ] := infu∈∆(U)supw∈∆(W ){〈f(u,w), λ〉} > 0, ∀λ ∈ Rn.

x(τk1 )

x(τk+11 )
0

H+

H−

R1(p)

λ

(
(#,#) (#,#)
(#,#) (#,#)

)
⇒
(
〈λ, (#,#)〉 〈λ, (#,#)〉
〈λ, (#,#)〉 〈λ, (#,#)〉

)
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Example

f1

f2

f3

w1

w2

u(t) ∈


 1
−2
6

 ,
 1
−2
−5

 ,
 −5

1
−5

 ,
 −5

1
6


w(t) ∈

{[
−3
−3

]
,

[
2
−3

]
,

[
−3
2

]
,

[
2
2

]}

[
ẋ1(t)
ẋ2(t)

]
=

[
1 −1 0
0 1 1

] u1(t)
u2(t)
u3(t)

− [ w1(t)
w2(t)

]


(6, 7) (1, 7) (6, 2) (1, 2)
(6,−4) (1,−4) (6,−9) (1,−9)

(−3,−1) (−8,−1) (−3,−6) (−8,−6)
(−3, 10) (−8, 10) (−3, 5) (−8, 5)


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Monte Carlo simulations

D. Bauso, H. Tembine, T. Başar Robust mean field games
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resulting MFG



∂tv(x, t) + ‖∂xv‖val[∂xv] + 1
2(m(t)− x)TQ(m(t)− x)

+1
2σ

2Tr(∂2
xxv(x, t)) = 0, in Rn × [0, T [,

v(x, T ) = Ψ(m(T ), x), in Rn,

∂tm(x, t) + div(m(x, t) ·Ai∗j∗)− σ2

2 Tr(∂
2
xxm) = 0, in Rn × [0, T [,

m(x, 0) = m0(x) in Rn.{
u∗(x, t) = i∗ = arg mini∈I supj∈J λ(∂xv)TAij
w∗(x, t) = j∗ = arg maxj∈J λ(∂xv)TAij .
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L2-gain bounds

I the control set U = Rp, p > 0,
I the disturbance set W = Rq, q > 0,
I function f : U ×W → Rn is linear and of the form,

f(u,w) = Fu+ Ew,

where F ∈ {−1, 0, 1}n×p and E ∈ {−1, 0, 1}n×q
I the running cost

g(x,m, u,w) =
1

2

[
(m− x)T Q (m− x) + uTCu− γ2wTw

]
,

infu(·)∈U supw(·)∈W E
[ ∫ T

0
1
2 [(m−X(t))T Q (m−X(t))

+u(t)TCu(t)− γ2w(t)Tw(t)]dt+ Ψ(X(T ),m(T ))
]}
,

dX(t) = Fu(t) + Ew(t)dt+ σdB(t), X(0) = x.
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consensus error stochastically bounded

I ei(t) := “average opinion” - “ith opinion”

I For each π > 0 there exists an ε(π) > 0 such that

P(‖ei(t)‖∞ ≤ ε(π)) > 1− π. (1)

I Necessary and sufficient condition for (1):

−FC−1F T +
1

γ2
EET ≤ 0

I interpretation (if C = I): relation between algebraic
connectivity of the Laplacian matrix FF T and the maximal
eigenvalue of the Laplacian matrix EET .
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resulting MFG



∂tv(x, t) + 1
2∂xv(x, t)T

(
− FC−1F T + 1

γ2
EET

)
∂xv(x, t)

+1
2(m(t)− x)TQ(m(t)− x) + 1

2σ
2Tr(∂2

xxv(x, t)) = 0,
in Rn × [0, T [,

v(x, T ) = Ψ(m(T ), x), in Rn,

∂tm(x, t) + div
(
m(x, t)(−1

2C
−1FF T + 1

2γ2
EET )∂xv(x, t)

)
−1

2σ
2Tr(∂2

xxm(x, t)) = 0, in Rn × [0, T [,

m(x, 0) = m0(x) in Rn.{
u∗(x, t) = −C−1F T∂xv(x, t)
w∗(x, t) = 1

γ2
ET∂xv(x, t).
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Conclusions

I Network of networks

D. Bauso, H. Tembine, T. Başar Robust mean field games
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example of fancy network
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I Network of networks and “disturbed” opinion dynamics

I Mean field game formulation for politopic and L2 bounds

I Stochastic boundedness
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No man is an island

No man is an Iland, intire of itselfe;
every man is a peece of the Continent, a
part of the maine . . .

MEDITATION XVII Devotions upon
Emergent Occasions John Donne
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Questions?

Thank you!
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