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INTRODUCTION

GENERAL COMMENTS

Mean field games reduces to a standard control problem and
an equilibrium (fixed point)

e Dynamic Programming: coupled HJB and FP equations
@ Mean field type control is a non standard control problem.

o Stochastic Maximum Principle ( time inconsistency)

Time inconsistency

Major Playor

Coalitions
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GENERAL PRESENTATION MODEL AND ASSUMPTIONS

DEFINITION OF THE PROBLEMS

@ Probability space Q,.7, P, filtration .#! generated by an
n-dimensional standard Wiener process w(t).

@ The state space is R” and the control space is RY .

g(x,m,v): R"xL'(R")x RT = R" &(x): R"— Z(R";R")
f(X7m7V):RnXL1(R”)XRd_>R; h(X,m)ZRnXLl(Rn)—)R
(1)

o(x),0 7 (x) bounded (2)

@ mis a probability density on R”
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GENERAL PRESENTATION MODEL AND ASSUMPTIONS

DEFINITION OF THE PROBLEMS

STATE EQUATION

e m(t) € C(0,T;LY(R")) given . Feedback control v(x,t).

@ state of the system
dx = g(x(t), m(t),v(x(t))dt +o(x(t))dw(t)  (3)
x(0) = xp
Xo is a random variable independent of the Wiener process,

probability density mg = m(0).

@ To the pair v(.),m(.) we associate the control objective

J(v(-);m(.)) = E[/OT F(x(t),m(t), v(x(¢)) dt + h(x(T),m(T)]
(4)
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GENERAL PRESENTATION MODEL AND ASSUMPTIONS

DEFINITION OF THE PROBLEMS

MEAN FIELD GAME

e Find a pair v(.),m(.) such that, denoting by X(.) the solution
of

dk = g(k(t),m(t), v(x(t)))dt + o(x(t))dw(t) (5)
%(0) =xo

then

m(t) is the probability distribution of %(t),vt € [0, T]  (6)
J(0(),m(.)) < J(v(.),m())vv(.)
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GENERAL PRESENTATION MODEL AND ASSUMPTIONS

DEFINITION OF THE PROBLEMS

MEAN FIELD TYPE CONTROL PROBLEM

o For any feedback v(.), let x(t) = x,(,)(t) be the solution of (3)
with m(t) =probability distribution of x,((t). So (3) becomes
a McKean-Vlasov equation. Denote by m,()(t) =probability
distribution of x,((t), we thus have

dxy() = g(xv()(t): my() (1), v(xy () (£))dt + 0 (xy () (t))dw(t) (7)
x(0) =xo
my()(t) = probability distribution of x,((t) (8)

e Find ¥(.) such that

J(O(), mo(y(1)) < J(v()smyy () Y () (9)
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

NOTATION

Set
1 "
a(x) = 50()0"(x) (10)
and the 2nd order differential operator
Ap(x) = —tr a(x)D?(x) (11)
The Dual Operator is
n 82
Ap(x)=— Y (ar(x)o(x)) (12)
K1 %9
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

GATEAUX DIFFERENTIABILITY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

@ Assume that the

m— f(x,m,v), g(x,m,v), h(x,m) (13)
are differentiable in m € L2(R")

. df o
o Notation ——(x, m,v)(&) to represent the derivative, so that

adm

o fomt0momo= [ 9 (e m v)(E)m(E)de
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
DISCUSSION OF THE MEAN FIELD TYPE CONTROL PF  TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM

TIME CONSISTENCY

OBJECTIVE FUNCTIONAL |

e Consider a feedback v(x) and the corresponding trajectory
defined by (7), the probability distribution m,()(t) of x,()(t)
is solution of the FP equation

8!7’7‘,()
Jt

(14)

+ A"my () +div (g(x, my(),v(x))m,)) =0

mv(.)(X7 0) = mO(X)

and the objective functional J(v(.),m,()) can be expressed as

follows
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

OBJECTIVE FUNCTIONAL I

SO = [ [ emy (0, v0)mg ()i + (19

+ R h(X7mv(.)(X7 T))mv()(X7 T)dX
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

FURTHER DIFFERENTIABILITY |

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

o Consider an optimal feedback ¥(x) and the corresponding
probability density mg(y(x) = m(x).Let then v(.) be any
feedback and ¥(x)+ Ov(x). We want to compute

dmy()+ev(.)(X)

76 lo=0 = M(x)

We can check that
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

FURTHER DIFFERENTIABILITY Il

o

3 +A*m+div (g(x,m, ¥(x))m) +

(16)

+av(( | 28 (. m, 9 (EVRE)IE + 2 (. m, A (4] m(x) =0
m(x,0) =0
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
DISCUSSION OF THE MEAN FIELD TYPE CONTROL PF  TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM

TIME CONSISTENCY

COST DIFFERENTIABILITY |

dJ(i(. )+OV() o(x)+ev<x)(-))|9:0 - an

/ / (x,m, ¥(x))m(x)dtdx+
/ / on am (x, m, 0(x))(&) (&) m(x)dtd & dx+
/ /ni x,m, ¥(x))v(x)m(x)dtdx+

Differential games, Nash equilibrium, Mean Field,

Alain Bensoussan, Jens Frehse, Phillip Yam



HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

COST DIFFERENTIABILITY 1l

+ h(x,m(T))m(x, T)dx
Rn

oh )
L2 e m(T))E)m(E, Tym(x, T)dE s
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

FUNCTION u(x,t)

@ Introduce the function u(x,t) solution of

_3[: + Au—g(x,m,¥(x)).Du— / ) Du(é).ji(éj,m, 0(E))(x)m(E)dE

= fOm 90+ [ 56 m @) 0Im(E)dE
(18)
dh
(. T) = hoxm(T)+ [ S0 (Em(T))()m(E. T)dE
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

NECESSARY CONDITION |

dJ(‘I}() + GV(')a m\?(x)-i-GV(x)('))
do

/ /,, (>, m, U(x))v(x)m(x)dtdx+
+/0T/nDU(X).gi(X,m,O(X))V(x)m(x)dtdx

Since ¥(.) is optimal, this expression must vanish for any v(.).

Hence necessarily

‘9:0 =

of . g’ "
Z(X’ m, ¥(x))+ 5. (x,m,¥(x))Du(x) =0 (19)
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

REWRITING |

It follows that ( at least with convexity assumptions)
v(x) = ¥(x,m, Du(x)) (20)
We note that

f(x,m,¥(x))+g(x,m,¥(x)).Du= H(x,m,Du) (21)

[ 157 (&m (€))00) + Du(). 55 (&,m,#(E))()Im(&)dE =
22)
O (& m, Du(E)) (Im()de
RnOmM
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
DISCUSSION OF THE MEAN FIELD TYPE CONTROL PF  TIME CONSISTENCY APPROACH

THE MEAN VARIANCE PROBLEM

TIME CONSISTENCY

REWRITING Il
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

HJB-FP SYSTEM

We can finally write the system of HIJB-FP P.D.E.

944 Au=H(x,m D)+ [ ?’(é,m,nu(é))(x)m(adé

u(x, T) = h(x, m( +/ (T)(x)m(E, T)dE (24)

O;’:+A*m+div (G(x,m,Du)m) =0

m(x,0) = mg(x)
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
DISCUSSION OF THE MEAN FIELD TYPE CONTROL PF  TIME CONSISTENCY APPROACH

THE MEAN VARIANCE PROBLEM

TIME CONSISTENCY

SPIKE MODIFICATION |

@ Instead of changing V(x,t) into ¥(x,t)+ 0v(x,t) one can use
a spike modification

v se(t,t+¢)

V0= ixs) se(ttte)

similar to the proof of Pontryagin maximum principle.

@ One proves directly that ¥(x,t) minimizes the Lagrangian in v,
instead of simply being a stationary point
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
DISCUSSION OF THE MEAN FIELD TYPE CONTROL PF  TIME CONSISTENCY APPROACH

THE MEAN VARIANCE PROBLEM

TIME CONSISTENCY

NOTATION

From the optimal feedback V(x) and the probability distribution
m(t) we construct stochastic processes X(t) € R", V(t) € RY,
Y(t) € R", Z(t) € Z(R";R™) which are adapted, defined as follows

X(t) = x(t), m(t) = Px(y)
We next define

Y(t) = Du(X(t),t), V(t) = 9(X(2), Px(r), Y (1))
and finally
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

STOCHASTIC MAXIMUM PRINCIPLE |

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

dX =g(X(t), Px(r), V(t))dt + o (X(t))dw(t)

—dy = (aa/:(X(t),PX(t), V(E), Y(£))+ (25)
2 *
EL 31 (X0, P V(O VDX () + 1 225D 7))
—Z(t)dw(t) (26)
X(0) = x0, Y(T) = ah(x(gt Pxan) E[ai;'; (X(T), Px(n)] (X(T)
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HJB-FP APPROACH
STOCHASTIC MAXIMUM PRINCIPLE
DISCUSSION OF THE MEAN FIELD TYPE CONTROL PF  TIME CONSISTENCY APPROACH

THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

STOCHASTIC MAXIMUM PRINCIPLE |

V(t) minimizes H(X(t), Px(¢), v, Y(t))in v (27)

When we write

2
EL2L(X(8), Py, VENX(0)

we mean that we take the function aa:;(é,m, v)(x), where & and v

are parameters and we take the gradient in x, denoted by
2%f
We then consider £ = X(t), v = V(t) and take the expected value
9°f
£ (X(8), m V(D) (x).
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

STOCHASTIC MAXIMUM PRINCIPLE 11

We take m = Px(;) (note that it is a deterministic quantity) and

0°f
thus get Em()((t),:’px(t)7 V(t))(X)
Finally, we take the argument x = X(t).
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
DISCUSSION OF THE MEAN FIELD TYPE CONTROL PF  TIME CONSISTENCY APPROACH

THE MEAN VARIANCE PROBLEM

TIME CONSISTENCY

POSSIBLE CONFUSION |

: f
To emphasize the difficulty of confusion, consider jx(x,m7 v). If

we want to take the derivative with respect to m, then we should

consider x,v as parameters, so change the notation to £ and
2

0°f
compute m(ﬁ ,m,v)(x).
Clearly

2%f d%f
m(gvmv V)(X) 7é m(§7m7 V)(X)
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

PARTICULAR CASE |

We discuss here the following particular mean field type problem

dx = g(x(t),v(x(t))dt+o(x(t))dw(t) (28)
x(0) =xp

J(v( — F] / B, v(x(£))dt +h(x(T))]  (29)
+/0 F(Ex(£))dt + ®(Ex(T))

We consider a feedback v(x,t) and m(t) = m,((t) is the
probability density of x,()(t) the solution of (28).
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

PARTICULAR CASE Il

The functional becomes J(v(.),m,((.)). It is clearly a particular
case of mean field type control problem.
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Alain Bensoussan, Jens Frehse, Phillip Yam



HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

NOTATION |

We have indeed

f(x,m,v)="f(x, v)—l—F(/ém(é)dé)
h(x,m) = h(x) + &( | Em(£)dE)
Therefore
H(x,m.q) = H(x.q)+ F( | Em(£)d¢)
where

H(x,q) = ir\lf(f(x, v)+q.g(x,v))

Differential games, Nash equilibrium, Mean Field,
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

NOTATION I

Considering ¥(x, q) which attains the infimum in the definition of
H(x,q) and setting

G(x,q) = g(x,¥(x,q))
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

HJB-FP SYSTEM |

The coupled system HIB-FP becomes , see (24),

du
—8—+Au_H(X,Du)+F(/§m(§)d.§ *Za /gm )dE)x

u(x,T) = h(x)+¢(/§m(<5)dé‘)+2k‘,axl((/ém(é)dé)Xk
(30)

%T+A*m+div (G(x,Du)ym)=0

m(x,0) = d(x — xo)
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
DISCUSSION OF THE MEAN FIELD TYPE CONTROL PF  TIME CONSISTENCY APPROACH

THE MEAN VARIANCE PROBLEM

TIME CONSISTENCY

REWRITING |

We can reduce slightly this problem, using the following step:
introduce the vector function W(x,t;s), t <s, solution of

—aanrAlll DV.G(x,Du)=0,t<s (31)

V(x,s;s) =x
then

/gm £)dE = W(x0,0: )

o (30) becomes
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

REWRITING Il

du JoF
—, TAu= H(x,Du) + F(V(xo,0; t)) +zk‘,a—Xk(\u(xo,o, t))xx

u(x, T) = h(x) + (W (x0.0; T)) +;£<w(mo; T (32)
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
DISCUSSION OF THE MEAN FIELD TYPE CONTROL PF  TIME CONSISTENCY APPROACH

THE MEAN VARIANCE PROBLEM

TIME CONSISTENCY

PRECOMMITMENT

We now have the system (31), (32). We can also look at u(x,t) as
the solution of a non-local HJB equation, depending on the initial
state xg. The optimal feedback

v(x,t) = V(x,Du(x,t))

depends also on xp. Note that it does not depend on any
intermediate state. This type of optimal control is called a
pre-commitment optimal control.
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
DISCUSSION OF THE MEAN FIELD TYPE CONTROL PF  TIME CONSISTENCY APPROACH

THE MEAN VARIANCE PROBLEM

TIME CONSISTENCY

GAME CONCEPT

In [8], the authors introduce a new concept, in order to define an
optimization problem among feedbacks which do not depend on the
initial condition.

o A feedback will be optimal only against spike changes, but not
against global changes.

o Game interpretation. Players are attached to small periods of
time ( eventually to each time, in the limit). Therefore, if one
uses the concept of Nash equilibrium, decisions at different
times correspond to decisions of different players, and thus out
of reach.
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
DISCUSSION OF THE MEAN FIELD TYPE CONTROL PF  TIME CONSISTENCY APPROACH

THE MEAN VARIANCE PROBLEM

TIME CONSISTENCY

NOTATION |

In the spirit of Dynamic Programming, and the invariant
embedding idea, we consider a family of control problems indexed
by the initial conditions, and we control the system using feedbacks
only. So if v(x,s) is a feedback, we consider the state equation

x(s) = xxt(s;v(.))

dx = g(x(s),v(x(s),s))ds + o(x(s))dw(t) (33)
x(t) =x

and the payoff
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

NOTATION I

E[/ F(x(s),v(x(s),5))ds + h(x(T)]|+  (34)
+/t F(Ex(s))ds + ®(Ex(T))

Consider a specific control ¥(x,s) which will be optimal . We
define %(.) to be the corresponding state, solution of (33) and set

V(x,t) = Jee(9(.)) (35)

Differential games, Nash equilibrium, Mean Field,
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HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
DISCUSSION OF THE MEAN FIELD TYPE CONTROL PF  TIME CONSISTENCY APPROACH

THE MEAN VARIANCE PROBLEM

TIME CONSISTENCY

SPIKE MODIFICATION |

We make a spike modification and define

v t<s<t+e

v(x5) = V(x,s) s>t+e

where v is arbitrary. The idea is to evaluate Jy +(v(.)) and to
express that it is larger than V(x,t). We introduce the function

V(x,t;s) = EXa(s), t<s

which is the solution of
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DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

SPIKE MODIFICATION 1

—‘?;1’ + AV - DV .g(x,0(x,1)) =0,t <s (36)

V(x,s;s) =x
We note the important property

Ex(s)=EWV(x(t+¢),t+¢;s),Vs>t+e
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COMPARISON |

Therefore
tie
Jee(7() = E[/ F(x(s), v)ds+
t
T
+ rre f()?x(t+£),t+£(5)v ‘7()A<x(t+s),t+s(5)’5))d5 + h()?x(t+e),t+e( )]

t+e T
+/t F(Bx(s))ds+ | F(EW(x(t+e).t+e:5))ds

+O(EV(x(t+e),t+¢€T)
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STOCHASTIC MAXIMUM PRINCIPLE
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THE MEAN VARIANCE PROBLEM

TIME CONSISTENCY

COMPARISON |

The next point is to compare F(EV(x(t+¢€),t+¢€;s)) with
EF(V(x(t+€),t+¢€;s)). This is a simple application of Ito’s
formula

EF(W(x(t+e), t+8'5))—F(E‘U( (t+e).t+es)) = (37)

oV, dV,
e ailx Xaxkax, xit5) 5 o (e ti) 0(e)

We can similarly compute the difference
EG(V(x(t+e),t+&T))—P(EV(x(t+e),t+&T).
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EVALUATION OF THE PAYOFF |

Jet(v()) = EV(x(t+e),t+¢&)+e[f(x,v)+ F(x)—

T« 0%F IV, IV,
X0 [ D5 g (et G )

_ow v,
_I_ZjaU ZanaX/ X, £ T)) 8x,- ij(X,t, T))]+0(8)
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HJB EQUATION |

_aa\t/ +AV = H(x,DV)+ F(x)—
T 9%F oV, dV,

_ijzk‘;au 8xk8x/ x,t;5)) T 9% —(x,t;s))ds+  (38)
2%® oV, dV,

g VO BTN G A G 6 )

V(x,T) = h(x)+®(x)
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FUNCTION WV |

Moreover the equation for Wcan be written as

"
_?915 + AV —DV.G(x,DV) =0,t <s (39)

V(x,s;s) =x

The optimal feedback obtained from the system (38), (39) is time
consistent.
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The mean-variance problem is the extension in continuous time for
a finite horizon of the Markowitz optimal portfolio theory. Without
referring to the background of the problem, it can be stated as
follows, mathematically. The state equation is

dx = rxdt + xv.(adt + cdw) (40)
x(0) =xp

x(t) is scalar, r is a positive constant, o is a vector in R™ and o is
a matrix in Z(R9; R™). All can depend on time and they are
deterministic quantities. v(t) is the control in R™.

We note that, conversely to our general framework, the control
affects the volatility term. The objective function is
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STATEMENT OF THE PROBLEM I

J() = Ex(T) = Lvar(x(T)) (41)

which we want to maximize.
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MEAN FIELD TYPE CONTROL PROBLEM |

Because of the variance term, the problem is not a standard
stochastic control problem. It is a mean field type control problem,
since one can write

JO) = E(T) = Ix(TR)+ e (#2)

We consider a feedback control v(x,s) and the corresponding state
xy(.)(t) solution of (40) when the control is replaced by the
feedback.

We associate the probability density m,()(x,t) solution of
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The functional (42) can be written as

/m (x,T) x—l/x2 dX—I—%/(/mv(.)(Xa T)xdx)? (44)
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NECESSARY CONDITIONS |

Let U(x,t) be an optimal feedback, and m(t) = my()(t). Using the
mean field type control approach, we get a pair u(x, t),m(x,t)

satisfying
(8u)2
du du 1Y .
- -+ ggu a*(6o*) Lo =0 (45)
dx2

u(x, T)=x— %xz —i—}/x/m(é, T)édE
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du
dm  d(xm d Ix ol e
¥+r (ax)—ax maazxu o*(60") ta— (46)
ox?
du,
192 | G L
—5>5 m% a(co) la=0  (47)
(2 4y
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OPTIMAL FEEDBACK |

The optimal feedback is defined by

du
o(x,t) = — ggu (c6") Lo (48)
Ix2

We can solve explicitly the system (45), (46). We look for

u(x, t) = —%P(t)x2+s(t)x+ p(8) (49)

We also define
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SOLUTION |

We obtain

;
P(t) = yexp/ (2r —a*(06") a)dt (51)
s(t)=(1 +Yq(T))exp/tT(r— a*(co*) la)dt
p(t):/tT;ia*(GG*)‘la(‘c)dr

We have to fix q(T). Equation (46) becomes

Differential games, Nash equilibrium, Mean Field,

Alain Bensoussan, Jens Frehse, Phillip Yam



DISCUSSION OF THE MEAN FIELD TYPE CONTROL PR

SOLUTION 1l

HJB-FP APPROACH

STOCHASTIC MAXIMUM PRINCIPLE
TIME CONSISTENCY APPROACH
THE MEAN VARIANCE PROBLEM
TIME CONSISTENCY

dm  d(xm) 0

ot dx dx
1 92

S 20x2
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If we test this equation with x we obtain easily

q(T) :xoexp/OTrerr;L/[exp/OToc*(GG*)‘la)df— 1] (53)

This completes the definition of the function u(x,t). The optimal
feedback is defined by , see (48)

v(x,t)=—(00") ta+ 11+}/q exp — / rdt  (54)
X

We see that this optimal feedback depends on the initial condition
X0-
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If we take the time consistency approach, we consider the family of
problems

dx = rxds+ xv(x,s).(adt+odw), s > t (55)
x(t) =x
and the pay-off
Jetlv() = E(T) = (M) + L(E(T)? (56)
Denote by ¥(x,s) an optimal feedback and set V/(x,t) = Jx +(V(.)).
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FUNCTION W

We define

V(x,t; T) = EXq(T)

where X (s) is the solution of (55) for the optimal feedback.
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FUNCTION V |

The function W(x,t; T) is the solution of

oV v o 1 ,0°V, . '
W—Fx(rx—i-xv(x,t) Ot)+§x W‘G v(x,t)|°=0
V(x, T; T)=x
We can write
_ (e Y. 2y, ¥ S TV)2
V(x,t) = E(%a(T)— EXXt(T) )+ E(W(x, £ 7))
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SPIKE MODIFICATION |

We consider a spike modification

v t<s<t+e

v(x9) = V(x,s) s>t+e

then

_ A Yo
Jx,t(V(-)) = E((Xx(t+8)7t+8(T) - Exx(t+€)7t+8( -,-)2)

s<

+(EV(x(t+e€),t+¢ T))>

2
where x(t+ €) corresponds to the solution of (55) at time t+ ¢ for
the feedback equal to the constant v.
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APPROXIMATION |

We note that

EV(x(t+e),t+¢€)= E((Qx(t-&-e),t—ks( T)— %/)A(x(t—l—s)i-&-e( T)2)

—i—gE(W(x(t—i—s),t—i—s; T))?
so we have to compare (EW(x(t+¢),t+¢€; T))? with
E(W(x(t+e),t+€; T))?. We see easily that

(EW(x(t+e),t+&T)) > —EV(x(t+e),t+¢&T))?=
2

v
x,t; T)|o*v[> +0(¢)

=-o 5l
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HJB EQUATION |

We obtain the HIB equation

oV oV oV x2 9°V 9w
at-i-axrx—i-max[xaxv a+2(8x yaz(xtT))v co*v]=0
(57)
V(x,T)=x

A direct checking shows that

-
V(x,t):xexpr(T—t)—i-Qly/ o*(co*)ods (58)
t

-
V(x,t; T)=xexpr(T —t)+ ;/ o*(ooc™)ads
t
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HJB EQUATION Il

and
0(x,t) = EXP_;(YT_”(GG*)OC (59)

This optimal control satisfies the time consistency property ( it
does not depend on the initial condition).
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In the preceding slides, we have considered a single population,
composed of a large number of individuals, with identical behavior.
In real situations, we will have several populations. The natural
extension to the preceding developments is to obtain mean field
equations for each population. A much more challenging situation
will be to consider competing populations. We present first the
approach of multi-class agents, as described in [16], [18].
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Instead of functions 7(x, m,v).g(x,m,v),h(x,m),c(x) we consider
K functions fx(x,m,v),gk(x,m,v), he(x,m),0x(x), k=1,--- K.
The index k represents some characteristics of the agents, and a
class corresponds to one value of the characteristics. So there are
K classes. In the model discussed previously, we have considered a
single class. In the sequel, when we consider an agent i he will have
a characteristics o’ € (1,---,K). Agents will be defined with upper
indices, so i =1,--- N with N very large. a' is a known
information. The important assumption is

1N

m 1yi—k — 7y, as N — oo (60)
i=1
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and 7y is a probability distribution on the finite set of
characteristics, which represents the probability that an agent has
the characteristics k.
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Generalizing the case of a single class, we define

1
ak(x) = EGk(x)O'k(x)*and the operator

Ak (x) = —trax(x) D*p(x)

We define Lagrangians, Hamiltonians indexed by k,namely
Lk(X,IT),V,q) == fk(x,m,v)—i—q.gk(x,m,v)

Hi(x,m,q) =inf Lg(x,m,v,q)
v

and ¥x(x,m, q) denotes the minimizer in the defintion of the
Hamiltonian. We also define
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Gk(xaqu) = gk(x,m, Ok(x7maq))
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Given a function m(t) we consider the HJB equations, indexed by k

d
—# + Aug = Hi(x,m, Duy) (61)

uk(x, T) = hg(x,m(T))

and the FP equations

0
I A% my + div (Gk(x, m, Dug)my) =0 (62)

ot
my(x,0) = myo(x) (63)

Alain Bensoussan, Jens Frehse, Phillip Yam Differential games, Nash equilibrium, Mean Field,



GENERAL CONSIDERATIONS
MULTI-CLASS AGENTS
DIFFERENT POPULATIONS MAJOR PLAYER

SYSTEM OF HJB EQUATIONS Il

in which the probability densities myq are given. A mean field game
equilibrium for the multi class agents problem is attained whenever

K
m(x,t) =Y memy(x,t), Vx,t (64)
k=1
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We consider here a problem initiated by Huang [15], in the L.Q.
case. In a recent paper Nourian and Caines [23] have studied a non
linear mean field game with a major player. In both papers, there is
a simplification in the coupling between the major player and the
representative agent. We will describe here the problem in full
generality and explain the simplification which is done in [23].

The new element is that, besides the representative agent there is a
major player. This major player influences directly the mean field
term. Since the mean field term also impacts the major playor, he
will takes this into account to define his decisions. On the other
hand, the mean field term can no longer be deterministic, since it
depends on the major player decisions. This coupling creates new
difficulties.
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We introduce the following state evolution for the major player

dxg :go(Xo(t),m(t),Vo(t))dt+Go(Xo)dW0 (65)
x0(0) = &o

We assume that xo(t) € R™, vo(t) € R%. The process wy(t) is a
standard Wiener process with values in R®and &; is a random
variable in R™ independent of the Wiener process. The process
m(t) is the mean field term, with values in the space of
probabilities on R”. This term will come from the decisions of the
representative agent.

However, It will be linked to xp(t) since the major player influences
the decision of the representative agent.
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If we define the filtration

FO = 6 (&, wo(s),s < t) (66)

then m(t) is a process adapted to .#°!. But it is not external.
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We will describe the link with the state xg in analyzing the
representative agent problem. The control vy(t) is also adapted to
Z% The objective functional of the major player is

k(o) =EL[ Gbathm(e, w(@)der  (67)
+ho(o(T),m(T))]

The functions gy, fy, Op, hy are deterministic. We do not specify the
assumptions, since our treatment is formal.
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The representative agent has state x(t) € R" and control
v(t) € RY.We have the evolution

dx = g(x(t),x0(t), m(¢t),v(t))dt+ o(x(t))dw (68)
x(0)=¢&

in which w(t) is a standard Wiener process with values in R¥ and &
is a random variable with values in R” independent of w(.).
Moreover, &, w(.) are independent of &, wp(.). We define

Ft=0(& w(s),s<t) (69)
gt = 0% y.zt (70)
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The control v(t) is adapted to 4*. The objective functional of the
representative agent is defined by

S0 m() = L[ F(x(t)ra(0) m{e).v(e)de s (71)
+h(x(T),x0(T),m(T))]
Conversely to the major player problem, in the representative agent

problem, the processes xo(.),m(.) are external. In (67) m(t)
depends on x(.).
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The representative agent’s problem is similar to the standard
situation except for the presence of xo(t).

We begin by limiting the class of controls for the representative
agent to belong to feedbacks v(x,t) random fields adapted to .#°¢
. The corresponding state, solution of (68) is denoted by x,()(t).
Of course, this process depends also of xp(t),m(t) . Note that
xo(t), m(t) is independent from .7, therefore the conditional
probability density of x,((t) given the filtration UpZ 0 is the
solution of the F.P. equation with random coefficients
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ap, :
P20 4 & pugy +div(g e xo(). m(1). v(x, D))pugy)) =0 (72)

at
Pv()(x,0) =@ (x)

in which @(x) is the density probability of &.
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We can then rewrite the objective functional J(v(.),x0(.),m(.)) as
follows

S0 mO) = ELL [y sa(.m0 06 630081, (), v, )
(73)

# [ Putsotymy (6 TIAGx30(T),m(T))

We can give an expression for this functional. Introduce the
random field x,((x,t) solution of the stochastic backward PDE:
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I
ot

+A%.() = f(x,x0(t), m(t),v(x,t)) +g(x,x(t), m(t),v(x,t)).Dx
(74)
%v(.)(x7 T) = h(X7X0(T)7m( T))

then we can assert that

)
L L Prtasotmr (x: ) G o(e), mi(e), v(x. ) dce+

L Pt TGxsa(T).m(Td = [ 700, (x,0)(x
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We get

JOx()m0) = [ BEEOx0E  (75)

Now define

Z0t
UV(_)(X, t) = E‘? XV(_)(X, t)

From equation (74) we can assert that

Ey0t a%v

5 —|—Auv( y = f(x,x0(t), m(t),v(x,t)) +g(x,xo(t), m(t),v(x,t,

uv(.)(X’ T) = h(XvXO(T)’m( T))
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On the other hand

£ 50s 9 2v()
uyxt) = [ E77 5 x,)ds

is a .79 martingale. Therefore we can write

f 50 92u() ‘
g 8) = [ EFZT x s)ds = (0, 0)+ [ Koy 5)dwa(s)

where K, ()(x,s) is 7% measurable, and uniquely defined. It is
then easy to check that the random field u,()(x,t) is solution of
the backward stochastic PDE (BSPDE) :
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—0eu, () (X, t) + Auy () (x, t)dt = f(x, xo(t), m(t), v(x, t))dt +
(77)
—l—g(x,xo(t),m(t), ( )) Duv()(x t)dt—Kv()(X t)dWo(t)
v(‘)(Xa T)_h(X>X0(T) (T))
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From ( 75) we get immediately

Jv (), %0(), m(.)) = /na;(x)Euv(,)(x,O)dx (78)

We then write a necessary condition of optimality for a control
V(x,t).Setting u(x,t) = uy()(x,t), K(x,t) = Ky(y(x,t) we obtain
the stochastic HJB equation

—dru(x,t)+ Au(x, t)dt = H(x,xo(t), m(t), Du)dt — K(x, t)dwy
(79)

u(x, T) = h(x,x(T),m(T))

and
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v

(x,t) = U(x,xo0(t),m(t), Du(x,t)) (80)

Alain Bensoussan, Jens Frehse, Phillip Yam Differential games, Nash equilibrium, Mean Field,



GENERAL CONSIDERATIONS
MULTI-CLASS AGENTS
DIFFERENT POPULATIONS MAJOR PLAYER

FP EQUATION |

We next have to express the mean field game condition

m(t) = Py()xo()m() (- 1)
we obtain from (72) the FP equation

O A"+ diW(G (. x0() m(t). Du(x, )m) =0 (81)

m(x,0) = @(x)

The coupled pair of HIB-FP equations (79),(81) allow to define the
reaction function of the representative agent to the trajectory xo(.)
of the major player. One defines the random fields u(x,t), m(x,t)
and the optimal feedback is given by (80).
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Consider now the problem of the major player. In [23] and also [15]
for the L.Q. case it is limited to (65), (67) since m(t) is external.
However since m(t) is coupled to xo(t) through equations (79),
(81) one cannot consider m(t) as external, unless limiting the
decision of the major player. So in fact the major player has to
consider three state equations (65), (79), (81). For a a given vo(.)
adapted to .# % we associate X0,u5() (s e () (55 Mgy (5-)
solution of the system (65), (79), (81).

Introduce the notation
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Ho(xo,m,p) = inf[fo(x0,m, v0) + p-go(x0,m, v0)]
Vo (x0, m, p) minimizes the expression in brackets
GO(Xam’p) = gO(XO’maOO(XOamvp))
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We have 3 adjoint equations

ko
—dp = [Ho.x (xo(t), m(t), p(t)) + /—21 o1, (X0(£)) qi(t)

+ / Gy, (X, x0(t), m(t), Du(x,t))Dn(x, t)m(x, t)dx + (82)

ko
/C(X,t)HXO(x,xo(t),m(t),Du(x,t)dx]dt— Y qrdwo,
=1

Alain Bensoussan, Jens Frehse, Phillip Yam Differential games, Nash equilibrium, Mean Field,



GENERAL CONSIDERATIONS
MULTI-CLASS AGENTS
DIFFERENT POPULATIONS MAJOR PLAYER

NECESSARY CONDITIONS FOR THE MAJOR PLAYER Il

p(T) = ho,xO(Xo(T)vm(T))Jr/C(X, T)hx (x,%0(T), m(T))dx
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9+ AN, e = [ 22 (), mi(e) (1)) ()

+Dn(x,t).G(x,xo(t), m(t), Du(x,t))+

+ [ 0n(6.1.22 (&.50(8). m(6) Du(&, ) CIm(E. 0 (83)

~

EE 05 xo(6)m(e). Dl O)()dElde — F il )b

M0 T) = 20 (T, m(T))()+ [ €06 T) 9 (& 0o T).m(T))(x)d8
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%€ 4 AL, t) +div (G(x x0(e). m(t). Du(x, 1) (x,)

+div(G}(x, xo(t), m(t), Du(x, £)) D (x, ) m(x,t)) = (84)

$(x,0)=0

Next xo(t) satisfies

do = Golxo(t)m(t), p(t))dt+ oo(xo(t))dwo  (85)
x(0) = &
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GENERAL CONSIDERATIONS
MULTI-CLASS AGENTS
DIFFERENT POPULATIONS MAJOR PLAYER

NECESSARY CONDITIONS FOR THE MAJOR PLAYER Il

So, in fact the complete solution is provided by the 6 equations
(85),(82), (79), (84), (81), (83) and the feedback of the
representative agent and the contol of the major player are given by
(80) and

to(t) = to(xa(t), m(t), p(t)) (86)
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We can introduce more general problems

—aaut—i-Aui = H'(x,m, Du) (87)

ui(x, T)= hi(x,m( 7))

om'

Er + A*m’ +div (G'(x,m, Du)m') =0 (88)

m'(x,0) = mg(x)

in which m= (m?',---,m") and the functions H’, G’ depend on the
full vector m. The interpretation is much more elaborate.
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We want to associate to problem (87), (88) a differential game for
N communities, composed of very large numbers of agents. We
denote the agents by the index i,j where i=1,---N and
j=1,---M. The number M will tend to +e. Each player
i,jchooses a feedback v'¥(x), x € R". The state of player i,j is
denoted by x'J(t) € R". We consider independent standard Wiener
processes w'¥(t) and independent replicas x;” of the random
variable xé, whose probability density is mé. They are independent
of the Wiener processes. We denote

Vi) = () M)

The trajectory of the state x'¥ is defined by the equation
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dx'S = g/(x'd, v (x"))dt + o (x " ) dw" (89)

x'(0) = x(';""
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The trajectories are independent. The player i, trajectory is
influenced by the feedbacks v(x), k # i acting on his own state.
When we focus on player / we use the notation

vI()=(vY(),79()
in which ¥/9(.) represents all feedbacks vk¥(x), k # i. The notation

v(.) represents all feedbacks.
We now define the objective functional of player i.j. It is given by
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E/ [F1(x (8),v7 (<" ())) + (90)
fbi(xi”j(t Z il () ]dt+Eh( —_— Z 5,/

14 1 3

We look for a Nash equilibrium.

Alain Bensoussan, Jens Frehse, Phillip Yam Differential games, Nash equilibrium, Mean Field,



SYSTEM OF HJB-FP EQUATIONS

APPROXIMATE NASH EQUILIBRIUM FOR LARGE COM
COALITIONS

APPROXIMATE NASH EQUILIBRIUM |

Consider next the system of pairs of HIJB-FP equations (87), (88)
and the feedback ¥(x).
We can show that the feedback

o) = o/(.)
is an approximate Nash equilibrium.
If we use this feedback in the state equation (89) we get

dx' = g' (39 (%)) dt + o (%) dw'Y
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and the trajectories 'Y become independent replicas of &'solution
of

d3' = g'(%', (%)) dt + 6 (%)) dw'
%'(0)

X0
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The probability density of X/(t) is m'(t). We first prove

FHO() = J(0(), m(.)) = 0, as M — +oo.

We now focus on player 1,1 to fix the ideas. Suppose he uses a
feedback v1'(x) # #11(x), and the other players use

Vid(x) = 0/ (x),Vi >2,Vj or Vi,¥j > 2. We set v!(x) = v1(x). Call
this set of controls ¥(.). By abuse of notation, we also write

~1

v() = (v, 9%0) 0N () = (vI(), 7 ()

The corresponding trajectories are denoted by y*¥(t) solutions of
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Yyt de+o(y ) dwtt (91)

dytt =g (v ), v
YO =x"
and yW =& for j > 2.
We can then prove that
SN () = SH(),mt () - O(M)

and this concludes the approximate Nash equilibrium property.
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