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Common noise

e Modelling (in R to simplify)
o Dynamics of player number 1 </ < N
dX{ = b(X}, i, o}) dt + cdW] + cdB;
Xé = Xo

o independent noises B, W',..., WN
N

’
ofif =5 O0x O0<t<T
i=1

o a} prog. meas. w.rt. o(W1, ..., WN B)
e Nash equilibrium w.r.t.

. . T . .
o =B |g(p. i) + [ 1Al
0



Conditional law of large nhumbers

e Exchangeable equilibria ~~ conditional LLN
it ~Nroo £OXF1B) (= £(X'(Bs)oss<t))

e Scheme
o Fix the flow of random measures (y¢)o<t<T
oyt depends on (Bs)g<s<t only!
o Optimize

dX! = b(X}, jut, a})dt + o W; + <dBy

-
J - E[Q(X},ur) - f(x:,m,abdt]

o Solve the matching problem p; = L(X;|B)



Strong vs. weak equilibra

e Strong sense
o Probability space is given
o Canonical space: C([0, T],R) x C([0, T],R)

for B for W

o (ut)o<t<T is prog. meas. w.r.t. o(B) (function of the 1st
coordinate)

e Weak sense: probability space is not given
o 3 2 filtered probability spaces (Q', F/,P), i=1,2
o (B, uut)o<t<T is carried on Q', (Wh)o<i<7 On Q2

o it = L(X;|F]) (conditioning is enlarged but independent
of W)

e Yamada-Watanabe: strong ! + weak 3 = strong 3
o reconstruct solutions on the same space



Stochastic maximum principle

e extended Hamiltonian
oH(X, y, p, ) = b(X, p, a)y + f(x, u, @)
o &(x,y, ) =argmin H(x,y, i1, a)
e adjoint equations for a nonanticipative frozen (jut)o<i<7

aY; = —8XH(X1, Y, e, (X, Yi, Nl‘)) dt+d martingales
N—_———
measurability constraint

Y1 = 0x9( X1, 1i1)

e Solve eq. with the constraint ;s = £(X;|B): MKV FBSDE
o H and g convex w.r.t. (x,a) = X equilibrium

o numerics: discretization of the adjoint equations



Dynamics of X

e Decoupling random field u: [0, T] x R x 2 - R
o (u(t,-))o<i<1 is o(B) prog. meas. and Y; = u(t, X;)
e Dynamics of X at equilibrium

dXt = b(Xt, Mt @(Xt, U(t, Xt), ,ut))dl‘ + Uth + CdBt

b(t, X;)

o Convex Hamiltonian = u Lipschitz in x
e Conditional path of X given F! ~» Freeze B
o L(Xi|B = B) = L(X})

t
XTB—X()-F/ b(S,Xsﬁ)dS—l-UWt"i‘Cﬁt
0



PDE point of view: stochastic HJB

e Common noise = Value function = random field

)
U(tx) = ot E[g(Xr.nr)+ [ LK. s, as)ds| 7]
t

CY,Xt:X

e U adapted = Backward Stochastic HJB

d:U(t, x)
- (L‘,U(t, X) +inf[b(X, e, ) Ox U(t, X) + L(X, pt, @) ]
H/_/ o ,
generator standard Ham‘ﬁtonian in HJB

T V(LX) )dt— V(t,x)dB; =0
SN——— SN——

lto Wentzell cross term backward term

e Maximum principle ~~ Y; = 0,U(t, X;) i.e. u= 0xU



Stochastic Kolmogorov

e Dynamics of the conditional law of X given B
e Replace (B:)o<i<T by a piecewise affine curve (5t)o<i<7
o Kolmogorov equation

it = —div(b(X, e, &(X, e, u(t, x))) dt

2 .
+ %8,2(Xutdt — div(mg)ﬁfdt

e Use 3 = N = affine interpolation of B with N nodes

dipt = —div(b(x, e, &(x, pe, u(t, x))) dt
2
g

5 02, predt — div(jus) o dB;

_l’_

e HJB + Kolmogorov =- forward backward SDE in co dim



Lifted value function

¢ Representation of the value random function
U(t, x,w) = L{(l‘, X, ,ut(w)),

oU 1[0, T] x R x Po(R) — R
o 3 if strong uniqueness
e Write second-order (master?) PDE in infinite dimension
o Derivatives on Pa(R) ~ r.v. 0, U(t, X, pue)(Xt)
o Connection with V in stochastic HIB equation

Vit x,) = [ 0u(tx, () W)sple.a)
e Used in parametric models p; = u(q;)

U(t,X, /I’f) WU(t,X, C7t)



Weak solvability conditions

e Weakening notion of solutions = same strategy
e Convexity of the Hamiltonian (very much demanding!)
o b(x, 1, ) = bo(p) + brx + boa
o f convex in (x, ) (and strictly convex in «)
e Local Lipschitz bound (linear growth) in (x, p, )
o use Wasserstein W, for the measure
e Mean-reverting
o (X,0xf(0,6x,0)), (x,0xg9(0,dx)) > —c(1 + [x])
o example: bounded derivatives
e Smoothness (C'! in (x, a))...

e Strong ! is welcome



Strateqy of proof for solvability

e Forget strong vs. weak! Freeze the conditional measure

dX; = b(Xt, ut, &(Xt, Yt, put)) dt + o Wy + <dB
dY; = —0xH (X, Yt, e, &(Xs, Yr, 11e)) dt + dmartingaley
Y1 = 0xg( X7, 107)

e Find a fixed point & : (u¢)o<t<7 — (L(X}'|B))o<i<T
e If no common noise

o Fixed pointinC([0, T],  P(R) )

set ofE)/b-./meas.

o Use Schauder’s th: ¢ continuous and range of ® compact
e If common noise

o Fixed point in subset of (C([0, T], P(R)))

o Compactness?

Q



Discretization of the conditioning

e Discretization: L£(X;|B) ~» L(X:/finitely supported process)
o I projection mapping onto space grid {xq,...,xy} C R
oty,...,tyafinite time grid C [0, T]

o B, =N(B)
e Forward-backward system with

E(Xt‘Bﬁ,...,Bti), i <t<lipq

o (By,...,By,) has finite support of size MN
o Fixed point in (C([0, T], P(R)))""

03 XMN =~ pMN  gMN gt
SN—~— —— S~~~
optimum  equilibrium decoupling field

~M,N CMN)| B g OMN _ ~MN(y §MN
et = LBy By, VY = 0N XY



Extraction of converging subsequence

« Conditional measure M N ~y; 1o £(X"N|B)
e Tightness X"V in ¢([0, T] x R, R)
o Standard Kolmogorov criterion
e Tightness &N in ([0, T] x R, R)
o Convexity of Hamiltonian = regularity of 4M-N
e Tightness £(X"N|B) in c([0, T], P(R))
o Given B = 4, L‘()A(IM’N|B) is the law of

dX[MN = BMN (¢ XPMN ot + o dW; + <dBy

o Law of X#M.N is explicitly controlled by 3

e Converging subsequence in weak sense (convergence of
distributions)



Uniqueness

e Standard criterion
o b doesn’t depend on u
o f(x, u, ) = fo(x, p) + f1(x,a) (1 and « are separated)
o monotonicity property for fy and g w.r.t. i
e Application: weak ~ strong
e Other strategy: small time ~ long time?
o a priori Lipschitz estimates of u?
o degeneracy because of co dim setting



Smoothing effect

° Example: aX; = (b(ut) + X + Ozt) at + dW; + dB;

i
J@) = B| 5 (X + glur))? + [ 5[(Xe+ F(ue))* + F] s

o b, f, g bounded and smooth
¢ Adjoint system

aX; = (b(,ut) + X; — Yt) dt + dW; + dB;
dY; = —(X; + Yi + f(ue)) dt + dmartingale.
Yr = X7 +9(ur)

o Yi =Xt + v(t, ut)
o (nt)o<t<T bounded
¢ Uniqueness related with 9,,v?



Integration by parts

e Dynamics of X
aX; = ((1 — T]t)Xt + b(,ut) = V(t, ,ut))dt + dW; + dB;.
N———
B(ta Mt)
e Sensitivity w.r.t. initial condition VX = %|5:0X‘5+*E

gtvxt = (1 = )V X; + E[(9,8(t, 1) (Xe) VX | FE]

0 VXg=1= VX is FP-meas = linear!
e Malliavin derivative = VX; = DsX;V X5

1 T
VE[V(Xr, 7)) = TE[V(XT,MT) / vxsdssvo}



