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@ Previous work: N-player differential games

@ Problem formulation

e Approximate solutions (2-player case)

@ Currently: Mean Field Games
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Background

Differential games: several players, several objectives

x = f(x,uy(t),...,un(t))
T
miny, ;/0 Li(x(1), us (1), ..., un(t))dt

] :
minL,N;/0 Ly(x(8), ui(t), ..., un(t))dt
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Differential Games

Solution relies on N PDE’s (Hamilton-Jacobi-Isaacs equations)

88‘;" f(x) — %%‘;" gi(x)gi(x)" %\;"T + %Qi(x)
= ;,-12,\,[/:#,- (?9‘)ij§l,-(x)§ll'()()T%ZjT _,-121\,1,-:#,- 3‘/".67/(X).¢7/(X)T63‘)?T =0
Nash strategies:

U =— i(X)T%ZiT
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Approximate Solutions for N-player games
(T. Mylvaganam, M. Sassano, A. Astolfi)

Input-affine systems

x=fx)+g1(X)us +---+gn(xX)uy, xeR"

Cost-functionals of the form

() tn.ooun) £ 5 [ (@x(0) + uo)]? - S ),

J=1j#0
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2-Player Problem

Nonlinear input-affine dynamics
x = f(x)+ g1(X)ur + go(X) 2
Assumption: f(0) = 0 = f(x) = F(x)x

Cost-functionals

()1, ) 2 5 [ )+ (B ~ et et

lx(0).tn, ) 2 5 [ aa(0) + (B ~ fun(t)] 7t

Running costs s.t.

g(X)=x"Q(X)x>0 gx)=x"Qx)x>0 g +¢g>0
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2-Player Problem

Hamilton-Jacobi-lsaacs (HJI) partial differential equations

oV 19V, ovy T
ax ()75 909X 5+ )
19V, oV 0V OV

- 55200000 52— S le(0g(0 52 =0

Nash strategies
. ovy T
ui(x) = ~g1(x) 5

. Vo'
us(x) = ~g2(x)" 5 2
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2-Player Problem

Hamilton-Jacobi-lsaacs (HJI) partial differential equations

Vo, . 10V, oV 1
Wf(x) §Wg2(x) 2(X) DX +§CI2(X)

10V, vy T AV, Tovi T
—Eaixgﬂx)gﬂx) Ox _W‘%(X) 1(X) ax

Nash strategies
. ovy T
ui(x) = ~g1(x) 5

. Vo'
us(x) = ~ga(x) " 5 2
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2-Player Problem

Problem: HJI PDE’s not generally analytically solvable

Approximate solutions:
Linear quadratic approximation

Dynamic feedback satisfying partial differential inequalities

Two methods of designing dynamic feedback strategies
2-player games presented today

See previous work for N-player extension
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Linear-Quadratic Approximation

Linearised system:
X = Ax + B1U1 =+ BgUg
Quadratic cost-functionals

Ji (X(O), uy, U2) =

1 o0
2 /o X" Qux + [l (1)1 — [lua(t)][7dt

1 [ee]
: /0 XTQox + [|ua()[|2 — [|un (£)]2dt
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Linear-Quadratic Approximation

Coupled algebraic Riccati equations

PiA+ ATPy — PiByB] P; — P{B;B; P, — P;By,B) Py — P,ByB; P + Q; =0
PA+ AT P, — P,B;B, P, — P2B{B{ Py — P;B{B] P, — P{B{B{ Py + Q, =0

Nash strategies ~
ui(x) = —B{ Pyx

Uo * (X) = —B;PQX
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Algebraic P Matrix Solutions (2-Player Case)

Both methods of designing the dynamic feedback strategies
rely on algebraic P solutions.
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Algebraic P Matrix Solutions (2-Player Case)

P; and P, are algebraic P matrix solutions if
Pi(X)F(x) + F(x)" Py(x) — P1(x)g1(x)91(x) " P1(x) + Qi (x)

— (P2(x) +2P1(x)) 92(x)g2(x) " Pa(X) + Z1(x) = 0
Pa(X)F(x) + F(x)T Pa(x) — Pa(x)g2(x)92(X) " Pa(x) + Qo(x)
— (P1(x) + 2P2(x)) 91(x)91(x) " P1(X) + Z2(x) = 0

P1(0) and P(0) solutions of the coupled Riccati equations with Q;
replaced by Q; + 2%;
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Method I: Several Dynamic Extensions

Introduce N = 2 dynamic extensions: &1, &
Assume existence of algebraic P matrix solutions

Extended value functions:

1 1
Vilx,&1) = Pr(&)x + 5 lIx = & 1B, Va(x,&2) = Pa(&1)x + 5lX = &ollg,

Player strategies

LoV T

ui(x,&1) = —g1(x) X Ua(X,82) = —ga(X) —=

Dynamics of £ and &
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Method I: Several Dynamic Extensions

Structural assumption: rank (g1(x)) = n and rank (ga2(x)) = n
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Method I: Several Dynamic Extensions

Jki >0 Jk>0 IR >0 IR, >0 IQCR"xR”"

such that

Vky > kq Vko > ko V(x, &) €Q

Vi and V5 solve the system of PDI’s

oV Vi, 10V vy T
Wf(X)JraTq& EW‘%(X)%(X) X +§CI1(X)
10Vs oV oV OV "
—EWQZ(X).%(X) x —WQZ(X)%(X) X <0

(0,0)" is asymptotically stable

T. Mylvaganam, D. Bauso & A. Astolfi Nonlinear Differential Games 05.09.2013



Method I: Several Dynamic Extensions

Jki >0 Jk>0 IR >0 IR, >0 IQCR"xR”"

such that

Vky > kq Vko > ko V(x, &) €Q

Vi and V5 solve the system of PDI’s

0Va Vo, 10V; oV 1
Wf(X)JraTz& EWQAX)QZ(X) DX +§CI2(X)
10V, oviT oV, covy T
—EW%(X)QNX) X _WQ1(X)Q1(X) X <0

(0,0)" is asymptotically stable
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Method I: Several Dynamic Extensions

Quadratic Form:

—[xT (x=&)" ] M-k S

—[xT (x—&)" ]

27 96 0t X — &2)
L Co i
Restrict to kernel of C; and Co:
Z1TM1 Zy >0 Z;Mgzg >0
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Method I: Several Dynamic Extensions

Candidate Lyapunov function W = V; + Vo > 0

Partial differential inequalities imply W < —%(q1 +g)<0

Zero equilibrium of £(0,¢) = —kR;¢ asymptotically stable

(x,&) = (0,0) asymptotically stable
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Method Il: Shared Dynamic Extension

Introduce one, shared dynamic extensions: &£
Assume existence of algebraic P matrix solutions

Extended value functions:

1 1
Vi(x,§) = P1(§)x + §HX —&l Va(x,€) = Pa(§)x + éHX - ¢,

Player strategies

ox

LoV !

Ua(X, &) = —Ga(X) —

U1(X,£):—g1(X) X

Dynamics of ¢

- ot av '
51_k<8€ +(97§ )
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Method Il: Shared Dynamic Extension

Jk>0 3Ry >0 3R, >0 IQ CR" x R"

such that

Vk > k V(x, &) € Q
Vi and Vs solve the system of PDI’'s

oV oVy . 19V, ovy T
Wf(x)‘i'aigf—gaixgﬂx)gﬂx) X +§CI1(X)

(0,0)" is asymptotically stable
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Method Il: Shared Dynamic Extension

Jk>0 3Ry >0 3R, >0 IQ CR" x R"

such that

Vk > k V(x, &) € Q

Vi and Vs solve the system of PDI’'s

Vo Vo . 10V, OV A
Wf(x) + 5755 - Eagz(x)gz(x) ax T 5Q2(X)
10V ToViT 0Vp it g

5 g 1XG1(X) 5 = 5 mgi(X)gi(x) 55 <

(0,0)" is asymptotically stable
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Method Il: Shared Dynamic Extensions

Quadratic Form:

[ xT (x=97" ] "/’1”88\2 <88‘Q +88‘22> [(x—xg)T}

Dy
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Method Il: Shared Dynamic Extensions

Quadratic Form:

_[XT (X_S)T][M1+kD1]|:(Xi§):|

X -7 Mo k2) | (|

Conditions on P;(x), P»(x), Ry and R> ensure Dy > 0and D> > 0

Restrict to kernel of Dy and Ds:
Z1TM1 Z1 >0 ZZTMQZQ >0

Stability shown as with several dynamic extensions
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Extensions to Mean Field Games

Extend the ideas to mean field games
Still a work in progress
Consider deterministic, stationary problem :

Agent dynamics:

Cost-functional:

a1 [
J(x(0).m(0). u(x. ) £ 5 [~ (alx. m(x) + (D) ¥
e.g. running cost:

q(x, m(x))
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Extensions to Mean Field Games

HJB equation
VX V);r = Q(X, m(X))

Advection equation

divim(x)u(x)) =0

Approximate solutions using dynamic extension, &
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Extensions to Mean Field Games

HJB equation
VX V);r = Q(X, m(X))

Advection equation

my V| 4+ m(x)trace(Vix) =0

Approximate solutions using dynamic extension, &
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Extensions to Mean Field Games

Algebraic P Mean Field Game solutions:

x " P(x)P(x)x + 1q(x, m(x)) +o(x) =0

1
2 2

M(x)(P(x) + Hrace(P(x)))x +~(x) =0
Define functions V(x, &) and m(x, &) in terms of P(x) and M(x)
Design € s.t.

— IV VE 4+ a(x) + Ve <0 div(m(x,é) [ ;j ] > <0
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Extensions to Mean Field Games

Algebraic P Mean Field Game solutions:

x " P(x)P(x)x + %q(x, m(x)) +o(x)=0

1
2
M(x)(P(x) + Hrace(P(x)))x +~(x) =0

Define functions V(x, &) and m(x, &) in terms of P(x) and M(x)

Design ¢ s.t.

Closed-loop stability

T. Mylvaganam, D. Bauso & A. Astolfi Nonlinear Differential Games 05.09.2013 20/22



Conclusions and Future Work

@ Approximate solutions to a class of differential games
Dynamic extension and algebraic P solutions
2-player case

Several extensions

o
"]
o
@ Shared extension

@ Extension to Mean Field Games
o Deterministic, stationary problems
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Thank you for your attention.

Any questions?
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