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Outline

1 Previous work: N-player differential games

Problem formulation

Approximate solutions (2-player case)

2 Currently: Mean Field Games
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Background

Differential games: several players, several objectives

ẋ = f (x ,u1(t), . . . ,uN(t))

minu1
1
2

∫ T

0
L1(x(t),u1(t), . . . ,uN(t))dt

...

minuN
1
2

∫ T

0
LN(x(t),u1(t), . . . ,uN(t))dt
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Differential Games

Solution relies on N PDE’s (Hamilton-Jacobi-Isaacs equations)

∂Vi

∂x
f (x)− 1

2
∂Vi

∂x
gi (x)gi (x)>

∂Vi

∂x

>
+

1
2

qi (x)

− 1
2

N∑
j=1,j 6=i

∂Vj

∂x
gj (x)gj (x)>

∂Vj

∂x

>
−

N∑
j=1,j 6=i

∂Vi

∂x
gj (x)gj (x)>

∂Vj

∂x

>
= 0

Nash strategies:

u∗i = −gi(x)>
∂Vi

∂x

>
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Previous Work

Approximate Solutions for N-player games
(T. Mylvaganam, M. Sassano, A. Astolfi)

Input-affine systems

ẋ = f (x) + g1(x)u1 + · · ·+ gN(x)uN , x ∈ Rn

Cost-functionals of the form

Ji(x(0),u1, . . . ,uN) ,
1
2

∫ ∞
0

(
qi(x(t)) + ‖ui(t)‖2 −

N∑
j=1,j 6=i

‖uj(t)‖2
)

dt ,
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2-Player Problem

Nonlinear input-affine dynamics

ẋ = f (x) + g1(x)u1 + g2(x)u2

Assumption: f (0) = 0⇒ f (x) = F (x)x

Cost-functionals

J1(x(0),u1,u2) ,
1
2

∫ ∞
0

q1(x) + ‖u1(t)‖2 − ‖u2(t)‖2dt

J2(x(0),u1,u2) ,
1
2

∫ ∞
0

q2(x) + ‖u2(t)‖2 − ‖u1(t)‖2dt

Running costs s.t.

q1(x) = x>Q1(x)x ≥ 0 q2(x) = x>Q2(x)x ≥ 0 q1 + q2 > 0
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2-Player Problem

Hamilton-Jacobi-Isaacs (HJI) partial differential equations

∂V1

∂x
f (x)− 1

2
∂V1

∂x
g1(x)g1(x)>

∂V1

∂x

>
+

1
2

q1(x)

− 1
2
∂V2

∂x
g2(x)g2(x)>

∂V2

∂x

>
− ∂V1

∂x
g2(x)g2(x)>

∂V2

∂x

>
= 0

Nash strategies

u∗1(x) = −g1(x)>
∂V1

∂x

>

u∗2(x) = −g2(x)>
∂V2

∂x

>
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2-Player Problem

Hamilton-Jacobi-Isaacs (HJI) partial differential equations

∂V2

∂x
f (x)− 1

2
∂V2

∂x
g2(x)g2(x)>

∂V2

∂x

>
+

1
2

q2(x)

− 1
2
∂V1

∂x
g1(x)g1(x)>

∂V1

∂x

>
− ∂V2

∂x
g1(x)g1(x)>

∂V1

∂x

>
= 0

Nash strategies

u∗1(x) = −g1(x)>
∂V1

∂x

>

u∗2(x) = −g2(x)>
∂V2

∂x

>
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2-Player Problem

Problem: HJI PDE’s not generally analytically solvable

Approximate solutions:

Linear quadratic approximation

Dynamic feedback satisfying partial differential inequalities

Two methods of designing dynamic feedback strategies

2-player games presented today

See previous work for N-player extension
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Linear-Quadratic Approximation

Linearised system:

ẋ = Ax + B1u1 + B2u2

Quadratic cost-functionals

J1(x(0),u1,u2) ,
1
2

∫ ∞
0

x>Q1x + ‖u1(t)‖2 − ‖u2(t)‖2dt

J2(x(0),u1,u2) ,
1
2

∫ ∞
0

x>Q2x + ‖u2(t)‖2 − ‖u1(t)‖2dt
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Linear-Quadratic Approximation

Coupled algebraic Riccati equations

P̄1A + A>P̄1 − P̄1B1B>1 P̄1 − P̄1B2B>2 P̄2 − P̄2B2B>2 P̄1 − P̄2B2B>2 P̄2 + Q1 = 0

P̄2A + A>P̄2 − P̄2B2B>2 P̄2 − P̄2B1B>1 P̄1 − P̄1B1B>1 P̄2 − P̄1B1B>1 P̄1 + Q2 = 0

Nash strategies
u∗1 (x) = −B>1 P̄1x

u2 ∗ (x) = −B>2 P̄2x
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Algebraic P̄ Matrix Solutions (2-Player Case)

Both methods of designing the dynamic feedback strategies
rely on algebraic P̄ solutions.
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Algebraic P̄ Matrix Solutions (2-Player Case)

P1 and P2 are algebraic P̄ matrix solutions if

P1(x)F (x) + F (x)>P1(x)− P1(x)g1(x)g1(x)>P1(x) + Q1(x)

− (P2(x) + 2P1(x)) g2(x)g2(x)>P2(x) + Σ1(x) = 0

P2(x)F (x) + F (x)>P2(x)− P2(x)g2(x)g2(x)>P2(x) + Q2(x)

− (P1(x) + 2P2(x)) g1(x)g1(x)>P1(x) + Σ2(x) = 0

P1(0) and P2(0) solutions of the coupled Riccati equations with Qi
replaced by Qi + 2Σ̄i
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Method I: Several Dynamic Extensions

Introduce N = 2 dynamic extensions: ξ1, ξ2

Assume existence of algebraic P̄ matrix solutions

Extended value functions:

V1(x , ξ1) = P1(ξ1)x +
1
2
‖x − ξ1‖2R1

V2(x , ξ2) = P2(ξ1)x +
1
2
‖x − ξ2‖2R2

Player strategies

u1(x , ξ1) = −g1(x)>
∂V1

∂x

>
u2(x , ξ2) = −g2(x)>

∂V2

∂x

>

Dynamics of ξ1 and ξ2

ξ̇1 = −k1
∂V1

∂ξ1

>
ξ̇2 = −k2

∂V2

∂ξ2

>
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Method I: Several Dynamic Extensions

Structural assumption: rank (g1(x)) = n and rank (g2(x)) = n
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Method I: Several Dynamic Extensions

∃k̄1 ≥ 0 ∃k̄2 ≥ 0 ∃R1 > 0 ∃R2 > 0 ∃Ω ⊆ Rn × Rn

such that

∀k1 > k̄1 ∀k2 > k̄2 ∀(x , ξ) ∈ Ω

V1 and V2 solve the system of PDI’s

∂V1

∂x
f (x) +

∂V1

∂ξ1
ξ̇1 −

1
2
∂V1

∂x
g1(x)g1(x)>

∂V1

∂x

>
+

1
2

q1(x)

− 1
2
∂V2

∂x
g2(x)g2(x)>

∂V2

∂x

>
− ∂V1

∂x
g2(x)g2(x)>

∂V2

∂x

>
≤ 0

(0,0)> is asymptotically stable
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Method I: Several Dynamic Extensions

∃k̄1 ≥ 0 ∃k̄2 ≥ 0 ∃R1 > 0 ∃R2 > 0 ∃Ω ⊆ Rn × Rn

such that

∀k1 > k̄1 ∀k2 > k̄2 ∀(x , ξ) ∈ Ω

V1 and V2 solve the system of PDI’s

∂V2

∂x
f (x) +

∂V2

∂ξ2
ξ̇2 −

1
2
∂V2

∂x
g2(x)g2(x)>

∂V2

∂x

>
+

1
2

q2(x)

− 1
2
∂V1

∂x
g1(x)g1(x)>

∂V1

∂x

>
− ∂V2

∂x
g1(x)g1(x)>

∂V1

∂x

>
≤ 0

(0,0)> is asymptotically stable
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Method I: Several Dynamic Extensions

Quadratic Form:

−
[

x> (x − ξ1)>
]
M1 − k1

∂V1

∂ξ1

∂V1

∂ξ1

>

︸ ︷︷ ︸
C1


[

x
(x − ξ1)

]

−
[

x> (x − ξ2)>
]
M2 − k2

∂V2

∂ξ2

∂V2

∂ξ2

>

︸ ︷︷ ︸
C2


[

x
(x − ξ2)

]

Restrict to kernel of C1 and C2:

Z>1 M1Z1 > 0 Z>2 M2Z2 > 0
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Method I: Several Dynamic Extensions

Candidate Lyapunov function W = V1 + V2 > 0

Partial differential inequalities imply Ẇ < −1
2(q1 + q2) < 0

Zero equilibrium of ξ̇(0, ξ) = −kRiξ asymptotically stable

(x , ξ) = (0,0) asymptotically stable

T. Mylvaganam, D. Bauso & A. Astolfi (shortinst)Nonlinear Differential Games 05.09.2013 14 / 22



Method II: Shared Dynamic Extension

Introduce one, shared dynamic extensions: ξ

Assume existence of algebraic P̄ matrix solutions

Extended value functions:

V1(x , ξ) = P1(ξ)x +
1
2
‖x − ξ‖2R1

V2(x , ξ) = P2(ξ)x +
1
2
‖x − ξ‖2R2

Player strategies

u1(x , ξ) = −g1(x)>
∂V1

∂x

>
u2(x , ξ) = −g2(x)>

∂V2

∂x

>

Dynamics of ξ

ξ̇1 = −k

(
∂V1

∂ξ

>
+
∂V2

∂ξ

>
)
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Method II: Shared Dynamic Extension

∃k̄ ≥ 0 ∃R1 > 0 ∃R2 > 0 ∃Ω ⊆ Rn × Rn

such that

∀k > k̄ ∀(x , ξ) ∈ Ω

V1 and V2 solve the system of PDI’s

∂V1

∂x
f (x) +

∂V1

∂ξ
ξ̇ − 1

2
∂V1

∂x
g1(x)g1(x)>

∂V1

∂x

>
+

1
2

q1(x)

− 1
2
∂V2

∂x
g2(x)g2(x)>

∂V2

∂x

>
− ∂V1

∂x
g2(x)g2(x)>

∂V2

∂x

>
≤ 0

(0,0)> is asymptotically stable
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Method II: Shared Dynamic Extension

∃k̄ ≥ 0 ∃R1 > 0 ∃R2 > 0 ∃Ω ⊆ Rn × Rn

such that

∀k > k̄ ∀(x , ξ) ∈ Ω

V1 and V2 solve the system of PDI’s

∂V2

∂x
f (x) +

∂V2

∂ξ
ξ̇ − 1

2
∂V2

∂x
g2(x)g2(x)>

∂V2

∂x

>
+

1
2

q2(x)

− 1
2
∂V1

∂x
g1(x)g1(x)>

∂V1

∂x

>
− ∂V2

∂x
g1(x)g1(x)>

∂V1

∂x

>
≤ 0

(0,0)> is asymptotically stable
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Method II: Shared Dynamic Extensions

Quadratic Form:

−
[

x> (x − ξ)>
]
M1 + k

∂V1

∂ξ

(
∂V1

∂ξ
+
∂V2

∂ξ

)
︸ ︷︷ ︸

D1


[

x
(x − ξ)>

]
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Method II: Shared Dynamic Extensions

Quadratic Form:

−
[

x> (x − ξ)>
]

[M1 + kD1]

[
x

(x − ξ)

]

−
[

x> (x − ξ)>
]

(M2 + kD2)

[
x

(x − ξ)

]

Conditions on P1(x), P2(x), R1 and R2 ensure D1 ≥ 0 and D2 ≥ 0

Restrict to kernel of D1 and D2:

Z>1 M1Z1 > 0 Z>2 M2Z2 > 0

Stability shown as with several dynamic extensions
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Extensions to Mean Field Games

Extend the ideas to mean field games

Still a work in progress

Consider deterministic, stationary problem :

Agent dynamics:
ẋ = u

Cost-functional:

J(x(0),m(0),u(x , t)) ,
1
2

∫ ∞
0

(
q(x ,m(x)) + ‖u(t)‖2

)
dt

e.g. running cost:

q(x ,m(x)) =
c0x

c1 + c2m(x)
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Extensions to Mean Field Games

HJB equation
VxV>x = q(x ,m(x))

Advection equation

div(m(x)u(x)) = 0

Approximate solutions using dynamic extension, ξ
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Extensions to Mean Field Games

HJB equation
VxV>x = q(x ,m(x))

Advection equation

mxV>x + m(x)trace(Vxx ) = 0

Approximate solutions using dynamic extension, ξ
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Extensions to Mean Field Games

Algebraic P̄ Mean Field Game solutions:

− 1
2

x>P(x)P(x)x +
1
2

q(x ,m(x)) + σ(x) = 0

M(x)
(
P(x) + Itrace

(
P(x)

))
x + γ(x) = 0

Define functions V (x , ξ) and m(x , ξ) in terms of P(x) and M(x)

Design ξ̇ s.t.

−1
2VxV>x + 1

2q(x) + Vξ ξ̇ ≤ 0 div
(

m(x , ξ)

[
u

ξ̇

])
≤ 0
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Extensions to Mean Field Games

Algebraic P̄ Mean Field Game solutions:

− 1
2

x>P(x)P(x)x +
1
2

q(x ,m(x)) + σ(x) = 0

M(x)
(
P(x) + Itrace

(
P(x)

))
x + γ(x) = 0

Define functions V (x , ξ) and m(x , ξ) in terms of P(x) and M(x)

Design ξ̇ s.t.

Closed-loop stability
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Conclusions and Future Work

Approximate solutions to a class of differential games
Dynamic extension and algebraic P̄ solutions
2-player case
Several extensions
Shared extension

Extension to Mean Field Games
Deterministic, stationary problems
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Thank you for your attention.

Any questions?
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