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Sensitivity analysis for Hamilton-Jacobi-Bellman (HJB) equati

@ C : bounded continuous f : RY — R with limy_,, f(x) =0
with sup norm.

@ C': continuously differentiable and bounded f : R — R
such that f' € C, ||f|le := sup, |f(x)| + sup, |f'(X)|-

@ C? : twice continuously differentiable and bounded
f:R? - Rsuchthat f € Cand f’ € C,
[fllce := sup, [f(x)] + sup, |f'(X)[ + sup, [f"(x)|.

@ C,j, : Lipschitz continuous f Rd — R with the norm

Illc,, = supy [F(x)| + sup, , 1G=10L,

@ £(C?,C) : linear bounded operators from C? to C equipped
with || - [|c2_,c and the strong operator topology.
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Consider an optimal control problem

@ T: afixed finite horizon.
@ U/: a bounded set of admissible controls, ¢/ C R.

Wei Yang (Joint work with Vassili Kolokoltsov) Sen ity analysis for HJB equations



Sensitivity analysis for Hamilton-Jacobi-Bellman (HJB) equati

Consider an optimal control problem

@ T: afixed finite horizon.
@ U/: a bounded set of admissible controls, ¢/ C R.

@ M: a bounded convex closed subset of a Banach space S,
equipped with the norm || - ||s.

Wei Yang (Joint work with Vassili Kolokoltsov) Sensitivity analysis for HJB equations



Sensitivity analysis for Hamilton-Jacobi-Bellman (HJB) equati

Consider an optimal control problem
@ T: afixed finite horizon.
@ U/: a bounded set of admissible controls, ¢/ C R.

@ M: a bounded convex closed subset of a Banach space S,
equipped with the norm || - ||s.

An important example is

S = (C?)*, the dual space of C?
M = P(RY), the set of probabilities on R?

g(x)u(ax)

[ell(cey)- = sup
lgllga<1

Rd
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{A[t,u, ul € £(C2,C):te[0, Tl,ue M,ue u}
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{A[t,u, ul € £(C2,C):te[0, Tl,ue M,ue u}

For each (t, 1, u) € [0, T] x M x U, A[t,p,u] : C? — Ciis
assumed to generate a Feller process with values in RY and to
be of the form

Alt, p, Ulf(2) = (h(t, z, p, 1), V(2)) + L[t, u]f(2)

@ h:[0,T] xR x M xU — R
@ L[t,u] € £L(C?,C) is of the form:

L[t, ulf(2) = %(G(LZ,M)VV)I‘(Z) + (b(t, z, 1), V1(2))

+ [z +9) = 12) = (VHD. 16, ()t 22106,
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For given
{u.}:{uteu,te [07 T]}7 {M-}:{MtEM,tE [07 T]},

(Xt{""}’{“'} :te |0, T]) denotes the Markov process generated
by {A[tv [t Ut]} with

Alt, e, udf(z) = (h(t, 2, pe, ur), VE(2)) + L[t il f(2).
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For given
{u.}:{uteu,te [07 T]}7 {M-}:{MtEM,tE [07 T]},

(Xt{""}’{“'} :te |0, T]) denotes the Markov process generated
by {A[tv [t Ut]} with

Alt, e, udf(z) = (h(t, 2, pe, ur), VE(2)) + L[t il f(2).

Example: If L[t, u] = J02A with a constant o,

ax ey = poe xY u) dt + oaWs
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The value function V is defined by
V(t, x; {u.})

!
— suplE, / (8, XY g ug) s+ VT (XM
t

{u}

@ J:[0,T]xRIx MxU—~R
@ VI:RxM—R
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Hamilton-Jacobi-Bellman (HJB) equation

= g (G dud) = H(t X, V V(X {p}), o) + LIE pe VIE X {p-})
V(T x; {u}) = VT (x; ur)

where H : [0, T] x R? x R? x M — R is defined by

H(t,x,p,pn) = mea&<(h(t, X, pw, U)p + J(t, X, 1, U)).
u
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Hamilton-Jacobi-Bellman (HJB) equation

= g (G dud) = H(t X, V V(X {p}), o) + LIE pe VIE X {p-})
V(T x; {u.}) = VT (x; 1)

where H : [0, T] x R? x R? x M — R is defined by

H(t,x,p,pn) = mea&<(h(t, X, pw, U)p + J(t, X, 1, U)).
u

We aim to investigate the sensitivity of the solution V(t, x; {x.})
with respect to the functional parameter {1.}. J
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Assumptions:
® (An) on H(t,x, p, ;)

@ (Ayr)on VT(x;u)
@ (A)on {L[t,u] € L(C?,C):te [0, T],ue€ M}
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Assumptions:
® (An) on H(t,x, p, ;)

(Ayr)on VT(x; )
(A on {L[t,u] € L(C?,C): t€ [0, T],u€ M}
(

@ (Ay) on backward propagator {U{t’:} € L(C,C),t < s}

Forany {u.},f € C?andall t < s < r, we have

d t,s _ 1 yt.s d S,r g S,r
£U{“}f = U{M}L[Saﬂs]fa %U{u}f - _L[S’ ’uS] U{.“}f

Wei Yang (Joint work with Vassili Kolokoltsov) Sensitivity analysis for HJB equations



Sensitivity analysis for Hamilton-Jacobi-Bellman (HJB) equati

Assumptions:
® (An) on H(t, X, p, )

@ (Ayr)on VT(x;u)
@ (A)on {L[t,u] € L(C?,C):te [0, T],ue€ M}
@ (Ay) on backward propagator {U{’:} € L(C,C),t < s}

Smoothing property
Foreach0<t<s<T,

Ut,S

_ 1 s .~ 2
{M'}.C—>C, U{u.}.CL,p—>C,

and there exists a 5 € (0, 1) and constants ¢y, ¢, > 0 such that
1Ugsy@ller < ei(s=0)Plidlle, 10U wlee < ca(s—1) P I¢lley,

forall ¢ € Cand vy € Cpjp.
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Theorem 1 (KY2013)

Suppose (Ay), (AL), (Ay). For each fixed {u.}, if
VT(; ut) € C', then there exists a unique mild solution V
satisfying V(t,-; {u.}) € C' forall t € [0, T].
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For any given {u'}, {12}, define V : [0, T] x RY x [0,1] — R by

V(t,xia) =V (tx !+ af(u - 1").})

where {u'} + o {(4? — p').} o= {pf +a(pf —pf) € M, t€ [0, T]}.
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For any given {u'}, {12}, define V : [0, T] x RY x [0,1] — R by

V(t,xia) =V (tx !+ af(u - 1").})

where {u'} + o {(4? — p').} o= {pf +a(pf —pf) € M, t€ [0, T]}.

V(t,x;1) — V(t,x;0) = V (t,x; {u?}) —v <t,x; {,ﬂ}) J
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Sensitivity analysis for Hamilton-Jacobi-Bellman (HJB) equati

For any given {u'}, {12}, define V : [0, T] x RY x [0,1] — R by

V(t,xia) =V (tx !+ af(u - 1").})

where {u'} + o {(4? — p').} o= {pf +a(pf —pf) € M, t€ [0, T]}.

V(t,x;1) — V(t,x;0) = V (t,x; {u?}) —v <t,x; {,ﬂ}) J

Define  H(t,x,p,a) : = H(t,x, p, if + a(uf — p}))
Llt,a] - = L(t, pf + a(uf — 7))
VI (x;a) : = VT (x; p + a(pF — u¥))

with o« € [0,1], t € [0, T] and (x, p) € R?7.
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The sensitivity analysis of the solution V(t, x; {u.}) of

_aa\t/(t’X; {1.}) = H(t, X,V V(b x; {p.}), ) + LIt p] V(8 x: {p.})

V(T x: {p.}) = VT (x: u)

w.r.t. a functional parameter{..} is reduced to that of the
solution V(¢, x; «) of

_%‘:(Z‘,X; o) = H(t,x, VV(t,x;a),a) + L[t, o] V(t, x; )

V(T, x;a) = VT(x; ).

w.r.t. a real parameter « € [0, 1].
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Theorem 2 (KY2013)

Assume (Ay7), (AL), (Ay). Define

W:[0,T] x RY x [0,1] — RY,

W(t, x;a) = UTVT(x; ).

Then for aq, ap € [0, 1] with oy # ap, there exists ¢ > 0 s. t.

[W(t, - aq) = WL, a)ler

|t — ag|
- al]s,
< c((T— 01V gl sup | 252
SG[t,T] 2 C2—>C
vE[at,a2]
V(.
+ sup oV (i) (i)
Y€E[ev 0] Oa c!

forevery t € [0, T].
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Theorem 3 (KY2013)

Assume (Ay), (Ayr), (AL), (Ay). Then,

(a) Forany T > 0, there exists a constant ¢ = ¢(T) > 0 such
that for each a1, ap € [0, 1] with oy # o,

H V(tv g O“) — V(tv 5 O‘Z)”C1

sup
te[0,T] |y — ez
VT(; OH(t, -
<c sup 76 ( 'PY) + sup M
YE[a, 0] da c (t,p)EO (oJe" c
_ v€E[a,02]
oL _
+ sup (==t V(sa2)]| +1) ),
te[O,P"] ‘80‘[ ] CZ—>c< 6z & )
Y€E[at,az]

where O = {(t,p) - t € [0, T1, | < SUpyepo.r V(5 @)l ).
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Theorem 3 (KY2013)

Assume (Ay), (Ayr), (AL), (Ay). Then,

(a) Forany T > 0, there exists a constant ¢ = ¢(T) > 0 such
that for each a1, ap € [0, 1] with oy # o,

H V(tv g O“) — V(tv 5 O‘Z)”C1

sup
te[0,T] |y — ez
VT(; OH(t, -
<c sup 76 ( 'PY) + sup M
YE[a, 0] da c (t,p)EO (oJe" c
_ v€E[a,02]
oL _
+ sup (==t V(sa2)]| +1) ),
te[O,P"] ‘80‘[ ] CZ—>c< 6z & )
Y€E[at,az]

where O = {(t,p) - t € [0, T1, | < SUpyepo.r V(5 @)l ).

V(tx;1) = V(t,x0) = V (t.x: {u2}) = V (6. {u'})
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Theorem 3 (KY2013)-continued

(b) For {u'}, {p?} € C([0, T], M), there exists k > 0 such that

sup [|V(t, {p!}) = V(t, {®Dller < k sup luf —utlls
0,7] tel0,T]

and

sup [[VV(t, {u!' D=V V(- {12})llc < k sup [ —42]ls.
te[0,T] t€[0,T]

V.
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An application to mean field games

Backward HJB equation

—%\;(LX: (1)) = H(t, x, VV(t, x; {u-}), o)+ L[t ] V(E, x; {p})

V(T x; {u}) = VT(x; )
H(t, x, p, ) = max(h(t, x, p, U)p + J(t, X, , U))
u

Let U(t, x, {u.}) denote the unique optimal control function.
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Backward HJB equation

=S X ) = HUE X, V(X D), )+ LI V(8 X )

V(T x; {u.}) = VT(x; ur)
H(t, x, p, ) = Teazj((h(taxaﬂa u)p + J(t, x, i, u))

Let U(t, x, {u.}) denote the unique optimal control function.

Regularity condition of feedback control
For every {n.}, {¢.} € ([0, T], P(RY)),

sup [O(t, x; {n.}) — O(t, x; {&. 1) < ki sup_[[ns — &sll(cay
(t.x)€[0, T]xRe s€[0,7]

with some constant k; > 0.
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An application to mean field games

Backward HJB equation

—%\;(LX: (1)) = H(t, x, VV(t, x; {u-}), o)+ L[t ] V(E, x; {p})

V(T x: {p.}) = VT (x; ur)
H(t, x, p, ) = max(h(t, x, p, U)p + J(t, X, , U))
u

Let U(t, x, {u.}) denote the unique optimal control function.

Forward kinetic equation

20, m) = (ALt o, Ot (DG, ), o=
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An application to mean field games
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