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Part 5 . Soholev SPQC e S




_re_m‘aere/- ( RY) < @C C °°(,Rn

Distri lau‘[)ms Space, of [ Oth‘ Y

decreasing C*° fns.



Tempered | C 2(RY <(S(R))= CR)
Distr )LU‘BMS space of apid !ﬂ
decreasing C* Hus.

F(R), dual spate of S(R") - tenpecd,

<u, e, forve S¥RY, veSMR")
is acbon of linear Fuachioad U on V.




Terpeed | CERD S(RT= © T

DiS'{':F}l::U‘A'Of\S Space ot rapioiﬂ

decreasing C*° fns.

%%(ﬂ{“) \ dual Spalp. ot S(IR") - ;ﬁ%ﬁ(z&

<u,vyed, forve S¥RY, ve SR

AiS acton of linear -Puoab’om‘ U o V.
u=Yvu is FT of U, ):'om iS‘omaPPk:Sm on

S(R") &nd on SE(RY .
<UJ\/) = <L/,\//\>) veS,ve O




Ex.| Given =& [Rnde,-Pme
S.eS(RY) by
<S%,V>1=V[i‘5, veS(RY.

Show that F%% = where

£(€) =(2 NZC’:‘ES, §eR"

—ig' T

_ UG, ‘5'6"31
P U(gj "(21011/2 JfRen— veS (an>



ol
n 2 n . ”U”H<s
es on (R EL(RL) .
o *(R"):= iil(/\(s)l A
SDtOSZO)z Hf(({_lg"’j

Efere ”u"H" —ﬂ)\“



Sobolev spaces on R"

For 520, H(R"):= {UeL(rR) vl <
where
ol f (1l 0@ dS |

full,, g no(sn s § ey > Joc. = llullz

so H2(RY=L" ([R") |



Sobolev spaces on R"

For 520, H(R) - {ueL(FR) vl <]
e, f(:+|g|") 0G| dAS

S0 (S = i, u(g} = [oll” -§(|+s 59166 de
-S (lu[ + ZIB al’)

- Y(lvl&— vl )
rR'\



Sobolev spaces on R"

rfr s=20, H ([R) {UGL(R) [v]] <oo]
where
ol f GO

For 570, HTH(RY = (H(R")".



Sobolev spaces on R"

For 520, H(R"):= {ueL(rR) lull <]
here ol f(:+|g|") 0" AE .

Fors>0, H (I'R“) = CHS(‘R »* o
Fors>0 S(R")Yc H>(R" ) so H (RQBCS(@



Sobolev spaces on R"

For 520, H(R"):= {ueL(rR) lull <]
here ol f(mgll) 0" dAS

Fors>O, H (Rn) .= CHS(‘R BY‘

Fors70, SRV HY®R"), s0 H (R < STK)
maleeg{s(m) -90eS (R): Nl s <03

7
/L Proo'F Just’ use) R esT (ep. Hm onl ( fR").




Sobolev spaces on R"

rfr s20, H(R"):= {UeL(rR) vl <
where
ol f (1l 0@ dS |

Fors>0, H™ (Rn) - CHS(‘R »*
=JueS (®): lloll <03
Ex.| Show 25 € I——I’SCrR)
& s >N/



Closed subspaesof H3(R")

1

o oPen Q<=R"
N =CR

H(R)



Closed- svbspaces of Hs([Rn)

1

I:C)f‘ closed| Fc R,
Ho = fueH IR sur=F |



Closed- sobspaesof HS(R")

1

FO(\ OPen S)_C IR“)

Q)= Cf@)%)

FC)\" closed Fc ’Rn,
H rs:"‘z( ve H(R" - suppld= F §
NB ve l—l,"; < u,v> =0, Ve C:o(tR"\F)




Closed- svbspaces of Hs([Rn)

1

I:C)F closed| Fc R,
Ho = fueH IR sur=F |
H (@) =HYL



Closed subspaesof H3(R")

1

o oPen Q<=R"

=

FC)\" closed|F c ’Rn,
He = fue KR suppd=F §
H Q) =HL — often H(®):=H_







The | () = H3 if

(i) SLis C’ Qxcepf at a finile
number of points on L and
sls+ (n=D), Is[s | (n>22)

A
[ \
|
| Puan—
\ e |
/ \ "
[ /
\ ‘ '4
\ /
—




The | D)= HY if

(i) LLis CO QXCE’,P-LL at o countable

set of pouits on L with Fnitly many limit points ancl
s(s45 (n=1), Is|s | (n>2)

(C-w, Hewelf,

Moiola,

TEQT 2017)




The | H' () = H% i
(11r) () (s in o specitc set of clomains

with fractal bounolaf‘g, e

(Caetano, Hevett
Moiolo ‘ZOH) Se [R <)




Thm. | ﬂCR O Pen
and. Q. = fR (so H— = H (rR)
then

H ()= Hz < H o =f{ol




Thm.

T& Q=R opes

and O =R" (so H— = H (fR)

then

7°()=H; & H> ={o}

Ex.

1 %el'R gk = [’R"\E%_Z

So QD_ {5-"1
1°(Q)=Hz & H = {o]1& Ss_g..






Thm.

T& Q=R opes

and O =R" (so H— = H (fR)

then

7°()=H; & H> ={ol

Procf < Fwercise | [

(HOU—Z’ a, ‘Soboler S paces with ..
Thm 1372 1)



Thm. £ L =R oper
and. 0 =R" (so H— = H°(R")

then

1°(Q)=H3 & H°

—

(n >s>O>

= {0}

5)< n-72s

Hausdorff dime [on]



O pen Pro‘oJem

Necegsa.rﬂ and %uFF(cient Cono{iﬁons

For sy = HE

for general open N <R",s= R,
(RQ,\/I&/\I ot wl\mt known 1N

C"\r\[ Hewei‘f ”O'O)OL,

-

"EOT,2017)



Trve V
OPen Pro\oJem Qj(clmes doma\'mS?

Nece;sarﬂ and <u {:Hc }GE Con o{iﬁon S

for (3(—0\3: H}_D

tor qeneral opén _f]_QfRn)QE R.

(QQ,W&/\/ ot wl\mt kﬂ

o)

C:'\n// Hewetf, ”oio)a, j

wn 1N

—0T.2017)
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Seol,uenccs ot gubspaces

and Mosco convergence

SupPose

_S-ZICQ,_C... Q_ﬂz

are open and let
Vi := H () so
V, < \/,Lc: .




Seo,,uenccs ot gukspa_ces

and Mosco convergence

SupPose

_SZICQ,_C... Q_ﬂz

are open and let
Vi := H () so
VieV,c.. . T hen

™ L _[JE5(Q-
\/JQV‘-%}\(S—E{H (QJ\




Seo,,uences ot gukspa_ces

and Mosco convergence

SupPose

_SZICS)_,_C... Qﬂz

are open and let
Vi := H () so
V,eV,c .. . Then Ex. show

] (15357 0- At
v, 12UV =UR). v=H(Y)




Seo,,uences ot gukspa_ces

and Mosco convergence

L
are closed and let {&\I V4

e

o]

Vi := H;- o



Seo,,uenccs ot gukspa_ces

and Mosco convergence

_S-ZIDQ,_D... Slz




Part /4 : j:.ntegral Eq/uad:ior\
Formulations {or Scattering
by ThinScreena®

% which Mmay 'oe -‘:ractal ,



C(\ve,n 66 F-l(R (H (‘Rz

+ind ve -—| (D):.—.—_ C*( D) > H(R)

o A(H-kU—g n

D

keC D= R\

/

CE——

L m k?O r_

C
k) closeot

l



Given g€ }—'—'(R (H ([RZ s
find ve H (D) _ C”(D) H'(R)

g Nu+ku= =g N D

@ Fmd (_)erl::[‘([» s.t.ClL (U,V)=<g:v>, VVGHYD)




Given g€ }—'—'(R (H ([Rz
‘(:lﬂal ue —l [D) — Coo(D) H/J

g Nu+ ko= =g N D
@ Fmd UGFI‘(D> st.Cl (U,V)=<g.\-/>, VVGH‘{D)

Applying [-M Ehese have exactly one soln
ond |Ju|| < c® ”6“




Given g€ }—'—'(R (H ([Rz
+ind ve -—| [D) o Cw(D) H/J

g Nu+ ko= =g N D
®Find L/CT'-[‘(D> st. CL(U v)=<q.\, Vveﬁ‘{D)

Apslying [-M Ehese have exac{'(\») one soln
ond Ju]| < <® [lall. TRUE IF D= R/




Given gé‘ }—'—'(R (H ([Rz
Ltind ve H [,R)

-t AU«I-ku-g_; in fRz.
®Find ve H‘(th) st.aL(u,v)=£9.% VVeH\[mﬁ

Apslying [-M Ehese have exac{'(\») one soln
ond Ju]| < <® [lall. TRUE IF D= R/




+ind ve

Given ge ‘_-—l(ﬁ{)_) - (Hl{mzyg)

H'(RY)

S.t. Au«[—kzu-:g " rRZ.

@ Fino{ Ve H‘(@ st.Cl (U»V)=<9:\7>, Vve H‘{mﬁ

Af?h\ﬂﬂ L_M -Bt:ese_ Aﬁ.V(, C’,Xac:{’(:) one. S‘O‘/\
ood Jul| < c® [Jgll . So Ark:HRI>F

= iSomorpLijm with mverse G "’(A-l—k‘)-' y \IG'

"

<l



Given g H™'(R*) == (H'(R*)*
Find ve H'(R)
- A(H' kzuzg_ < UrC@'

@ Fino{ Ve H‘(th> st.Cl (U,V)=<g.72 Vve H‘@

Af?h\ﬂﬂ L_M -Bt:ese_ Aﬁ.V(, C’,Xac:{’(:) one. S‘O‘/\
ond JlU]| < <O []gll . So Ak HRI-F

IS iS‘omorpLuijm witk mverse. q -:(A_H(z)" ¥ “Gl

"

<l






Q\Vé,n QGH (R (H (@7_
fud ve F'(D).— oot

=t Au«l—ku—g n D

Let CID

= Au+ku—g Thenc[; 0 in D, so
, and

CP G(a+k)v-Gg=v-Gg.



C‘\Vé,n QGH (R (H (@7_
fud ve F'(D).— ot

=t Au«l—ku—g n D

Let CID

= Au+ku—g Then ¢=0 in D, so

CP Q(Qw“lczu -Ga=ug g



Given g€ H—'(R (I—-[ (R*)*
find ve H' (D) C=(D) - H K]

St AU*I'kU—Q " D
Let ¢ := Auvtk'v-g. Then ¢=0 in D, so
CPG H omo{

CP G(a+k)e-Ga =v-Gg.

/

H (D)




Given qeH” (R (H (R*)*
Find Ve F'(D) = C°°(D) - H K]

-t A(H—l((J—g n D
LetC[D:-—- Au-l-kd—g Thencl; 0 in D, so

CPE‘H
CP Q(ﬂ+l<‘u Ga=vu-Gg.

/

Se <46 =-<¥, Gg>, H(®)
vV e HA




Given g€ H:(rl{z) = (Hl([p\z)*, tra
find ve H'(D).= C*(D) HR)
S.t. AU«[— kzu:g_ n D

Fidpet, st. <464 =-<4, Gg>, Ve H



Given g€ H:(r‘{z) t= (H'(IRZ)*) o

find ve H' (D) .= ) H(K]

-t Nu+ kﬁ/z@ n D.

el 43_," Avtky - g- Then =0 in D, so

oIS Hpo and

G $=G(a+k)u-Gg=v-Gg,
H (o)

7 FidpeH st <4,Gby =-C¥, Gg>, Ve H
Our INTEGRAL EQ. V P




Given qeH” (r]{ (H (R
a> -‘:%"1\;0{ ve |"| (D) C°°(D) > H'()
AU’l‘kU—Q n D

Q). Fidbelyst. <4, =~ Ga>, Ve Hy

T(li\m __:3 U Sa?S{—ues (1) then
Auv+kv-a satisties (2) and
: ’Q%‘(’&CP ) an




Given g€ H:(rl{z) = (Hl([p\z)*, tra
(1) | #ind ve Fi'(D) - coy M
S.t. AU«[—I{LU:Q_ n D

() Frdbel st. <9,Gb> =<4, Ga>, Ve H:

The! I U satisfies(1)then
43 = Au+l<zu—g Sa‘fig{:ies (2) ar\o‘.
v=Ga+G 9. (+)
Converselgl e P satisfies (2) then U
given by () satishes (1)




Given geH™'(RY) := (H'(R)*
(1) | %id ve H (0).— (DMK
S.t.
AU'FkU—Q_ in D .

(2> Fim[cpeH"' st <4/,Gc\>> :_<(|/) Ga>, VL[/e H-rll

Tkm Tf U satisfies (1) 'qun (P() F(DV(A
CID Au+l<u -4 Sa‘lt,'nSF.es (2) and a&l(eao{d
- {”"Ga*@b (+) ollous £
onvels ' tisti th ollous o
Given eb&ﬁe(-?-) iais-igs (|)e‘5 () Then U (P omd kleﬁ’
posednes of (2)




Well- posedness 6f oor T .E. formalation.

Gien gfiK) Fid et 5 £ <U,Go>=-Y, Ga>, Ve H

& Fod deH st AGY) = (T4, _
where V({leHr

Ay =<0Gd7 el



Well- posedness 6f oor T .E. formalation.

G aei[R) ik bM<, G>=-C¥, Gg>, Ve H
& Fid peH st AGY) = (T4,

W‘I'Q('e - V(‘/eHr
AGy)=<§.Gdy b deli,.
Con’tmuous? Co@(‘CN&?




(@1=<@G¢Z b,deH .
Contmuous?



(@:-—-—@wz b et
Contmuous?

V dbe Hn

| A, )| =|<§,667(< Y[l Gl
Sc(W (19 (4l




A(ey)=<0:Gd7 e
Coerdx/@?



Gien g H™(RY) = (H'(R*)"
+ind ve H [IR)

St

@Find ve H‘(lRt) S-t-CL(U,V)-—-(g,vz VveH‘@
0\((]]\/) — f(kzu\’/’_VU‘VV)

RL



Given g€ }—'"'(R (H ([Rz
Ltind ve H [,R)

3.t.
A(H'l((/ =0 U——Qg.

©F|nd ve H (‘R> St@:<g D VveH{ﬂ\)

coercive
Soln. is U=Cf3 Sso
q(Cﬁ:CaS:(Q,Q?



Alb4):=<9,Gdy ek,
Coe,rcive?

v Pe I—l}.' ,

[A(D,b)] = [<4.G87)
= |a(aé,c4)]




Albd):=<9.Gd7 e,
Coe,rcive?

v Pe I—l}.' ,
|A(d,4)]= |<§.q47)
Coescivity = ’OL(C(cl)) 4“4,)1

O-F G(,) c (k) ”qd)“z



Ale4)=<¢
¢, G
Coe,rcn/67 ’ CbLUéHF
Since

v d

(41l =1 (B+kIG A

<(a+k NG

> c
() 1G]



Well- posedness 6f oor T .E. formalation.

Gien gfiK) Fid et 5 £ <U,Go>=-Y, Ga>, Ve H

& Fod deH st AGY) = (T4, _
where V({leHr

AW =<F.Gd7  bdeH,.
Cont >y coeccive So...




Well- posedness 6f oor T .E. formalation.

Given geﬁ{k‘).[:,;.,{ 4)6H~‘ st <4,G4>=-<, Gg>, We H-r:
& Find C’DEH s.t. A@GY) = (449,

—

where V([/eH
_ A($1):=<¢,Gd Cb@/eHr«
hm 3 Qxac‘tlﬂ one So'ncfbe l"‘ OJIO{

|

b1 < <(k) Icgll< & ligll ProoF [-M1



Well- posedness 6f oor T .E. formalation.

Gien gfiK) Fid et 5 £ <U,Go>=-Y, Ga>, Ve H



Well- posedness 6f oor T .E. formalation.

qiven gel"l?m").[:,;.,,{ @eH: st <4,Go>=-<¥, Gg>, W’e H-r,“
OK .. but where (s
H\@,/Umfeqyal 7

bour)da(\U_\



L\M
(Q
‘ —[( 1)3 ||c.|_€aﬂ 2000 flOl!->

;’l"eh\c@r@ X H i
ined IDS ({R> ” H ([R)

<5, > =
= <9,
(IS deH (R) el (RY




TL\M. (QS Me LeanJ 2000) P,lOl,.)
HORY) ={¥'d: p e H;‘“(na)z
whece % H R = H(R?),

dE"FlﬂeA IDS

<> = <b,y 0> deH (R) fe' (RY
where ¥ :H RY>H"®) is trace op.,

Ybec) =(6e.0), oxeR,P eC“(fR)




T hm. (e.q McLean, 2000, 0104 )
HA®R) =[5 deH T (R

where x* H R = H (fR)
defined Ioj P b’* adJOIn‘t of‘b/
5%, 4> = <¢w> be H (R, yel (RY
Where y:H RY>H"®) is trace op.,
XCPG’C)"‘CN(’C ,0) aceIR EC“(IR)




Given 9K ok §€H. 5 <,Gb=~C, Ga>, Ve Hr
HI@®) =[5 de H;/Z(ﬂ%)f



vageﬁ?m‘)%not cpeH: st <4,665=-<Y, Gg>, Ve H}i

@) =% b e H R

_© Find $e H, "(@ st.
< Y,Gr*b> -<x*cv,qg7 , Ge Ha (R




Goen 1K) Fod M. St <,Gb>= <Y, Ga>, Ve H

@) =% b e H R

\__@ Find <P€ H. /z(m st.
UG E> =T, Gar,  Ge Hep (R
< Y0P 7=<F,yCq >, ..




Goen 1K) Fod M. St <,Gb>= <Y, Ga>, Ve H

@) =% b e H R

_& Find ¢ H_ /z(@ st.

< §,Cr*b> -<x*q’,@g7 , e Hn (R
@<‘[’ .‘F7 <¢,yGq>, !
S=¥0y*




Gren ghiR) id <M. st <U,G9= <Y, Ga>, Vpe Hir
& Find e H'ri/‘(@ st. 1
<$,S5§7=<G,yGa> FeHep (R

where Somy Gy H-l/z(rma“'aﬂm



G qeiR) i bt 3t < ,Go>= <4, Ga>, Ve H,
& Find e H'rl/"(@ st. 1
<$,S5§7=<G,yGa> FeHep (R

where Somy Gy H"'IZ(IRB-%H'/%RS

S the (aceustic) Siny lo- laﬂer Pofenfial
oPerafo(’“ on [:o = i(:)c,)o) IC, € ﬂ?l: [R



G g} o peH, 5t <y Gby=-C0, Ga>, Ve Hy

& Find e H'ri"(f@ st. ”

<§ SFr=<FrGa>, TeHep ®
where S = b’qb’*-‘ H“'/Z([m > HR)



Given geﬁ?{k‘)qf,;.,,{ 4)6H: st <¢,Goy=-<¥, Gg>, VL}/e H-r,w
;\:; Find e H"/‘(t@ st.

<G SE1=<FrGa>, e Hp (R
where S .oy Gy¥: HE(R) - HHR)
OK, bdt still. whee are the
TNTIEGRALS |l







Rememker‘
U= G o
< Au+kou= q

= (k- '§)U(€ 9 (<)

< U= ¥ (I:ZZS(@)




Rememker = G@
N u=5;-'( c’%(g))

kl_g /R




Remember U= GQ
< U=)‘:"( 53(%‘))
kl_gl
= 06 =<g,P (- >
£ océ SuPP(QQ

:‘:qkel £a. we H—-H'e <|R?.>
e b60 = L [HWiekhat) e L'(RY




RQM&ML)U‘ = GQ
N U=5;-'( %(g))

= U

= <%35

k=S

b (oc- >

£ ocd supp(d)

or %e H He(ﬂl)

(ae L(RY) fé 3D P Ge- galy



Thos, 1+ dpe [ *(R),
Sc[aéq\ (XG WIED
S@ (>¢.- HBdD(BBOlES\ '
whee T

D ® = -L HIkK), e

o—




