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Method of complex potential is a powerful constructive method of applied complex analysis
where an analytic function plays the fundamental role. A wide class of physical two-
dimensional stationary fields are described by harmonic and biharmonic functions, hence, by
analytic functions. The relation between analytic and harmonic functions in simply and
multiply connected domains are derived. The classic problems of mathematical physics are
stated as boundary value problems. The special attention is devoted to problems of the
theory of composites. The methods of integral and functional equations associated to
Schwarz's alternating method are presented. The constructive homogenization procedure is
explained in terms of the elliptic functions on torus.
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COMPLEX POTENTIAL



COMPLEX POTENTIAL



BANACH SPACES



SINGULAR POINTS: POLES AND LOGARITHMS 

log z := log|z|+ i arg z



COMPLEX LOGARITHM



COMPLEX FLUX

Complex potential

Analytic function Complex velocity

log z



DECOMPOSITION THEOREM



CAUCHY TYPE INTEGRAL
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POISSON INTEGRAL



SCHWARZ OPERATOR 



RIEMANN-HILBERT PROBLEM FOR A MULTIPLY
CONNECTED DOMAIN

The Riemann-Hilbert problem             

generalizes the Dirichlet and Neumann problems



LOCAL CONDUCTIVITY LAWS

Complex flux q for



R-LINEAR PROBLEM FOR A MULTIPLY CONNECTED
DOMAIN

R-linear problem

Contrast parameter

Microstructure of the TiC–FeCr composite 



R-LINEAR PROBLEM IN COMPLEX FLUX

Complex flux in domains

R-linear problem for a circular domain in terms of complex flux



INTEGRAL EQUATIONS ASSOCIATED TO THE GENERALIZED
ALTERNATING METHOD OF SCHWARZ

METHOD SCHWARZ FOR FINITELY CONNECTED DOMAINS
Z FOR FINITELY CONNECTED DOMAINS



INTEGRAL EQUATIONS ASSOCIATED TO THE GENERALIZED
ALTERNATING METHOD OF SCHWARZ



INTEGRAL EQUATIONS ASSOCIATED TO THE 
GENERALIZED ALTERNATING METHOD OF SCHWARZ



FUNCTIONAL EQUATIONS

R-linear problem for a circular domain in terms of complex flux

The problem is reduced to the system of functional equations

Schottky group of inversions and their compositions 

contrast

parameter



FUNCTIONAL EQUATIONS

Schottky group

Poincare series for the Schottky group

Theorem. The Poincare series convrge

uniformly for any multiply connected

Domain D.



Numerical examples

The higher intensity of the flux corresponds to
more lighter areas.

Potential on the circles hold 2.82, -1.12, -0.85 

The flux for holes with 

the external flux (-1,0)



2D TWO-PHASE COMPOSITES, DISKS

Two –dimensional periodic structure

Q is the fundamental domain

R-linear problem in a class

of doubly periodic functions

Concentration

The effective

conductivity tensor

The main formula



EISENSTEIN FUNCTIONS (1847)

Eisenstein summation

Eisenstein–Rayleigh lattice sums

For the square array

(AB = 1)



EISENSTEIN FUNCTIONS (1847)

Eisenstein functions

The high-order Eisenstein functions

are expressed in terms of the

Weierstrass elliptic function

Structural sums, examples



EFFECTIVE CONDUCTIVITY

Decomposition series for the effective conductivity 

(physical constants via contrast parameter, geometry, concentration v):
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