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ABSTRACT

Method of complex potential is a powerful constructive method of applied complex analysis
where an analytic function plays the fundamental role. A wide class of physical two-
dimensional stationary fields are described by harmonic and biharmonic functions, hence, by
analytic functions. The relation between analytic and harmonic functions in simply and
multiply connected domains are derived. The classic problems of mathematical physics are
stated as boundary value problems. The special attention is devoted to problems of the
theory of composites. The methods of integral and functional equations associated to
Schwarz's alternating method are presented. The constructive homogenization procedure is
explained in terms of the elliptic functions on torus.
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COMPLEX POTENTIAL

In many interesting cases, the general problems of continuum mechanics can be
reduced to boundary value problems for 2D Laplace’s equation

3% u N d*u B
axr  axk
in a domain D c E2. The function u(xy, x3) is called harmonic in D . Let z = x; + ix»
denote a complex variable. It 1s well known that any function u(x;, x;) harmonic in

a simply connected domain D can be presented as the real part of the function ¢(z)
analytic in D

0 (2.1.1)

u(xi,x2) =Reg(z), z€D. (2.1.2)

The function ¢(z) 1s called complex potential. This equation relates the important in
application class of partial differential equations and analytic functions. This 1s the

main reason why we pay attention to boundary value problems stated and solved in
terms of Complex Analysis.

f[z_] =2zSin[z] + sU[X , ¥y ]1=Re[f[x+1Y]];

;R |

Plot3D[u[x, y], {x, @, 1}, {v, 0, 1}]
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COMPLEX POTENTIAL

The function ¢(z) 1s determined by u(z) up to an arbitrary purely imaginary additive
constant due to the formula
rd

w(z) = u(z) + iv(z), where v(z) = —ﬁdx - @dy +C, (2.1.16)
dy ix

W

where w 1s an arbitrary point in D and C is a real constant.

ContourPlot[u[x, v], {x, @, 1},
{v, 8, 1}, PlotLegends » Automatic]
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BANACH SPACES

Let L be a finite union of simple closed curves on C. Functions continuous in L form
the Banach space of continuous functions C(L) endowed with the norm

¢ llc:=max | ¢(2) | .
el
Analogous space 1s introduced for functions continuous 1n D U gD with the norm

I lle:= max |¢()]. (2.1.6)

A function ¢ 1s called the Hélder continuous function on L (we write ¢ € ‘H" (L)) with
the power 0 < @ < 1 if there exists such a constant C > 0 that |g(x) — ¢(v)] < Clx — y|*

for all x,v € L. ‘H*(L) 1s a subspace of the continuous functions. It 1s a Banach space
with the norm

lela=ll@llc + sup PR €D 2.17)
x,vel xxy I A=Y |ﬂr



SINGULAR POINTS: POLES AND LOGARITHMS

log z :=log|z|+iargz

Singular points of the complex potentials are supposed to be poles and logarithms. The
complex logarithm log z = log |z| + i arg z is introduced as a branch of the multi-valued func-
tion Logz = log|z] + iarg z + 2mik (k € Z) inverse to the exponential function. The argument
arg z of the complex number z can be fixed, for instance, as 0 < argz < 2r. Then, the func-
tion log z is uniquely defined in C\[0, +co]. It is assumed that the cut [0, +co] has two sides
considered as different lines. The real function log x is defined for positive x as the limit
log x = lim,_,, s -~0 log z. From other side, we have lim._., j, .0 log z = log x + 2mi; hence, the
complex function log z has the jump 2xi across the half-axis (0, +c0). The cut (0, +c0) can be
replaced by another smooth simple curve I" connecting the points z =0 and z = co. Then,
the logarithm is defined in C\I" by equation logz = log|z| + i arg z where the argument has
the jump 2xi when z passes across I'. Frequently, I is taken as (—co, 0), then -z <argz < m.
It is worth noting that the function Relogz =log|z| is always single-valued contrary to
Imlogz = argz. This is the reason why a single-valued harmonic function does not nec-
essarily yield by (2.1.16) a single-valued analytic function in a multiply connected domain.
The function £ log : for real @ determines a source or sink at zero of intensity Q. This
follows from the total normal derivative calculated through the integral

() a
= — log |z ds = ©. (2.2.41)
27 Sy 00
The derivative (log z)’ = : is a single-valued function. This function models the dipole. The
functions 5 for n = 2,3,... model multipoles.

ContourPlot[Re[Log[x+1Vy]], {x, -1, 1}, {v, -1, 1},
PlotLegends —» Automatic, ColorFunction -» "TemperatureMap"]
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ContourPlot[Im[Log[x+14ivVy]], {x, -1, 1}, {v, -1, 1},
PlotLegends -» Automatic, ColorFunction -» "RoseColors"]
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COMPLEX LOGARITHM

Plot3D[Re[Log[x+1y]], {x, -1, 1}, {y, -1, 1}] Plot3D[Im[Log[x +1 VY]], {X, -1, 1}, {y, -1, 1}]
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COMPLEX FLUX
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Complex potential

Analytic function
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DECOMPOSITION THEOREM

Theorem 3 (Decomposition Theorem [32, p. 23]). Let D and D; be domains defined
in the previous theorem. Any function u harmonic in D and continuous in its closure
has the unique decomposition

i

u(x) = Re )" [@(2) + Ajlog(z - z))| + A, (2.1.18)

J=1
where @ is analytic in DU dD; U D; and gj(c0) =0 forall j=1,2,...,n. The con-

stants Aj and A are real and });_; A; = 0.

For L being a closed curve the integral f dip(z) 1s called the period of ¢(z) along L.
L

Calculating periods of the function w(z) := Ef;:l [g::' i(z)+Ajlog (z -z J)] along each
component L,, of (=dD), one can see by virtue of logarithmic function properties that

f dw(z) = 2miAn.
Lo

Therefore the constants 2xA,, which appear in (2.1.17), (2.1.18) are imaginary parts of
the periods of the multi-valued analytic function w(z) along the components of (-dD).




CAUCHY TYPE INTEGRAL

1.4. Cauchy type integral and singular integrals

The classical Cauchy integral formula [14] can be presented in the following way. Let
L be a simple, closed, piece-wise smooth curve on the complex plane C dividing C

onto two simply connected domains D* and D™ 3 co. If function ®(z) is analytic in
D™ and continuous up to the boundary, it can be represented in the form of Cauchy O Q
integral

0[O0, [ @@, zeD. @ -
> t_adr_{ 0. zeD (2.1.19) O O
L @

It ®(z) 1s analytic in D™ and continuous up to the boundary, we have Q

I Q@) _ D(o0), z€ D",
2mi ) -1z —P(z) + O(0), zED.
L

(2.1.20)




CAUCHY TYPE INTEGRAL

Let L be a simple, rectifiable Jordan closed curve (or open arc) on C and ¢ € ‘HY(L),
then

-;f:{r.} —
E:rn; r—;: c€C\L

L

is called Cauchy type integral. It gives two analytic functions @™ (z) and ®7(z) in the
domains D™ and D~ respectively if L is closed curve (or unique function @(z), analytic

in C\ L, if L 1s open arc).
Let again L be a simple, rectifiable Jordan closed curve on C and ¢ € ‘H"(L). Let
B(t, £) denote the disk with the center at  of radius £. The following limit

lim '*'":T:'d = v.p.— f 2T 4 (2.1.21)

e—0 Tl
L\B(1.£)

1s called Cauchy principal value of a singular integral # f %d? or simply singular

integral (with Cauchy kernel).




CAUCHY TYPE INTEGRAL

Let simple, closed, smooth curve L divide C onto two domains D*, D™ 3 co. Then
the boundary functions ®©*(z), ®~(t) of the Cauchy type integral
1 T)dT
d*(z) = 57 ) :
Tl T—7
L

do satisfy the Sochocki—Plemelj formulae’
| | d(T)dT
O*(1) = £=(1) + — :
) Efp[ ) 2i T—1
L

OQ@
DI

OO0

QO

ze D,

tel. (2.1.22)




POISSON INTEGRAL

Any function from h, (IJ) (1 < p < co) can be represented in the form of Poisson inte-
gral,1.e.,1fu € h, (U) (1 < p < o0), there exists a function ¢ € L, (0, 27r) such that

2m

. |
iy = = P.(8 — )(1)dt. 2.1.23
ulre”™) = j 1 +r2 = Ercns{ﬂ - I)I'M M 2 f [ p(1)d [ )
0 0
0<r<1,0€(-mn], where P.(1) = rzl__‘.!f — 1s called Poisson kernel. It should be
noted that Poisson kernel P, 1s in fact the real part of the so called Schwarz kernel :
1 =712 el + re' el + 7
P(@-1= = Re — _ = Re 2.1.24
( ) 14+ r2=2rcos(8-1) EEH—.F‘EJH el —z7 ( )

It 15 not always hold for an arbitrary harmonic function in U, but 1t 1s true for bounded
harmonic functions in U, hence for any one continuous up to the boundary.
Let a harmonic function u be continuous in the closure of the umt disk. Then,

u(e") = reL;I_I}l u(re').

Moreover, 1f ¢(f) 1s an arbitrary continuous function on [—m, ] and é&(—m) = @(m), the
Poisson integral solves the Dirichlet problem (see Section 2.5 of the book [32])

u(e") = ¢(1), |t = 1.




SCHWARZ OPERATOR

The problem of determination of an analytic function in a domain via boundary values
of its real part 1s often called Schwarz problem (see, e.g., [14, 32]). In the case of
simply connected domain 1t 1s simply reduced to the Dirichlet problem for harmonic
functions. An operator that stays in correspondence to a given on dD real-valued func-

tion i and analytic in D function ¢, such that Re gap = u, 1s called Schwarz operator
T: u + . In the case of unit disc U, the Schwarz operator has an explicit form

(T = 5- f u) 12 % (2.1.25)
Il
]

(-2 &
For the upper half-plane, we have

(B

! I
T = L o) e w50
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RIEMANN-HILBERT PROBLEM FOR A MULTIPLY

CONNECTED DOMAIN

The Riemann-Hilbert problem | Re A(t)e(r) = g(1), t € HDI

generalizes the Dirichlet and Neumann problems

Theorem 4 ([32, 34]). The problem
Re o(t) = g(t), t€dD (2.1.27)

is equivalent to the problem
¢ (1) =" (1) — g™ (1) + g(r), te€aD, (2.1.28)

i.e., the problem (2.1.27) is solvable if and only if (2.1.28) is solvable. If (2.1.27) has
a solution @(z), it is a solution of (2.1.28) in D and solution of (2.1.28) in Dy, can be

found from the following simple problem for the simply connected domain Dy with

respect to function 2Im ¢ (z) harmonic in Dy
2Im g () =Ime ()—g(f), t€dDy, (k=12,..., ). (2.1.29)

The problem (2.1.29) has a unigue solution up to an arbitrary additive real constant.




LOCAL CONDUCTIVITY LAWS

Consider locally the 2D steady heat conduction in a domain I/ occupied by a conducting Complex flux q for
material with a constant conductivity o = 0. The temperature distribution u(x,, x;) and the
heat flux q(x,, x2) = (g1(x1, x2), g2(xy, x2)) satisty in U the Fourier law

[l = —{I'?u [E.Eajd':l
and the conservation energy law
q— dq O _
V-q=0 o, + 7, = 0. (2.2.35)

Here, V := [ﬂ%* %). Substitution of (2.2.35) into (2.2.34) yields Laplace's equation in the

domain U

Fu  Fu
= . 2.2,
P + P 0 (2.2.36)

Let a smooth criented curve L c U be fixed. The normal heat flux across a point of L is
given by formula

o
gon=q-n=-0—,

dn

where n denotes the unit normal vector to L.




R-LINEAR PROBLEM FOR A MULTIPLY CONNECTED

DOMAIN

Let the inclusions D; has the conductivity o™ = o (k= 1,2,...,n) and the con-
ductivity of D be normalized to unity as o~ = 1. Such a normalization does not limit
the generality of the problem. The coefficients o then become dimensionless and are

considered as the ratios of the conductivities of the kth inclusion to the conductivity of
matrix. In these designations, (2.2.33) becomes

ul(t) = wlr), ﬁ{ar‘} = ﬂ}%{t}, tel, (k=1,2,...,n). (2.2.37)
dn n
The subscript k pertains to the inclusions.
We now reduce (2.2.37) to an E-linear problem. To this end, introduce the com-
plex potentials ¢(z) and ¢;(z) analytic (meromorphic) in D and Dy, respectively. The
harmonic and analytic functions are related by the equalities

u(z) +iviz) = pl(z), z€D, (2.2.38)

up(z) + ivi(z) = oe(z), zeDy(k=12,...,n), (2.2.39)

o + 1

BOX A.2.5 Cauchy-Riemann equations on a curve

Let functions w(x;,x:) and v(x,,x;) be continuously differentiable in the closure of the

- open simply connected domain V with the Hélder continuous boundary dV and satisfy
_Ii (1) = @ilt) = ppp ) the Cauchy—Riemann equations (2.1.3) in V. Consider the unit tangent s = (=n2, n,) and

R Iln ear p ro b l em ¥ ¥ Pk normal n = (n,,n,) vectors to dV. Continuous differentiability implies that the Cauchy—

Riemann equations (2.1.3) are fulfilled in V u V. Consider the directional derivatives

ﬁ =H|a—u+nza—u E=—i'-i!1i+iri!|ﬂ (2.2.43)

C t t t B .'J"k —_ ]_ dn dxy ﬂrg’ ds x| dlx
ontrast parameter Pk = o+ 1 and 2, 2 Using (2.1.3) we obtain the Cauchy-Riemann equations on aV

du dv  du dv
= e (22.44)




R-LINEAR PROBLEM IN COMPLEX FLUX

Complex flux in domains

W(z) =¢'(2) = ;—H{z) - i H—H(z), z€ D,
X1 0x
_ 4 _ﬂ"_;_r+l ﬂuk __ﬂH_;: B
Wi(z) = g (2) = 5 (a—xl[ﬂ I s [z}), zeD, (k=12,...,n).

R-linear problem for a circular domain in terms of complex flux

U(t) = (D) + pen(O20(r),  te€ Ly (k=1,2,...,n)




INTEGRAL EQUATIONS ASSOCIATED TO THE GENERALIZED

ALTERNATING METHOD OF SCHWARZ

In the present section, we apply Schwarz’s method to the E-linear problem corre-
sponding to the perfect contact between components of the composite with an external
field modeled by a function g(t)

o~ (1) = @(t) — prpr(t) — g(D),  te€ Ly (k=1.2,....n). (2.2.72)

where the contrast parameter p; has the form (2.2.48).
For fixed m introduce the operator

| )t
Apg(z) = — f 8()d , Z€ Gy, (2.2.73)
2ri L -z
In accordance with the Sochocki formulae,
. | 1 e(t)dt
A, = limA,, = - + — , L e L,. 2.2.74
€O = limAns) = 320 + 5= [ E07 ce, (22.74)

Equations (2.2.73)—(2.2.74) determine the operator A,, in the space H(D,,).

Lemma 1. The linear operator A,, is bounded in the space ‘H(D,,) .




INTEGRAL EQUATIONS ASSOCIATED TO THE GENERALIZED

ALTERNATING METHOD OF SCHWARZ

The conjugation condition (2.2.72) can be written in the form

o) — @ (1) = prgr(0) + (1), te Ly (k=1,2,....n). (2.2.75)

The difference between functions analytic in D™ = U7_ Dy and in D appears 1n the left-

hand part of the latter relation. Then, application of the Sochocki formulae (2.1.22)
yield

0(2) = Z - £ Pl }dt+ 2(2). z€Dg (k=1.2.....n). (2.2.76)

m=1

where the function

g(1)
2p(z) = > Zf — dt

m= 1 F=2




INTEGRAL EQUATIONS ASSOCIATED TO THE

GENERALIZED ALTERNATING METHOD OF SCHWARZ

One can consider equations (2.2.76), (2.2.77) as an equation with linear bounded oper-
ator in the space H(D™) consisting of functions analytic in D™ and Holder continuous
in the closure of D™ (see page 10). The complex potential in the matrix surrounding

inclusions 1s not directly presented 1n (2.2.76), (2.2.77) and the problem 1s reduced
“only” to finding inclusions potentials.
Equations (2.2.76), (2.2.77) constitute the generalized method of Schwarz. Write,

for instance, equation (2.2.76) in the form
f m mlt
o)~ 55 [ HOa=y Lo [ Dt o), 2D k= 1.2,..m), Q )
2mi L t—z 2mi =z

m#k
(2.2.78) O
At the zeroth approximation we arrive at the problem for the single inclusion Dy (k =
1,2,....n) O
wr(z) — L f {Fk—“)df = gk(z), z € Dy. (2.2.79)
Zﬂ'f L [—7 '

Let the problem (2.2.79) be solved. Further, its solution is substituted into the RHS
of (2.2.78). Then, we arrive at the first-order problem and so forth. Therefore, the

generalized method of Schwarz can be considered as the method of implicit iterations
applied to integral equations (2.2.76), (2.2.77).




FUNCTIONAL EQUATIONS

R-linear problem for a circular domain in terms of complex flux

re o, — 1| contrast

I = g

2
) "’ﬁk[ﬂi II_ﬂH:rﬁ:*k:l:E:---:H' Pk:ﬂ’k‘l‘l

Y(t) = Y1) + pi (
parameter

The problem is reduced to the system of functional equations

2
'm:'[E]' - me (E :mﬂm) ",lf"m (E;m}) + 1. IE—EI;;I = F., k= 1, l...,ﬂ. O D

m#k
Schottky group of inversions and their compositions Q
,',_E
EF“*} - T= ar - ag, zl?hkz-..ikm} -= {Efkg...,km_l}mﬂ (k1 # Kj)]




FUNCTIONAL EQUATIONS

Schottky group

*
Lkrka....km )

Poincare series for the Schottky group

" d & d .
(z) =1+ EZEE&} + EEZ Z T (ke k)
k=1

k=1 k1#k

. d
+0° ) D D Tl T

k=1 kq#k kaztk,

Theorem. The Poincare series convrge
uniformly for any multiply connected

Domain D.
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2D TWO-PHASE COMPOSITES, DISKS

Two —dimensional periodic structure R-linear problem in a class

Q is the fundamental domain of doubly periodic functions

- WP, 06 ’é i 6\/‘6'@ w(r) = wk(r}wk( - )I G, lt—al =y
y / O O/r ( I — dy

20 /0 00 10 08 /0 o

Q_@@%@_’;@@’Q @_@@'(3 Concentration f =Nnr

/

) ‘. O/ _'1 / O Q/ The effective ao=| T T2
WA A L\ <A & )\ “ o on

/ / conductivity tensor
QP v g @
gl Y. g

,"'b ,"’O ;"b ( The main formula
20 /0 @0 _/© @0 /O @ -
----- 6060 -0 ——— o —iop=1+2pf N Z Wilag)

k=1




FISENSTEIN FUNCTIONS (1847)

My M,
&
Eisenstein summation E = lim lim E
My=s 400 Mj=—++00
Pq g==M; p==M,

Eisenstein—Rayleigh lattice sums |Sm = Z (myw) + mawn)™, m=23,...

i Bl

For the square array |§ 4

]

(AB = 1)




FISENSTEIN FUNCTIONS (1847)

Eisenstein functions

The high-order Eisenstein functions

are expressed in terms of the

Weierstrass elliptic function

Structural sums, examples

l

E -
”:E] Z I+ mywy + Myl

m e

E,(2) = =mE,..(2)

Es(z) = 9(z) + 54,

En(z) =

(=1)" d"p(2)

(m—1) dzm2 ~




EFFECTIVE CONDUCTIVITY

Decomposition series for the effective conductivity

(physical constants via contrast parameter, geometry, concentration v):

oy —iop =14 20f(1+ A f+ Asf™ + 1),

where
p P L 0 ;
A = €2, Ar = ﬂ—lfﬂ, Az = 3 [—2,0 ez +p 3212] .
1
Ay = = [313'2-‘344 — 2p°(e33; + €233) +P4E1:zz] :
1
As = 3 [—413'2-‘5'55 + p°(3egsr + 6essy + 3erqy)—
—Eﬂqiﬁﬂzz + 2332 + €2233) + Pifzzzzz] .
Ag = s [5.02-‘3&5 — 4p° (€255 + 3354 + 3eus3 + e552)+

+p (32044 + Berag3 + de3333 + 3€2440 + G343y + 3€4420) —

5 6
—2p7(e22233 + €1332 + €23300 + €3301) + P E’zzzzzz] .
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