


References - nonlinear Liouville's theorems



4. Nonlinear Liouville type theorems .

Consider semilinear equation
G) - All = UP in SERIE N =3

, PE1R
0EU EH'eoe (d) is a nonnegative weak supersolution if

9. ounce ⇒ UPQ
,
telecasts ) , 970 .

@ @

If u > 0 is a supersolution ⇒ - BU70 in@

⇒ us 0 a.e. in 52 .



Settin's exponentTheorem ( Serrin two') -
G) has a positive supersolution p> IT
Difficult part is nonexistence . We consider
separately④ and p① .

If p= I 4) is linear : - All = U in @

Then EL9) = Shout -51912<0 for some tee
⇒ 4) has no positive superset by AAP



Case p > I . Assume Ill > 0
,
- DU7 UP in@

Then - DU70 in@ ⇒ a > elxfl" in BIG
( 1×1

- "⇒
is a small solution to - b ! )

⇒ - DU - V.4) U70 inD- linearisation
¥ of 4)

By 4) , V.4) = up-1=4×1
- in -Dlp -D

⇒ - DU - e. 1×1
- '⇒↳⇒

u = 0 in@

If kpa Ez ⇒ - IN-2¥) > -2
- 21-5



⇒ - DU - e. 1×1
-tell 70 in BF , ES0 4XD

Lemma I. (**) has no positive supersolutions

4 Consider E (4) = Sleep - a'f¥Iz
D. on

Take 4=0
, UECICA'D #¥

,set an = left) . Then
@⇒I EL4R)=R"254412 - e. R 't"E5¥Ee

→ - as as R -0 as

⇒ (**) has no positivesupersede .

by AAP ③



12Pa IT ⇒ - DU7 UP has nopos.supersoein@Considereritieaeeasep-Nqfln.bt-D= -a)
Then - All - It K 70 in S2 (**)
for some EI 70 .

If e, > EH = (M¥5 ⇒ (**) has hopes . supers .

by AAP .
Assume ei is small !



Then - All - ITE U 70 in Big 0<CKCH
.

⇒ u = ezlxl
d-
- small solution of -D- IT

2- is the smallest root of -214N -2) =a
note that - In -2) a die - NI ! Then
-All - Vz G) U
¥

70 inD ,

Vz 4) = up
. '
z es 1×1 = eslxl

-"e

By Lemma I - no pas superso@ !



Case pal . - DU - UP" U 70

¥0 ⇒ upper boundonU
is needed!

But upper bound on superharmonies - DU70

From large solution is not pointwise!
- All > 0 in BF ⇒ him in-9 U E too !

1×1-0 as



Lemma 2
.
-All > UP in BF

, pal

⇒ a>CHIP

⑧ See [ 3) Lemma 6.13 - uses AAP t
weak Harnack B

But by Phragmen -Lindelof ,
- DU70 in BF ⇒ line in-9 waxes,

Klaas

- incompatible with u > elxF%
, pal !



We proved nonexistence tpeI= :

p= 's lap < £-2 , p= IT , pal .
-

Lemma
.

Assume p >¥ .
Then

elxl
- IT

is a solution of - DU - up in 112943
,

5-or some explicit e - clap) .

Existence proved .
- IN -2) s - ET B

Remark : I see .
U > 0
,
un-lxl.cn aslxtsoo



Exercises - DU1-9IU = UP in BF , e> 0

has a positive supersolution ⇐ , -£
Pelt ' II? , p

where 2- < It are roots of -212-1N-2) +e- 0

⇒tI
Hint : pzl - the same

pal - the same ④ Lemma 2 remains
valid .



- DV + ¥µ V = 0 in BF

¥I÷i ÷H⇒
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