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Domain shape :

Solutions of PDE and their structure depend on the geometric properties of domains.

Spectrum :

Notion to discriminate properties of waves.
Spectral problems of PDEs often play important roles.

Physical Background:

Sound waves (music instrument). Resonances through space with obstacles or boundaries.
Heat propagation through complicated shaped space or composite material
Oscillation of buildings (tall building, lattice or box structure)

Pattern formation in Reaction-Diffusion phenomena (or biological phenomena)



Part I : Eigenvalues of the Laplacian in a singularly perturbed domain

Eigenvalue problem
() : a bounded domain in R"” (n 2 2) with a smooth boundary 952

(1) AP+ AP =0 in Q &=0 on 02 (Dirichlet B.C.)

We consider the equation (1). For each case, (A, ®) is an unknown pair of a number and
a function. If there is A with a non-trivial ®, A is called an eigenvalue. It is known that
there is an infinite discrete sequence of positive eigenvalues {\;}7°, which are arranged in
increasing order with counting multiplicities. Denote a corresponding complete system of the
orthonormal eigenfunctions by {®;}7°, C L*(€)).

(cf. Books of Courant-Hilbert, L.C.Evans, Edmunds-Evans)



Basic Problem—Singular deformation of domains

For a bounded domain 2 C R", we deal with a perturbed domain §2(¢) (¢ > 0) of the
following two types.

(A) Q(€) has a small hole or a thin defect (tunnel)
(with some B.C. for emerging boundary).
()(€) increases as € — 0.

(B) Some portion of {2(€) shrinks to a low dimensional set.
()(€) decreases as € — 0.

How does each eigenvalue Ag(¢€) of the Laplacian behaves when € — 0 7

See (A) : Swanson ('63'77), Rauch-Taylor('75), Ozawa ('81, '83),..., (B) : Beale ('75), Chavel-
Feldman('81), Ram ('85), ... for early works. See Jimbo (’15) and Jimbo-Kosugi ('09) for the
details of I-(A) and I-(B) of the lecture.



Two typicad Cases (2 dimemsiom)

D.6)= O\ Bla,) 0.(¢)= b, U b, UQ(E)

Domaim with asaﬁa” hole " Domain with a thim
hamdle




(A) Domain with a small hole
Let a € () be a point and
Qe) =Q\ B(a,e), I'(e)=0B(a,¢), I'=09.
Dirichlet B.C. on I'(¢)

(2—D) AD+ AP =0 in Qe), d=0onT(e)UT
Neumann B.C. on ['(¢)
(2—N) AP+ AP =0 in Qe), d=0onTl, 0P/0v=0on e

The k—th eigenvalue of (2-D) and (2-N) are denoted by A\ (e) and Ay (¢), respectively.
Theorem (n =2 or n = 3). Assume Ay is simple in (1)
47dp(a)?e + HO.T. =
AP(e) = s+ m®r(a)’e+ H.O : (n = 3)
(27/log(1/€))Pr(@)” + HO.T. (n=2)
Theorem (n =2 or n = 3). Assume )\ is simple in (1)
N 77(—2|V<I>k(a)|2 + (4)\k/3)<1>k(a)2)63 + H.O.T. (n = 3)
)\k <€) — )\k + 9 2N\ 9
s (—2|V<I>k(a)\ + )\kCDk(a) )6 + H.O.T. (n = 2)
cf. S.Ozawa (’81,'83) for the above results.



Remark. Swanson ('63) gave "some perturbation formula” for )\D,E, previously.
These results are proved by the method of 7 Approximate Green function”. There are also
results for Robin condition on I'(¢) (cf. Ozawa (’83,’92), Roppongi (’93), Ozawa-Roppongi

('92)).
There are many related works in different situations (generalization or elaboration). See

Maz'ya-Nazarov-Plamenevsky(’85, '00), Flucher('95), Ammari-Kang-Lim-Zribi ('10), Lanza
de Christoforis ('12), ...



Proof of Perturbation formula of the eigenvalue n = 2, Neumann B.C.

A bounded domain 2 C R?, a fixed point a € €. The eigenvalue problem

AP+ AP =0 in QE), &=0 on 0N
(3) {8@/8V =0 on [I'(¢)=0B(a,¢)

{Ar(e)}322, : the set of eigenvalues.

{ @k} : system of corresponding eigenfunctions with (P, @y.c) 20 ) = (P, q)-

(4) AP+ AP =0 in Q &=0 on N
{Ak}32,  the set of eigenvalues
{Pr}72, : system of corresponding eigenfunctions with (&, ®¢) 2q) = d(p, q)-

We want to closely look at \i(€) — Ag. There are two parts in the process of proof.

(i) Characterization of the behavior of the true eigenfunction @ .

(ii) Construction a good approximate eigenfunction &)kﬁ



(i) Characterization of ®y,
Proposition. For any sequence of positive numbers {€(p)}72; with lim, . €(p) = 0, there

exist a subsequence {e(p(q))};2; and a sequence {\,}72; with an complete orthonormal

system {®}}2°, C L*(Q2) such that
AP, + NP, =01in Q, &, =0 on 09,
and
fim Aelp(@) = Mo lm s (B (@) — Pla) =0 (k€ N).

oo 1720 2€Q(e(p(q)))

We omit the details of the proof.
Estimation of solutions of elliptic equations away from the small hole.
By the aid of "Barrier functions”, we prove a uniform bound in §2(e).

Proof of uniform convergence of &y . of {2(e).

Proposition. A\; = A, (k 2 1) and lim.o Ax(€) = Ap.



(ii) Construction of approximate eigen function EIVD;@G. Modity the eigenfunction ®;. of {2 around

the hole B(a,¢€). Prepare the function
(Vor(a),z — a)

ne(x) = (harmonic in - R*\ {a}).

[z — al?
It is easy to calculate
Vi) = qugl + (Voy(a), = - a) ﬁ = Zf |;:2g|3
qugl _ 2(Vd(a). 7 — a) 8__5‘1
M) = 2T PADL =) 29 a), )




Put a function &)kﬁ as follows

By (x) = Op(x) + eenp(z)  (x € Bla,ry) \ Bla,e))
' Op(z) + €i(z)  (z € Q\ Bla,r))
where 7. is the unique solution 7 of
An=0in Q\ B(a,r), n(x) = 0 on 052, n(x) = ni(x) on dB(a,ry).
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Other choice of approximate eigenfunction

EIV)I@ (ZE’) _ q)k(x) + 77/‘&,6(37) (33 = B(CL, TO) \ B<a'7 6))
- Py () (x € 2\ B(a,r))
where n = n;.. € C*(B(a,ro) \ B(a,¢)) is the unique solution of
o
An=0in B(a,ry) \ B(a,¢), n=0on dB(a,ry), on _ 9% on 0B(a,ce).
(%1 (91/1

Here vy is the inward unit normal vector on 0B(a, €).



The equation is written as

/ (VOhc, Vo) — M(€)Prcp)dz =0 (Vo € H'(Q(e)) with ¢ = 0 on 99Q)
£2(e)

Substitute ¢ = &)kﬁ, we have
[ (90 V) — 0By e =
Q(e)

Swanson trick : One method to deduce the perturbation of the eigenvalue.

Looking into this integral equality leads us to see the details of Ai(€) — Ag.



/ (VOy.o, V(D + €mp))da + / (VOy., V(D + €11V da
B(a,rg)\B(a,e) O\ B(a,rp)

—>\k<€> (/ CD/{,E (CI)k + 6277k)d513 + / (I)k,e <(Dk -+ EQﬁk>dI) — 0
B(a,rg)\B(a,e) O\ B(a,rg)

Gauss-Green formula gives

9,
/ (I)k p (Cbk + € nk dS / q)kjeﬁq)kdx
d(Baro)\Blae) OV (a.r0)\ B(ac)
0 9~
+/ (I)]{;,E—(q)k + € T]k;)dS — (Dk,EAq)kdiE
@\B(as) OV 0\ B(a.r)

_>\k<€> (/ CI)/{,G (@k + 6277k>d£13 + / q)k:,e (CI)k -+ 6277\k>d56> — 0
B(a,rg)\B(a,e) O\ B(a,rg)



Using Ad®; = — A\ D). we get

0 0
O\k<€> — Akz)/ (I)kﬁ@kdx = / (I)k . (CI)k + € nk)dS + / q)k,e—<€2?7]€>d5
Q(e) OB(ac) OV 2%

0B(a,rg)

0 N
—|—/ (I)kea (E nk)dS )\k< ) (/ Dy e (6277k>d£€ —|—/ D e (6277k>d£€)
aB(a’ TO V3 B((L,TO)\B(CL,E) Q\B(a,’l“o)
= I1(€e) + Izr(e) + I5(€) + I4(e)

11 is the unit outward normal vector of 0B(a, €) at |z — a| = ¢
o 18 the unit outward normal vector of 0B(a, 1) at |vr — a| = 1
v3 is the unit outward normal vector of (2 \ B(a,ry)) at |z — a| = rg

Similarly, we get

0 0
(Ag(é) — )\k)/ (Dg’eq)kdaj' = / q)ge (CI)k + € nk)ds -I—/ (I)g’e—(€277k)ds
0 9B(a, vy oBlary)  OV2

9 R
4 / B (S — M) ( / Dy () + / Dy (6217k)da:)
0B(a,rq) V3 B(a,rg)\B(a,e) Q\ B(a,rp)
for any k,¢ = 1.



Estimate the right hand side, we can prove

(Adl€) = Ae)(Pee, Pr) 200 = O(€7)
(with the aid of calucation )and accordingly , we can also see

lim Ag(€) = g

e—0

for any k = 1.



Evalueate and estimate the terms I1(€), Is(€), I3(€), I4(€) of the right hand side.
On 0B(a,¢€) (i.e. |v — a| =€), we have

0
T (0 + ) = (VDy(x) — VO(a), 1) = Ofe)
vy

and we get

1 | 0 1

—[1( ) 2 / q)kea (q)k + € 77k>dS = —2 <I>k7€(V<I>k(a:) — V@k(a), V1>ds

0B(ae) V1 0B(ae)

1 1
= 5 <I>k<V<I>k(x) — V@k(a), V1>dS + —2 / ((I)k:,e — (D;{:) (V@k(x) — V@k(a), V1>ds

€ JoB(a.e) 8B( €)

~

= T11(€) + Tia(e) = I 1(e) + o(1)



For € = €(p(q)), we have

Lie) = =M€’ / O npdr — A€ / | Meda + o(€%)
B(a,rg)\B(a,e) O\B(a,rq)

= 62/ AP, mdx — )\k€2/ O} ed + o(€%)
B(a,rg)\B(a,e) .y Q\B(a,r% /
o ¢
= 62/ EnidS + 62/ K edS
dB( OB(

a.e) (9u1 a,ro) (9V2

0 0
—¢* ;ﬁﬁds — ¢ ;gﬂdS — A€’ & mpdx 4 of€?)
0 0
0B(a,e) V1 0B(a,ry) V2 O\ B(a,rp)

Comparing the terms of the right hand side with Iy(€), I3(€), we get

1 O, 0 -
S (Io(e)+ Is(€) + Ly(e)) = / oS — S +o(1) = Ly(€)+ Toa(e)+o(1)
¢ dB(a.) OV1 dB(a.e) 3



Lemma.
I11(€) = Mm@l (@)Pi(a) + o(1) (e = e(p(q)) = 0),

I(€) = —m(V®j(a), Voi(a)) +o(1) (e = e(p(g)) — 0),

Is(€) = —m(Vdj(a), Vi(a)) +o(1) (e = e(p(q)) = 0).
(Sketch of the roof) Evaluate each quantity by Taylor expansiion.

~ 1
1171 = 5 (I);C<V(I)]€(ZC> — V@k(a), V1>dS
€ JoB(ae)
1
— -~ (I)/k<a’> <V(I)k<37) — V@k(a), Z/1>dS
€ JoB(a,e)
1
e

/aB(a )@;{(x) — 01(a))(VOi(z) — VO4(a),11)dS



(z —a)

| 2
— /aB(ae ; Ty — ar) Vq)k)( )+O(€),(—1)|x_a‘>d5+0<1)

2

! CD' g "0 ) )dS + o(1)

= —W?%(a)Ai{/)k(a) +0(1) = P (a)Pr(a) + o(1)
The remaining two terms I 1(€), I 2(€) are evaluated similarly with the aid of Taylor expan-

S1011. []



Eventually we have

o Alelpla)) = M

oo €(p(q))?
= 1(=2(V®}(a), VOi(a)) + M7 (a)Dy(a))

Since Ay is simple, we accordingly have @) = & or &), = —®; and the {e(p)};2, is arbitrary

(Phe(o(a): Pr) 22 e(p(e)))

and conclude

L Ae(€) — A _

e—0 62

T(=2|VO(a)]? + N ®i(a)?)




Domain with a thin tubular hole
Let M be a m—dimensional smooth compact orientable manifold such that M C €2 and
0<m<n-—2and put
B(M,e) ={x € R" | dist(z, M) < €}, =00, TI'(M,e)=0B(M,e).
Note |B(M,¢€)| = O(e"™™).

Let Q(e) = Q\ B(M, ¢€) and A\{(¢) be the k—th eigenvalue of the Laplacian in Q(¢) with the
Dirichlet B.C. on 0Q(M, €).

Due to G.Besson (’85), I.Chavel-D.Feldman (’88), C.Courtois (’95), the following
results have been established.
Theorem. Assume )\ is simple in (1)
AP(6) — A = {((n —m —2)|S" [ Dp(€)%ds) €™ 2+ HO.T. forn—m =3
(27 [,, Pi(€)*ds) /log(L/e) + HO.T. forn—m =2

Here S~ is the unit sphere in R"™™ and "H.O.T.” implies "a higher order term”.
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The case of Neumann B.C., Robin B.C. on I'(M,¢)

Perturbed eigenvalue problems

AP+ A0 =0 in Qfe), ¢=0 on T,

D o
(5) g— +0ed=0 on I'(M,e). (<= Robin B.C.)
%
AD+ XD =0 in Q), =0 on T,
§
(6) g_q) =0 on I'(M,e). (<= Neumann B.C.)
%

Here v is the unit outward normal vector on 9€)(¢) and ¢ > 0,7 € R are parameters.



Eigenvalues and Eigenfunctions in ()(e)

Definition. We denote the eigenvalues of (3) by {A\(¢)}2, and the corresponding complete
orthonormal system by {®&f }2° € L*(Q(e)), respectively.

(@keaq)ee)m( o) = 0k, £) (k0 =1).

Definition. We denote the eigenvalues of (4) by { A} (€)}3°, and the corresponding complete
orthonormal system {®p }7°, C L*(Q(e)), respectively.

((Dk €9 q)f e)LQ( (€)) — 6<k g) <k7€ 2 1)



Proposition. For k € N, A\ (€) < Ai(e) < AP(e) £ M\ +o(1) for e — 0.
(Sketch of the proof) This is proved by a (rough) test functions

B, () = {(I)k(x) for x€Q\ B(M,r)

q)k(x)ll()ogg((://fo)) for x € B(M,rg)\ B(M,e),r = dist(x, M)

with the max-min principle through the Rayleigh quotient
Re(®) = IVl 7200y/ NP Z200)

AP (€) = ) s}g_lmf{ne@) | & € Hy(Qe)), ® L Ein L*(Q(e))}

Here E is a subspace of L*(Q(¢)).



- ~ O(1/]log €|?
|Pre = Crll 210y = O/ [log e*), IV(Pre = Pi)ll 22y = { e

O(1/[loge|)
1
Opc, Oy k')
(Pre, Prr ) 12 |1Og€|)
N N for ¢ = 2
v E,VCI) . 6 \loge|1/2
(Vy, K. 12(0(e) = { “Ogd for ¢ > 3

~

Put F' = L.H.[CTDLE, Py ey, Pr ] and see dim(F) =
Take any subspace £ C L*((¢€)) with dim(FE) E k — 1 then there exists
ko k
V=> b, €F, VL1Ein L(Qe)), 2 =1.
(=1 (=1
Then we have

IV (30, exde)l|?
inf Re(P) S R (V) = = e

(I)EH&(Q(E)),CI)J_Ein L2(Q(e)) - H Zlg:l CkEIv)K,eH%Q(Q(E))

if ¢g=3
if ¢g=2



B Zl§€,€’§k(vgﬁf,€> Véél,e)ﬂ(@(e))@cﬂ B S A1+ o(1))e? + > i<ecv<y 0(1)cecy

=~ = - k
Zl§£,€’§k(q)€,€7 q)f’,E)L?(Q(e))Cfo’ D= (1+ 0<1))C? + de#/gk o(1)epey
< AL+ 0(1)
— 1 —k?0(1)
Note that the right hand side is independent of choice of E. Taking sup for all choices of
E C L*(Q(¢)),dimE < k — 1 with the max min principle

A (€) S Mg+ o(1)
Since A, £ AP(€), lime_g A7 (€) = Ay, follows.

< A\ +o(1)



Proposition (Convergence). For k € N, we have
imAf(e) =N, (E€N), limA\) ()= (keN).

e—0 e—0

Proposition (Uniform bound). For each k € N there exist ¢y > 0 and ¢(k) > 0 such
that
|<I>,§€(:I:)\ < ¢(k), |<I>fcve(:1:)| S ck) (xe€Qe),0<e= g).



Notation
V : the gradient in R"
Vs @ the tangential gradient on M
Vv : the normal gradient at a point of the manifold M

Vo=Vy¢+Vyo on M

Notation

Denote the mean curvature vector field on M by H. H is a normal vector field on M.
As an operator, for a function ¢ defined in a neighborhood of M, H acts on ¢ as a differential
in H direction as follows

H8)(&) = lim((¢ + LH() — 6(€))/t at each € € M.



Theorem. Assume that n —m = ¢ 2 3 and Ay is simple in (1).
(0) We have

M) =\ Sa—1
lim —* (€ = _ u/ {_L|VNCDk|2 — |V ar®s]* + A\ @5 — (DkH[(I)k]} ds(§).
=0 €l ¢ Jul qg—1

(i) Assume 7 > 1, then we have

M e) =\ Sl
lim 1 16) = A = | | / {_L|VNCD14‘2_ |VM<I>k|2+>\k<I>%—CIDkH[CI)k]}dS(f)-
M

e—0 ed q q—1
(ii) Assume 7 = 1, then we have

M) =\ Sl
lim () = A _ | | / {_L|VN(DI<:|2 — V@il + (A + o) Pj — CIDkH[CPk]} ds(§).
=0 el q Jul g—1




(iii) Assume —1 < 7 < 1, then we have

Ai(€) =

. )\k . g—1 2
i 2= — o5 [ auepaste)
(iv) Assume 7 = —1, then we have
. >\]€R<€> — >\k . O'(Q o 2> qg—1 2
lim === — = PR ~IS I/M%(ﬁ) ds(§).

(v) Assume 7 < —1, then we have

RE .
iy I = (g~ )5 [ auleas(e)
€E— € M

Here |S7!| = 27%/?/T'(¢q/2), which is is the measure of S7 ! and T'(s) = [ ¢* e~ dt is the
Gamma function.




Theorem. Assume that n —m = ¢ = 2 and )\ is simple in (1).

(0) We have
: A]kv@ — A 2 2 2
11_1;1”(1) 2 = 7T/ (—Q‘VNCI)H — ‘VM(I)H + )\kq)k — (I)kH[q)k]) dS(f)
€ M

(i) Assume 7 > 1, then we have
M) — A

e—0 62

— 77/ (2| VNPr|* = [V Pl + A\ ®@f — PpH[Dy]) ds(€).
M

(ii) Assume 7 = 1, then we have

> :7T/ (—Q‘VN(I)M — |V Py —|—<)\k+20>q}k—q}kH[q}k]> ds(&).
M

lim
e—0 €



(iii) Assume —1 < 7 < 1, then we have
Mie) — A
lim =& (©) i

e—0 el+7

= 270 /M ®;.(€)ds(€).

(iv) Assume 7 < —1, then we have

lim(Af(e€) — \p) log(1/€) = 27T/M<I>k(€)2ds(§).

e—0

The above theorems are in S.Jimbo, Eigenvalues of the Laplacian in a domain with a thin
tubular hole, J. Elliptic, Parabolic, Equations 1 (2015).

Remark. It should be noted that in the case 7 < —1 in Theorem 3 and Theorem 4, the
formula takes the same form as A (¢) (the case of the Dirichlet B.C. on I'(M, ¢€)). In this case
the Robin B.C. is close to the Dirichlet B.C. On the other hand, the formulas for A{¥(e) for
7 > 1 (in (i) takes the same form as Ay (¢) (in (0)).

Remark. S. Ozawa dealt with n = 3, dimM = 1 and proved (iii) in Theorem 4 with other
method in his preprint: S. Ozawa, Spectra of the Laplacian and singular variation of domain
- removing an e— neighborhood of a curve, unpublished note (1998).



Sketch of the proof

[I] Characterization of the eigenfunction @' (x), @' ()

Estimates for uniform bound and convergence

[IT] Construction of the approximate eigenfunction &)ﬁe(az)? EI/DJ,{;V ()

Explicit expression of the approximation



[Coordinate system in B(M, rg)]

M : a compact m—dimensional smooth manifold (M has a finite covering)

R"=TM & N:M (£ € M)  (orthogonal decomposition)
Here dim(T¢ M) = m, dim(N:M) = q.
Let (e1(€),e2(€), - ,e4(€)) be an orthonormal frame in NeM (smooth in £) in a chart of
the covering. dry > 0 such that

B(M,ry) 22 =&+ Zm eo(§).

(=1
Denote the second term by 7 - e(£).



[ x=3+9e3+h8%(03)
~_ ‘ W
"~ @G)




Mean curvature operator (vector) on M|
The second fundamental form he(X,Y) of M is defined by the following formula
VyX =V X +he(X,Y) € TeM @& NeM  (orthogonal decomposition)
for any C! vector fields X, Y which are defined in a neighborhood of M and tangent to M.
The mean curvature vector H of M is defined by

He =) he(E;, E;)
i=1
for each & € M. Here {Ey, Es,--- , Ey,} is an orthonormal frame of T: M (cf. Kobayashi-
Nomizu (’63)).



Lemma. [n this coordinate system (£,7) = (&1, ,&my M, - -+, 1), the mean curvature
operator of M is expressed as follows.

Z 150 <a\/g<€777>> i:_y‘ S‘ g goag@jg )_
V9 M

oy oy i 1< i oy o

It is also expressed as a normal Veetor field

1 V(&
ZJT ( n m)ﬁfﬂ@'

Proposition. For a C? function u which is deﬁned in B(M,rg), we have

(Au)py = Anr(upag) — +Z ( 877)770 on M.




[I] Uniform bound for the eigenfunction @}’ , &',

Lemma (Barrier function). There exsits a function ¢.(x) (defined from K;) satisfies the
following properties. For any mo > 0, there exist €; > 0, r1 € (0, 7] and €; > 0 such that

A + motpe S0 in B(M,ry)\ B(M,e),
Oe

5 >0 on I'(M,e), 1Z¢(x)<3 in B(M,r)\ B(M,e),
%
for any € € (0, €1).

Estimates for <I>f€7 cpkaE

For any 71 > 0, there exists ¢ > 0 such that [®F (z)| < cin Q\ B(M,r1) and 0 < € < 71/2
(Elliptic estimates).
By the comparison argument, we have

—c(x) S @ﬁe(az) < cp(x) in B(M,r))\ B(M,e).
for e > 0.

Same argument applies to CDQI .



1] Approximate eigenfunction 213576

We first construct an approximate eigenfunction E)kﬁ, by modifying ®; around M according
to the Robin B.C. on I'(M, €). We consider ¢(n) = ¢(m, - -+, n,) satisfying

fAnqb =0 for e<|n<ry, ¢=0 for |n|=rmr,
< a¢ T _ i . T .
(i ro0) = (e ne@ vormiesneie))

for each £ € M. Here A, = 9°/0ni + - - 4+ 0%/0n;. Basic harmonic functions in 7 space
solutions are given by

rlopy(w), 20 (w) (020,1 < p=<u(f) harmonic functions in - R?\ {0}.
where {¢¢,(w) }r=01<p<,(r) are eigenfunctions of the Laplace-Beltrami operator in S97'. The
eigenvalues ~y(¢) and its multiplicity ¢(¢) are given as follows

0= r9-. )~ BB







The solution of the Laplace equation
¢(n) = 2{: <@Lprg*‘b&pr_ﬁ_q+2ypﬂpcu> (e <71 <rpw € 5@_1»
(20,1<p<u(0)

The coefficients ay,, by, can be calculated by the infinite series of relations determined by the
boundary condition. From the boundary condition on |n| = ry, we have

Z (aﬁ,pr(lg + bﬁ,pr()_g_q+2>90€,p(w> =0 (wes™™
(20,1<p=()
which gives
arpr+ by =0 for £20,1<p<
epTo + bepry =0 for £20,1<p=u(d).
@ 1s written by

o(n) = Z by (r~ 742 — r()_Qf_quQrg)goK,p(w) (e <7 <7mgw € ST,
(20,1<p=c(0)



We calculate the Robin condition on |n| = €. Noting

0
= Z|77|a772 on I(M,e)={z=E+n-el)| € M,nf=e}

we have the equations for the coefficients ay p, by, as follows.

— Z be ((—€ — g+ 2)r Tt éro_%_qwrg_l) i p(W)

(20,1<p=(0)

i 90— g+2
+ E be o€ (7“ f=qt+2 _ ro - ¢ T£>T 0o p(w)
—€

(20,1<p=u(0)

= DV + () - el©), sl + o€+ () -(E)

for w € S771. Multiply both sides by ¢, ¢ and integrate on S9! and we get
bgyp {(f +q — 2) —{—q+1 4 € —20— q+2 (-1 n O'( —l—q+2+1 T’()_QE_Q+2€€+T>}

- / {— D TR + () - (), ()} + 7€ (€ + (ew) e(f))} ()



We used w; = n;/|n|.



From these equations we get ay , by, as follows

—20—q+-2
Aep = —T bep
1

—20—q+2 —20—q+2
(04 q — 2)e =+l 4 fr 27T 2el=1 4 g(e=lmat2r _ gy 2002l

" /S { D {VOE + () - e(€)), exl€)n} + o€ D€ + (ew) e<§>>} p1p(w)du

We remark that these (e—dependent) coefficients ay ,, by, are smoothly dependent on & € M
since @y, is smooth. So we denote this function ¢(z) in B(M, 1) \ B(M, €) by G (x). That

Gre(@) = D by =2 g (w) (2= €+ (rw) - e(€)).

(20,1<p=u(¢)

bﬁ,p —

Definition. The approximate eigenfunction is defined by
~ () for =€ Q\ B(M,ry)
(I)k’€<ilj‘) —
p(x) — Gie(x) for x=&+n-el) € B(M,r)\ B(M,e)



X =3+ -l.ev;) € B(M.To)~ Bem, e)




Lemma. (i) { =0

I (eil€), VARR(€)ei(€)) + Ole)} (T >1)
{( 1/q) 3211 (ei(§), V20(§)ei(§)) + oPr(§) + Oe)} (7 =1)
by =[S 63 5 (Dx(&) + Oe)) (—l<r<1)
;G;fa@k( £)+0(e)) (r=-1)
“(0r(€) + O(e)) (T < —1)
(i) £ = 1
ga1[1/2 r—l/(q—1> (1> -1)
b = (VOLE), ep(§))e'(1 +O(€)) x § (0 = 1) /(g =1+0) (T=-1)
|1 (T < —1)
Lemma. For any N € N; there exists dy > 0 (independent of & € M) such that
dn et (120)
b p| = SOF ettt (1< r<0), 1Z<pZul),l=2).

elta—1 (7 < —1)

\ —



Proof for the theorems

. o 11 B .
For any sequence of positive values {ep}p:1 with lim,_,~ €, = 0, there exists a subsequence

{Cp}p2s and orthonormal systems of eigenfunctions { @} 172, and {®}}72, of (1) corresponding
to {\p}72, respectively such that

(P, Pp) 120 = 0k, £), (P, D)) 20 = 0(k, £) (K, £ € N),

Tim (|15, — Dl 2aqg =0, im0, — @l 20, =0



Calculation of the limit behavior of A\f(e) — ;.

) / (ADE. + AE()BF )y dz = 0
Q(e)

Assume the situation @71 — @ for € = ¢, — 0 as in Proposition 2.
Calculation on the above integral relation gives

(s) (€)= Ap) /Q )Pz = 1(0) + Bl + 1) + 1)
where

- -
/B(M | Gro(2)(ADL(2) + Ap(€)Pp () d

he=- [ (@) - H@)ds
L(Mrg) O¥1
B(M,e)

[2(6) —
I(e) / (MG o(2))(@p(x) — By(a))da
B(M ,ro)\B(M,e)



0G, 0P’
I(e) = “D) — G k)dS
i(e) /I‘(M,e) ( o " o

0D, oD’
] p— _— Tq) q)/ - € k Tq)/ d *
4(€) /F(M’E) (<8V1 + o€’ Oy ) D). — G (8V1 + o€ k)) S

Careful evaluation on Iy, I», I3, 14 gives the perturbation formula in Theorem.

I4(€) is also written




(B) Domain with partial degeneration
D C R" : a bounded domain (or a finite union of bounded domains) with a smooth
boundary. The perturbed domain

Q(¢) =DUQ() CR”

Here () is a thin set which approaches a lower dimensional set L as ¢ — 0.

Eigenvalue problem

(9) AD+pud =0 in (), 0P/0v =0 on 00(()
Let {pr(€)}72, be the eigenvalues with the corresponding eigenfunctions @y ¢ (k

1\

1) such

that
(Prc, P )2y = 0(k, K') (kK = 1) (Kronecker’s delta)






Basic question : What is the limitting behavior of p;(() for ( — 0 ?

For the Dumbbell domain, there are results. Beale(’73), Fang(’93), Jimbo('93), Gadyl-
shin(’93), Arrieta(’95), Jimbo-Morita(’95), Anné(’87),...

Convergence of the eigenvalues. Perturbation formula (first order approximation) is studied.

In this lecture I deal with more genral cases. Hereafter I mainly talk about the results in
Jimbo-Kosugi('09).



The construction of Q(() = D U Q(()

Let n,{,m € Nwithn=04+m. z=(2,2") € R" =R xR"
D C R", L C R’ bounded domains (finite disjoint union of bounded domains) with smooth
boundaries.

Some symbols:
B™(s) = {z" e R™ | |2"| < s}, L(s):={z' € L|dist(a’,0L) > s}

Assumption: There exists CO > (0 such that

(L x B"™(3¢)) N D = 0L x B™(3¢) C 9D
There exists a function p = p(t) € C3((—o0,0)) N CY((—o0, 0]) such that

pt) =1t < =1), p'(t) >0 (=1 <t<0), p(0) =2, ligldkp_l(s)/dsk =0 (12k<3)
Put Q(¢) = Q1(¢) U Qa(¢) where Q1(¢) = L(2¢) x B™)(¢) and
Q2(¢) = {(6+s/(&),n) | R x R | =2¢ £ 5 £0,€ € AL, [n] < ¢p(s/¢)}



Foyr aemeral L, om

0(%3)= L xB™s) ¢ R*xR=-R"

x @e‘“&)

ﬂ -dim Joma;m m—dim semall ball




To express the limit of {ux(¢)}72, we prepare the notation.

Definition. {wy}?7°, is the system of eigenvalues of

(10) Ap+wp=0in D, 0¢/0v=0on 0D
Definition. {\;}72, is the system of eigenvalues of
(11) AYp+Mp=0inL, =0o0ndL
where
, 0 0*
AN e = = 2
dx? " 013 ot O’

The limit of {ux(C)}32 is given by the following result.

Proposition. limg o ur(¢) = pp for any & = 1 where {ug}?2, is given by rearranging
{wr}72, U { A }72 in increasing order with counting multiplicity.

Remark. p; is written as

Hr = 1ax (min(wr1-5, Aj)) -



Classification of eigenvalues

Definition
Er = A{wi}is \ { it Err={ e} \A{wi i1, Errr = {wrtiz N {2
Relation to the eigenfunctions

Let { @y 122, C L*(Q()) be the (complete) orthonormal system corresponding to {p.(¢)}32,
of (9).

Proposition.

g}g}) [Prcllz20)) =0 = 1 € Ei

%g% [Prcllr2p) =0 <= e € En

llrcn_}(l)’lf H(Dk,CHLQ(Q(C)) > (), llrcn_:(l)”lf Hq)k‘,CHLQ(D) > () <= uy € Errr



Limear com bimatiom

of two Yypes




Proposition (Convergence rate)

e € Er = pp(Q) — i = O(C™)

O(¢)

pi € Erp = pi(C) — e = {O(C log(1/¢))

For py € Errr, a mixed situation occurs (as seen later).

El
IV

N N
—

(m



Some preparation(uniform converegence)

Consider the following semilinear elliptic equation in €2(().
Au+ fe(u) =0 in §¢), OJu/dv=0 on
Here ¢ > 0 is a parameter and the nonlinear term f¢(u) is assumed to be a C'* function in R

such that (0f;/0u)(u) is uniformly bounded in R and f:(u) converges locally uniformly to a
C' function fo(u) for ¢ — 0.

Theorem. Let {Cp};il be a positive sequence which converges to 0 as p — oo and let

uc, € C*(2((p)) be a solution of the above equation for ¢ = ¢, such that

sup sup |ug,(v)] < oo.
p=1 z€Q((p)

Then there exists a subsequence {7, }5%, C {(,}52; and functions w € C*(D) and V € C*(L)
such that



0
Aw + fo(w)=0 in D, a—ls =0 on 0D (Neumann B.C.),

AV + fo(V)=0 in L, V(z')=w(a', o) for 2 €dL,

Jim Sup tg,(2) —w(z)| =0,

lim  sup  |u, (2, 2") = V(2')] =0,
P—>00 (/ 2")EQ(0p) b

where A" = Zi:l 0*/0x%. Note that L x {0"} C dD.



Perturbation formula [Type (I)]

Let {¢r}72, be the system of eigenfunctions of (10) (eigenvalue problem in D) orthonor-
malized in L*(D).

Assume p; € Ey and there exists k' € N such that pp = wyps. Assume also that wy is a
simple eigenvalue of (10).

Theorem.
pi(C) — py = S(m)a(k)C™ + o(¢™)
where IV,
alk) = | SE(E)u(e,o")as’
oL OV

Vie(2') is the unique solution V' € C*(L) of
AV +wpyV=0inL V(&) =a¢ou&d)for&edL.

S(m) is the m~dimensional volume of the unit ball in R™.



Perturbation formula [Type (II)]

Let {11} be the system of eigenfunctions of (11) (eigenvalue problem in L) orthonormal-
ized in L*(L).

Assume ;. € Epp and there exists k” € N such that g, = A\ Assume also that A\ is a

simple eigenvalue of (11).

Theorem.
h() = = —=B(K")Clog(1/0) + o(Clog(1/C) (m = 1),
uelQ) — = =T (o, m)B")C +0(C) (2 2)

o= [ (eg) as

and T'(p, m) is the number which depends on Q(() (to be explained later).
'93

Remark. For the case of Dumbbell, Gadylshin(
(795) obtained this result for m = 1.

where

) obtained this result m = 2 and Arrieta



Quantity T'(p,m) (m = 2)
Harmonic function G in the set H = H; U Hy C R X R"™ where Hy, Hy are given
H; =(0,00) x R™, Hy ={(s,n) e Rx R™ | |n| < p(s), s < 0}.
Proposition. There exists a solution G to

0°G zm: 092G e

— =0 ((s,n) € H) 8—71_0 ((s,n) € OH)

such that
G(z) =G(s,n) — 0 for (z € Hy,|z| = o0)
G(s,n) — (—K1s+ ko) — 0 for (z € Hy, |z| = o)
where k1 > 0, ko are real constants. kg/kq is uniquely determined by H.

Definition. T'(p,m) = Kka/K1.






Z=(5.9)€ERXx R
nm Z2 m =)

G~ —k"s.'-k‘ (S->-0°) G-kt (S >-00)
2 \’(_+-) '

G~ —""‘"""'_—
ors MEH) 2™

(s< o, |1Z)-> o)
| | H,
H, | H, Ha
2
&~ ...-log,e,

(S(O,l%le)




Perturbation formula [Type (III)]

Assume uy, € Eyyr and there exists k', k" € N such that p, = wp = A\ Assume also that
wy is simple eigenvalue of (10) and A\yr is a simple eigenvalue of (11).

We have the situation
Pr—1 < Mk = Hg+1 < k42

Theorem. For m = 1, we have

ui(C) = g = 1 (K, E")CH? + o(¢H?)
i1 (Q) = pirr = 7 (K, K')CH2 + o(¢1?)
where 77~ (', k") are eigenvalues of
( 0 V2 [ (0t [OV)(€) (€, 0")dS ')
V[ (@000 )by €., ") 0



Theorem. For m = 2, we have

(€)= e = 75 (K, E7)¢ + o(C)
pi1(C) — pir1 = 73 (K, E")¢ + o(C)
where 75 (k', k") are eigenvalues of
( y ﬁfaL(alﬁk”/aV/)(f)ﬁbk'(& 0”)615/)
V7 (00000 )46, S ~T(5,2) [, (@))€ P

Remark. For the case of Dumbbell (m = 2,n = 3), Gadylshin ('05) got this result. See
Jimbo-Kosugi(’09) for more genral cases.



Theorem. Assume T'(p, m) > 0. For m 2 3, we have
(€)= e = 7 (K, E7)C + 0(C)
(€)= puer = (B E")C T+ 0(C)

b\’
b k) = ~T(om) [ (G0e)) as

KD = St ) (/Jae;bfﬂ (€)' ) _1 (/aL T €. o">ds’>2

where

In the case T'(p, m) < 0, the right hand sides are exchanged.



Arprox:ma'l:e efée“‘ fumctiom I $ q,)
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Ra;’e.‘gln Quotiemt j

1v@i1*d
?3[§] = __ﬂﬁ’___i_

f 1812 dx
Jacs)

?ougln observetiom Case m=|

P(x) = X ?{J(z) 4 Tft,l'.;:s(z) ('i""; 2
(%, Y €R)

' Xy (X
R,[3] = (A's(‘\’).(T))
(B,(%), ()
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wh' * 2*0 case

() Asswme M s close %o Coﬁr

(Q,.,—/a. 4‘.,,3)3 + a(k)
2 (vl )dz" 3+ 0 3D
L

f - n

® Assume M is close teo Agr

(0, - pbsy) * o(§'oa‘é‘)

2.
=—%£L(-21?)d$.3’03% + 0 (3(0;5,-)



Fi-/“ = I (aa'ﬂ*“:,})k{ + 0(3{-)

"ifo P.,(3. "st*“(':)ds'_&.“* 013"')
L
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