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For a given Radon measures p, v on RY, the Martingale Optimal
Transport on Q = R? x RY is

D(¢):= sup Eglf], ¢eLQ)
QeM(p,v)

where a probability measure Q on Q is in M(y,v) if and only if
it has marginals u and v, i.e.,
QA y) €Q - xeA})=puA),
Q{(x,y) € : yeA})=v(A),
for every Borel A ¢ RY and Q is a martingale, i.e,,
Eg[y(x) - (v —=x)] =0,

for every bounded ~.



IN CONTINUOUS TIME ETHZiirich swiss:finance:1nstitute

letO<t1<...<t, <Tand uy,...,un be given Radon
measures on RY. The Martingale Optimal Transport on
Q = ([0, 1]; RY) with the usual filtration is

D)= sup [Egl¢g], ¢eL%Q)

EM/M ..... ©wn

where a probability measure Q € My, .., if and only if Q
restricted to time t, has distribution ug forallk =1,...,n, i.e,

Qf{w € Q + wy €A }) = p(A),

for every Borel A ¢ RY and the canonical process S(w) := w is
a Q martingale.
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There are many interesting mathematical questions :

Duality and Attainment.

Financial meaning and Fundamental Theorem of Asset
Pricing.

When is M, ... ., Non-empty ? we know by a result of
Strassen that M(u, v) is non-empty if and only if x and v are
in convex order, i.e.,

u(p) <wv(e) forall convex .

More restrictions on Q's.
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Proper use of mathematics in social sciences is challenging,
new, quite different and difficult.
The common problem can be summarised as decision
making under uncertainty.
Indeed, everybody is constantly involved in some sort of
decision making with imperfect information. We may imagine
that these decisions are taken to optimise certain outcomes.
What is not clear and is very different from standard
engineering applications are :

no clear objective,

no certain nature given dynamics,
no law of large number, or one realisation of the randomness.



RISK MANAGEMENT, PRICING ETHlUrich
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We would like to analyze an uncertain outcome & : Q — RY.
In risk management develop a risk measure
p:Lo%(Q) = R.

Then, p(§) can be used to determine the cash reserves
needed for this risk position. It allows the managers to
distribute or aggregate the risk among the subdivisions.
In pricing, we also want a linear pricing operator

V:LoY(Q) — R.
But here one does not have to be as conservative as above.

In hedging, one would like to reduce the risk associated to &
by appropriate trading in liquid assets.
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There are economic factors that determine the outcome &.

If we believe that there is a stationary stochastic model P
governing these processes and assume that it is slowly
varying in time, then we can estimate it well. (There is large
historical data). P is called the physical measure.

Even if there is a historical measure I, a linear pricing rule
has to take into account the riskiness of the position &. This
results

V() = Eql¢] # Epl¢];

where Q is the risk neutral (or martingale) measure or
pricing operator.
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From financial data we have two types of information,

Information about the historical performance under the
physical measure P;

Estimation of future densities under the risk neutral
measure Q - in particular the use of the options data.

Today emphasis is on the second.
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In current financial markets Call and Put options are highly
liquid. Their future random pay-offs are given by,
ck(St) == (St —K)*  Call, px(Sr) = (K=Sr)" Put,

where St is the future, random stock price and K> 0 is a
pre-agreed strike.

According to theory, their prices are given through a risk

neutral measure Q. Here Q is a measure on the whole path of
the stock price process. Let v be the distribution of Sy under Q.
Let C(K) be the price of Call and P(K) be the price of Put. Then,

C(K) = v(ce) = '/(s _ )t u(ds),  P(K) = v(py).



FUTURE INFORMATION ETH:ziUrich swiss:finance:institute

Now suppose that we know C(K)'s or P(K)'s for all K > 0. And as
| will argue later, this is not very unrealistic assumption.

Since the set of functions {ck : R >0} or{px : R >0} forma
separating class, above information uniquely determines the
future pricing distribution v.

So by observing prices of Calls, Puts and maybe other options
we obtain information about the future price distributions or
the perception of the market participants about these prices.
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OPTIMAL TRANSPORT ETHZiirich swiss:finance:1nstitute

Kantorovic problem is

sup  Eqlé] := / £(x,) Q(dx, dy),
) RY x R4

QeM(p,v

Q € M(v, u) iff it has marginals g and v (no martingale
condition). This is a linear program and its convex dual is

inf {u(g) + v(h) : () +h(y) > £(x¥), ¥ (x,¥) }.
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Let Q € M(v, u). Suppose g, h satisfy the dual inequality
g(x) +9(y) = &(x.y), V(%)
Integrate both sides with respect to Q. Then,
1(@) +v(h) = [ €(x)Q(dx,dy) = Eolé]

This proves the easy inequality in the dual.
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Consider a financial market with

trading is only allowed in two future time points, 0 < t; < t3;
we can dynamically trade the stock whose future values will
be S1,S; and no assumption on them is made but Sy is
given;

we can also now buy any option of the form g(S) and h(S,)
for a known price of u(g), respectively v(h). Here g, h are
arbitrary and can be chosen by the investor. But probability
measures p and v, i.e. the linear pricing rules, are given.

we want to super-replicate a claim &(Si, Sy). An example is
£(S1,S2) = (S2 — Sy) ™, this is the forward-start Call option.



A HEDGING PROBLEM; CONTINUEDE’HZUfICh smss:ﬁnance:lnstltute

Mathematically, we want to minimise (with zero interest rate)
the prices of the options g($1) and h(S,), i.e.,

minimize p(g) + v(h)

over all options (g, h) that together with a dynamic trading
strategy 6(S1), dominate the path-dependent claim £(S1, Sy).
61(S1) is the number shares will be bought at time t;, and this
decision will depend on the value of the stock at time t;.



A HEDGING PROBLEM; CONTINUEDE’HZUfICh smss:ﬁnance:lnstltute

More compactly,
minimize p(g) + v(h)

over all (g, h) so that there exists 6; : RY — RY

’

61(S1) - (S2 —$1) + g(Sh) + h(S2) > &(S, Sp),

forall Sy,S, € RY.

Compared to optimal transport (Kantorovic dual) the red term
is new. And the dual elements, i.e,, the martingale measures,
have to annihilate them.
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The convex dual of the financial problem is the Martingale
Optimal Transport :

maximize Eg [£(S1,S0)],

over all martingale measures Q € M(v, p), i.e, for Q := R?, the
canonical process

So((wr,w2)) =So,  Si((wr,w2)) =wr,  SH((wr, w2)) = wo,
with the canonical filtration is a Q@ martingale, i.e,
E[S;|$]=8.

Assumptions are [yu(dy) = [xv(dx) = So and that they are in
convex order. So that the set of martingale measures satisfying
the constraint is non-empty by Strassen.



EASY DIRECTION ETH:ziUrich swiss:finance:institute

Suppose that for some g, h,
g(S1) + h(S2) + 01(S1) - (S2 — S1) > £(54, S2),

for some 6, and for all (S1,S,). Let Q € M(v, 1) be a martingale
measure. Then,

E2 [6:(S1) - (S2 —$1)] = 0,
and the marginals imply that
E2[g(S1)] = w(9),  E°[9(S2)] = w(h).
So if we integrate the first inequality with respect to Q,

(9) +v(h) > Eq [£(S1,S0)]-
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VIX is a measure of expected volatility calculated as 100 times
the square root of the expected 30-day variance of the S&P
500. The definition of realized variance over N trading days is

N—1
252 .
=

where r; = In(Si,1/S;) is daily return. If the stock price process
St is a diffusion of the form dS, = S, [uudu + o,dBy] where the
processes u, o are arbitrary and B is Brownian motion, then,

N—1

252 , 1 (T,
=
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Since

2
d[ln(Sy)] = dSSu“ - % du.

For any martingale measure Q, the first term is a martingale :

T
Bo RV~ 7 Eo( | ofdu) = ~7Eo[In(Sr/S0)].

Let v be the distribution of St under Q. Then

VIX? = Eg [RV] ~ _% (1)) — IN(So)] .

Then, the question is how to determine v. Note we cannot
determine Q and in general there are many of them.
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Breeden & Litzenberger '78 gives a formula for Eg [In(S7)] in
terms of the Call, C(k), and Put, P(R), prices. We start with the
identity (in fact, n is not important),

In(x/a) = X;a - /Oa (k EZXV dk — /aoo (x _kzw dk.

Hence, with x =St and a =Sy,
2
Eq[RV] ~ —ZEq[In(St/So)]

2 [ % P(R) * C(R)
T[/o ?dl?+ 5 kzdfe}
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Summarizing,
5 1 T 2
Ve = IE@[R\/]%EQ(/ o3du) = —2Eq [In(S+1/50)]
0
S
L[ [0 )
0

T R s, R

_ i/ooo In(x/So) (dx),

where v is density of St under any risk neutral measure and it

is completely determined by the Call and Put prices.

In this example, we get an exact formula for VIX. This is the
formula used by CBOE (Chicago Board of Exchange).



== The powerful and flexible
trading and risk management tool from

the Chicago Board Options Exchange

THE CBOE VOLATILITY INDEX - VIX'



THE CBOE VOLATILITY INDEX® - VIX®

In 1993, the Chicago Board Options Exchange® (CBOE®) introduced the CBOE Volatility
Index®, VIX®, which was originally designed to measure the market’s expectation of 30-
day volatility implied by at-the-money S&P 100® Index (OEX™) option prices. VIX soon
became the premier benchmark for U.S. stock market volatility. It is regularly featured in
the Wall Street Journal, Barron’s and other leading financial publications, as well as
business news shows on CNBC, Bloomberg TV and CNN/Money, where VIX is often
referred to as the “fear index.”

Ten years later in 2003, CBOE together with Goldman Sachs, updated the VIX to reflect a
new way to measure expected volatility, one that continues to be widely used by financial
theorists, risk managers and volatility traders alike. The new VIX is based on the S&P
500" Index (SPX®™), the core index for U.S. equities, and estimates expected volatility by
averaging the weighted prices of SPX puts and calls over a wide range of strike prices. By
supplying a script for replicating volatility exposure with a portfolio of SPX options, this
new methodology transformed VIX from an abstract concept into a practical standard for
trading and hedging volatility.

VOLATILITY AS A TRADABLE ASSET — VIX FUTURES & OPTIONS

On March 24, 2004, CBOE introduced the first exchange-traded VIX futures contract on
its new, all-electronic CBOE Futures Exchange®™ (CFE®). Two years later in February
2006, CBOE launched VIX options, the most successful new product in Exchange history.
In less than five years, the combined trading activity in VIX options and futures has grown
to more than 100,000 contracts per day.

The negative correlation of volatility to stock market returns is well documented and
suggests a diversification benefit to including volatility in an investment portfolio. VIX
futures and options are designed to deliver pure volatility exposure in a single, efficient
package. CBOE/CFE provides a continuous, liquid and transparent market for VIX
products that are available to all investors from the smallest retail trader to the largest
institutional money managers and hedge funds.

BEYOND VIX

In addition to VIX, CBOE calculates several other volatility indexes including the CBOE
Nasdaq-100" Volatility Index (VXN®™), CBOE DJIA® Volatility Index (VXD®™), CBOE
Russell 2000® Volatility Index (RVX*™) and CBOE S&P 500® 3-Month Volatility Index
(VXV™), Currently, VXD and RVX futures are listed on CFE; RVX options trade on
CBOE.

In 2008, CBOE pioneered the use of the VIX methodology to estimate expected volatility
of certain commodities and foreign currencies. The CBOE Crude Oil Volatility Index
(OVX®™), CBOE Gold Volatility Index (GVZ*) and CBOE EuroCurrency Volatility Index

CBOE Proprietary Information
Copyright © 2009, Chicago Board Options Exchange, Incorporated. All rights reserved.
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THE VIX CALCULATION STEP-BY-STEP

Stock indexes, such as the S&P 500, are calculated using the prices of their component
stocks. Each index employs rules that govern the selection of component securities and a
formula to calculate index values.

VIX is a volatility index comprised of options rather than stocks, with the price of each
option reflecting the market’s expectation of future volatility. Like conventional indexes,
VIX employs rules for selecting component options and a formula to calculate index

values.

‘ ‘ e This is the
The generalized formula used in the VIX calM approximation
of the integral

WHERE...

Ko

AK;

R
Q(Ky)

1 [rF T
Sl

VIX _
Koo — VIX =0 x 100

Time to expiration
Forward index level derived from index option prices
First strike below the forward index level, F

Strike price of i" out-of-the-money option; a call if K>Ky and a put
if K;< Ky; both put and call if K~=K.

Interval between strike prices — half the difference between the
strike on either side of K;:

(Note: AK for the lowest strike is simply the difference between the
lowest strike and the next higher strike. Likewise, AK for the
highest strike is the difference between the highest strike and the
next lower strike.)

Risk-free interest rate to expiration

The midpoint of the bid-ask spread for each option with strike K.

§ Please see “More than you ever wanted to know about volatility swaps” by Kresimir Demeterfi, Emanuel
Derman, Michael Kamal and Joseph Zou, Goldman Sachs Quantitative Strategies Research Notes, March

1999.

CBOE Proprietary Information

Copyright © 2009 Chicago Board Options Exchange, Incorporated. All rights reserved.
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0.85
0.80
0.50
0.00
0.75
0.60
0.75
0.60
0.85
0.75
0.80
0.80
0.80
0.75
0.75
1.00
0.75
0.70
0.70
0.70
0.20
0.75
0.75
0.45
0.50
0.75
0.50
0.75
0.75
0.75
0.50
0.75
0.55

171.30
175.80
180.10
184.20
189.30
194.20
198.90
202.90
208.40
212.70
218.00
222.80
227.40
232.30
236.70
241.60
247.00
251.90
257.10
261.30
267.00
0.00
271.20
276.90
281.60
286.80
291.80
296.80
301.50
306.70
311.70
316.70
321.70
326.70
331.40
335.90
341.60
346.60
351.60
356.60
366.60
375.70
390.70
396.50
399.90
411.50
416.50
421.50
425.60
435.70
451.40

176.30
180.80
185.60
189.70
194.80
199.20
203.90
208.40
213.40
218.40
223.00
227.80
232.90
237.80
242.20
247.10
252.50
257.40
262.10
266.50
272.00
0.00
276.40
281.90
287.10
291.80
296.80
301.80
307.00
311.70
316.70
321.70
326.70
331.20
336.90
341.10
346.60
351.60
356.60
361.60
371.60
381.00
395.90
401.50
405.90
416.50
421.50
426.50
430.80
440.90
456.40

Copyright © 2009 Chicago Board Options Exchange, Incorporated. All rights reserved.
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Outline of duality proof



MARKET ETHZiirich swiss:finance:1nstitute

Suppose that all right-continuous processes with left limits
(namely cadlag processes) are possible stock price processes,
ie.,

Q:=D:={S:[0,7] > RL [So=(1,...,1), cadlag }.

All European options g(Sr) maturing only at the final time are
traded. Its price is assumed to be v(g). We assume that

/‘XWMMZSW:L Vkh=1,...d.
R+

This allows for martingale measures.



HEDGING ETH:ziUrich swiss:finance:institute

A general European path-dependent claim, &, is given,
£ =G(S), where G:D— R.

The minimal super-replication cost also provides the upper
bound of the price interval and is given by

VG) = inf{/gdu

/ v(S)dSt + g(Sr) > G(S), VS € ]D)} .
J[o.T

Iy admissible such that

Clearly, admissibility restrictions on ~ are needed, such as a
lower bound, predictability.



PROBABILISTIC STRUCTURE ETHZiirich swiss:finance:1nstitute

Dual refers to a probabilistic structure, which we now
introduce. Q := D is as before and let S be the canonical
process and F; be the canonical filtration.

As before M, is the set of all martingale measures such that
the probability distribution of St under Q is v, i.e., for every
Borel subset B ¢ RY,

Q (St € B) = v(B).



MAIN THEOREM ETH:ziUrich swiss:finance:institute

Assume that G is bounded and uniformly continuous with
respect to the Skorokhod metric. Then,

V(G) = sup Eq[G(S)].
QeM,

Notice that this result is in analogy with the incomplete market
result. Previous results fix probability measure P and consider
only the martingale measures that are absolutely continuous
with respect to P. In the robust case, we fix the marginal v but
otherwise have no dominating measure.
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Outline of duality proof
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Construct an approximating problem with countably many
possible stock price process. This requires to approximate
not only the possible stock values but also the jump times.
In the countable market, probabilistic and robust hedging
are same as we put non-zero probability to each process.
We consider a super-replication problem V(" with bounded
portfolio positions (bound disappears in the limit).
We use the constrained duality result of Follmer & Kramkov
and a min-max theorem. The result is

VN < sup E2[q],

QeMj

where M is a set of approximate martingale measures.



PROOF-LIFTING ETH:ziUrich swiss:finance:institute

We want to prove two facts, with vanishing error e(n)

1. V(G) < VI + e(n),

2. sup EQ[G] < sup EQ[G] + e(n).
QeM:, QeM

First is done by lifting : given a portfolio that super-replicates
in the discrete (an easier) market, we lift it to a
super-replicating one in the original market. Main point is the
price is this lifted portfolio is the same as the original one plus
a uniformly controlled small error, e(n).

Construction of the lift is technical due to measurability
requirements.



LIMIT OF APPROXIMATE DUAL ETHzurich

swiss:finance:nstitute

What is left to prove is the following,

sup EQ[G] < sup EQ[G] + e(n).
QeMy QeM,

Any element Q € M is an approximate martingale and
satisfies the marginal constrained approximately.

Difficulty is the non-compactness of these spaces.

Idea is for every Q € M, we construct Q, € M, so that
E°[G] < Eq,[G] + e(n)

with a uniformly controlled error e(n).

We achieve this using semi-martingale decomposition, Doob’s
martingale inequality and a tool from weak convergence.
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