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Stokes system

Here: T > 0 and Ω ⊂ RN(N ≥ 2) is a bounded domain with a regular boundary ∂Ω.

The Stokes system∣∣∣∣∣∣∣∣∣
zt −∆z +∇q = 0 in Q = Ω× (0, T),

div z = 0 in Q = Ω× (0, T),

z = 0 on Σ = ∂Ω× (0, T),

z(·, 0) = z0 in Ω.

The usual spaces in the context of fluid mechanics:

H = {y ∈ L2(Ω)N ; div y = 0, y · ν = 0 on ∂Ω}

and
V = {y ∈ H1

0(Ω)N ; div y = 0}.

The Stokes operator A : D(A) −→ H is defined by A = −P∆, where
D(A) =

{
y ∈ V : Ay ∈ H

}
= H2(Ω) ∩ V and P : L2(Ω) = H⊕H⊥ −→ H is the

Leray projection.



Some previous results

L2-observability inequality for the Stokes system:

For any open subset ω ⊂ Ω, there exists a positive constant
C = C(N,Ω,M, T) such that the observability estimate

‖z(T, ·)‖H ≤ C

(∫∫
ω×(0,T)

|z(x, t)|2 dxdt

)1/2

∀z0 ∈ H

holds.

Remark: L2-observability inequality⇒ L2-null controllability.

• A. V. Fursikov, O. Yu. Imanuvilov. Controllability of Evolution Equations.
Lecture Notes Series 34, Research Institute of Mathematics, Seoul National
University, Seoul, 1996.

• F. W. Chaves-Silva, G. Lebeau. Spectral inequality and optimal cost of
controllability for the Stokes system. ESAIM: COCV, 22 (2016) 1137-1162.



Observability inequality on measurable sets

L1-observability inequality for Stokes system:

Theorem (Chaves-Silva, D. A. Souza and C. Zhang)
For any measurable subsetM⊂ Ω× (0, T) with positive measure, i.e. |M| > 0,
there exists a positive constant C = C(N,Ω,M, T) such that the observability
estimate

‖z(T, ·)‖H ≤ C
∫∫
M
|z(x, t)| dxdt ∀z0 ∈ H

holds.

Consequences:

• L∞- null controllability on measurable sets of positive measure;

• Bang-bang property for the time optimal control problem.



Strategy

• The propagation of smallness for real-analytic functions on measurable sets 1;

• Spectral inequality for Stokes system 2;

• Telescoping series method3;

1S. Vessella. A continuous dependence result in the analytic continuation problem. Forum
Math., 11 (1999), 695–703.

2F. W. Chaves-Silva, G. Lebeau. Spectral inequality and optimal cost of controllability for
the Stokes system. ESAIM: COCV, 22 (2016) 1137-1162.

3Apraiz, L. Escauriaza, G. Wang, C. Zhang. Observability inequalities and measurable sets.
J. Eur. Math. Soc., 16 (2014), 2433–2475.



Spectral inequality on open sets

Let {ej}j≥1 be the sequence of eigenfunctions of the Stokes system∣∣∣∣∣∣∣
−∆ej +∇pj = λjej in Ω,

div ej = 0 in Ω,

ej = 0 on ∂Ω,

with the eigenvalues {λj}j≥1 satisfying 0 < λ1 ≤ λ2 ≤ . . . and lim
j→∞

λj = +∞.

The following inequality holds:

Theorem (Chaves-Silva and Lebeau ’16)
∀O ⊂ Ω non-empty open set, there exists a constant C = C(N,Ω,O) > 0 such that

∑
λj≤Λ

a2
j =

∫
Ω

∣∣∣∣∣∣
∑
λj≤Λ

ajej(x)

∣∣∣∣∣∣
2

dx ≤ CeC
√

Λ

∫
O

∣∣∣∣∣∣
∑
λj≤Λ

ajej(x)

∣∣∣∣∣∣
2

dx,

for any sequence of real numbers {aj}j≥1 ∈ `2 and any positive number Λ.



Spectral inequality on measurable sets

Our second main result is an extension of the spectral inequality from open sets to
measurable sets of positive measure:

Theorem (Chaves-Silva, D. A. Souza and C. Zhang)
Let ω ⊂ Ω be a measurable set with positive measure. Then, there exists a constant
C = C(N,Ω, |ω|) > 0 such that∑

λj≤Λ

a2
j

1/2

=

∫
Ω

∣∣∣∣∣∣
∑
λj≤Λ

ajej(x)

∣∣∣∣∣∣
2

dx

1/2

≤ CeC
√

Λ

∫
ω

∣∣∣∣∣∣
∑
λj≤Λ

ajej(x)

∣∣∣∣∣∣ dx,

for all Λ > 0 and any sequence of real numbers {aj}j≥1 ∈ `2.

Two main difficulties:
• presence of the pressure;

• the equation satisfied by the “curl ” is an equation without pressure but with no
boundary conditions.



Idea of the proof

A key point is the following inequality:

Lemma (estimate of the propagation of smallness for real-analytic functions4)
Assume that f : B2R(x0) ⊂ RN −→ RN is real-analytic and verifies

|∂αx f(x)| ≤ M|α|!
(ρR)|α|

, for x ∈ B2R(x0), α ∈ NN ,

for some M > 0 and 0 < ρ ≤ 1.
For any measurable set ω ⊂ BR(x0) with positive measure, there are positive
constants C = C(R,N, ρ, |ω|) and θ = θ(R,N, ρ, |ω|), with θ ∈ (0, 1), such that

‖f‖L∞(BR(x0)) ≤ C
(∫

ω

|f(x)| dx
)θ

M1−θ.

Remark: we need to quantify the interior real-analytic estimates!

4S. Vessella. A continuous dependence result in the analytic continuation problem. Forum
Math., 11 (1999), 695–703.



• Assume that B4R(x0) ⊂ Ω and ω ⊂ BR(x0)

For each real number Λ > 0 and each sequence {aj}j≥1 ∈ `2, we define

uΛ(x) =
∑
λj≤Λ

ajej(x), x ∈ Ω,

and
vΛ(x, s) =

∑
λj≤Λ

ajes
√
λj dej(x), (x, s) ∈ Ω× (−1, 1),

where d denotes the curl operator.5

Because vΛ(·, 0) = duΛ and divx uΛ = 0, we have that

∆xuΛ(x) = d∗vΛ(x, 0), x ∈ Ω,

where d∗ is the adjoint of d.

Goal: to estimate the propagation of smallness for uΛ on measurable sets with
positive measure.

According to Vessella’s result, it is sufficient to quantify the analytic estimates of
higher-order derivatives of uΛ.

5In fact, d is the differential which maps 1-forms into 2-forms. When a vector field w is
identified with a 1-form, then dw can be identified with a 1

2 N(N − 1)-dimensional vector.



Notice that vΛ(·, ·) satisfies

−∂2
ssvΛ(x, s)−∆xvΛ(x, s) = 0, (x, s) ∈ Ω× (−1, 1).

Since d∗vΛ verifies

−∂2
ssd
∗vΛ(x, s)−∆xd∗vΛ(x, s) = 0, (x, s) ∈ Ω× (−1, 1),

the analyticity estimate for harmonic functions in RN+1 implies

‖∂αx ∂βs d∗vΛ‖L∞(B2R(x0,0))≤C
(|α|+ β)!

(ρR)|α|+β

(∫
B4R(x0,0)
|d∗vΛ(x, s)|2dxds

)1/2

, ∀(α, β) ∈ NN+1.

Taking β = 0 in the previous estimate, we readily obtain

‖∂αx d∗vΛ(·, 0)‖L∞(B2R(x0)) ≤ C
|α|!

(ρR)|α|

(∫
B4R(x0,0)

|d∗vΛ(x, s)|2dxds

)1/2

, ∀α ∈ NN .



To bound the right-hand side, we set

wΛ(x, s) =
∑
λj≤Λ

ajes
√
λj ej(x), (x, s) ∈ Ω× (−1, 1)

and then the following estimate holds

‖d∗vΛ‖2
L2(B4R(x0,0))

≤ C‖wΛ‖2
L2((−1,1);H2(Ω)) ≤

6C‖AwΛ‖2
L2((−1,1);H) ≤ CeC

√
Λ
∑
λj≤Λ

a2
j ,

for some C > 0.

Therefore, we have

‖∂αx d∗vΛ(·, 0)‖L∞(B2R(x0)) ≤ C
|α|!

(ρR)|α|
eC
√

Λ(
∑
λj≤Λ

a2
j )

1/2, ∀α ∈ NN ,

where C = C(N,Ω).

6It is well-known that there exists C = C(N,Ω) > 0 such that

1
C
‖y‖H2(Ω) ≤ ‖Ay‖H ≤ C‖y‖H2(Ω), ∀y ∈ D(A).



Since uΛ solves the Poisson equation (∆xuΛ = d∗vΛ(·, 0)), we have that uΛ is
real-analytic whenever the exterior force d∗vΛ(·, 0) is real-analytic. Moreover, the
following estimate holds

‖∂αx uΛ‖L∞(BR(x0)) ≤
|α|!

(Rρ̃)|α|+1

‖uΛ‖L2(B2R(x0)) + CeC
√

Λ

∑
λj≤Λ

a2
j

1/2


≤ |α|!
(ρR)|α|

eK
√

Λ

∑
λj≤Λ

a2
j

1/2

, ∀α ∈ NN ,

where ρ̃, ρ and K are positive constants independent of Λ.



.
Using Vessella’s result, applied to the real-analytic function uΛ, we obtain the
estimate

‖uΛ‖L∞(BR(x0)) ≤ C
(∫

ω

|uΛ(x)| dx
)θeK

√
Λ

∑
λj≤Λ

a2
j

1/2


1−θ

for some constants C = C(N,R,Ω, |ω|) > 0 and θ = θ(N,R,Ω, |ω|) ∈ (0, 1).

Finally, the spectral inequality obtained by Chaves-Silva and Lebeau give us the
desired observability inequality∑

λj≤Λ

a2
j

1/2

≤ CeC
√

Λ

∫
ω

|uΛ(x)| dx.



Time optimal control problem for the Stokes system

For r ∈ [1,∞] and M > 0, consider the set of admissible controls

UM,r
ad = {v ∈ L∞(ω × [0,∞)) ; |v(x, t)|r ≤ M a.e. in ω × [0,∞)}7

and define the set of reachable states starting from u0:

R(u0,UM,r
ad ) =

{
u(·, τ) ; τ > 0 and u solves the controlled Stokes system with v ∈ UM,r

ad

}
,

where the controlled Stokes system is:∣∣∣∣∣∣∣∣
ut −∆u +∇p = vχω in Q,
div u = 0 in Q,
u = 0 on Σ,
u(·, 0) = u0 in Ω.

Remark: 0 ∈ R(u0,UM,r
ad ) ∀u0 ∈ H.

7| · |r : RN → [0,∞) is the r-euclidean norm in RN



Time optimal control problem

Time optimal control problem (TOCP):

given u0 ∈ H and uf ∈ R(u0,UM,r
ad ), find v?r ∈ UM,r

ad such that the
corresponding solution u? of Stokes system satisfies

u?(τ?r (u0, uf )) = uf ,

where
τ?r (u0, uf ) = min

v∈UM,r
ad

{τ ; u(·, τ) = uf} .

• v?r is the optimal control;

• τ?r (u0, uf ) is the optimal time.



Existence for time optimal control problem
Theorem
Let M > 0 and r ∈ [1,∞] be given. For every u0 ∈ H and any uf ∈ R(u0,UM,r

ad ), the
time optimal problem has at least one solution. Moreover, any optimal control v?r
satisfies the bang-bang property: |v?r (x, t)|r = M for a.e. (x, t) ∈ ω× [0, τ?r (u0, uf )].

Proof.
• ∃(τn, vn)n≥1 minimizing sequence such that:

τn −−−→
n→∞

τ?r (u0, uf ) and vn → v? weakly-? in L∞(ω × (0, τ?r (u0, uf )))

with (vn)n≥1 ⊂ UM,r
ad having the property that the associated solution un to

Stokes system satisfies un(·, τn) = uf for all n ≥ 1;

• v? is a solution of the time optimal problem;

• v? ∈ UM
ad is bang-bang (by contradiction);

• Assume that there exist ε > 0 and a measurable set of positive measure
γ ⊂ ω × (0, τ?r (u0, uf )) such that |v∗(x, t)|r < M − ε for (x, t) ∈ γ.

• Then, thanks to the L∞-null controllability for Stokes system on
measurable sets of positive measure, we can construct v̂ ∈ UM,r

ad which is a
control steering u0 to uf at time (τ?r (u0, uf )− δ) for some δ > 0.



Uniqueness for time optimal control problem

Theorem
For every u0 ∈ H and uf ∈ R(u0,UM,r

ad ) and for r ∈ (1,∞), the time optimal
problem has a unique solution v?r which is of bang-bang.

Proof.

• assume that v and h are two time optimal controls in UM,r
ad ;

• w = 1
2 (v + h) is also an optimal control and satisfies the bang-bang property;

• use the fact that the norms | · |r for r ∈ (1,∞) are uniformly convex in RN ;



Final comments

• L∞- null controllability on measurable sets of positive measure;

• Boundary spectral inequality for Stokes?

• r1 6= r2: are the optimal controls v?r1 and v?r2 related?

• r =∞: uniqueness for the TOCP?



Thank you for your attention

and

Happy birthday Piermarco!!!


