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Part I. Inverse source problems

Simple inverse problem

diu=Au+pHflx), x€Q 0<t<T,
ulpgo =0, wu(,0 =0.

IP 1: Given f(x), u(xg, 1), 0 <t < T = p(t)
IP 2: Given p(t), dyulsaxo,m = fx), x € Q



IP 1.

00 t
u(x, t) = Z(f, Pn)Pn (x) fo e_A"(t_S)p(s)ds

n=1

where A(Pn = —An(pn, (PnIaQ = 0.
Set

o0
H(t) := Z (f, (Pn)(Pn(x())e_Ant

n=1

Then

t
u(xg,t) = fO H({t -s)p(s)ds, 0<t<T

If H(0) = f(xg) # 0, then time-differentiation yields Volterra equation of second kind: —
Inverse source problem is well-posed!

Uniqueness if f(xg) =0



Some practical re-formulations make inverse
source problems more complicated!



shutterstuck

B No data from the explosion time
B Observation is started after explosion

B Estimation of total amount of emission




Oh, my god!

No data from explosion
time!

+=0: explosion Observation starts




Reformulation I.

No date in (0, T)! =

We have to determine which explosion happened
In the past = archaeological inverse problem.

diu=Au+pt)flx), x€Q 0<t<T,
ulpg =0, u(-,0 =0.

Let supp p C (0, 0).

Determine p(t), 0 < £ < 0 by u(xy, t),
Here 0 < tg <t <ty



Conclusion with Jin Cheng (Fudan Univ.)
e Spatial one-dimensional: non-uniqueness
e Spatial-dimension > 2: uniqueness

. 0
u(xg, t) = Z(f, (pn)(pn(xo)e_/\"tj(; e/\”sp(s)ds, t>ty>0

n=1
Let (f, pn)pn(xg) # 0, n € N. Then
0 A
f eMSp(s)ds =0, ne€N
0

Mintz theorem + asymptotics of A;; = Conclusion

Similar for wave equation



Reformulation Il: Catch noisy guys!
with P. Cannarsa and G. Floridia

8§u=Au+f(x—a(t)), xe€Q 0<t<T,
ulpo =0, u(,0) = du(-,0) =0.

e Inverse moving source problem I:
a. given, w C Q,
Determine f(x) by u|,xo,1)
e Inverse moving source problem II:
f: given,
Determine a(t) by u(x;, ), j=1,..,m,0<t<T



Part Il. Inverse problems for
linear viscoelasticity

Joint work with
Professor O. Imanuvilov (Colorado State University)



Main messages

With data on sub-boundary,
Carleman estimate for viscoelasticity equations yields

e Partial observabllity inequality

e Lipschitz stability for inverse problems of spatial
varying Lame coefficients



§1. Carleman estimate and inverse
problem

Transfer argument to inverse problems by Carleman
estimate

Source paper:
Klibanov (1991), Bukhgeim and Klibanov (1981)

Modification by Imanuvilov and Yamamoto (2001)



Which I1s Carleman estimate?
Let P: differential operator. AC > 0 such that

fslulzezs‘dedtSCf |Pul?e*5? dxdt
Q Q

for Yu € C(‘;"(Q) and all large s > 0.

e @l(x, ). weight: choice Is important.
e C>0iIsuniformins >0



How to get Carleman estimate

e "beautiful” general theory

» Hand-made way: INntegration by Parts!!
valid to amost all equations:
elliptic, parabolic, hyperbolic, Schrodinger, plate, Maxwell, Navier-Stokes, Lamé,
viscoelasticity, ultrahyperbolic, multi-time Schrodinger, first-order system,

parabolic-hyperbolic, conservation law-parabolic Lamé-parabolic, etc.
"General theory” does not work as prét-a-porter for:
e many systems: Navier-Stokes equations, Lamé system
e plate equations



How to get stabllity for inverse problems?

Carleman estimate

+ transfer argument by Bukhgeim-Klibanov (1981),
Klibanov (1992):

direct (elementary) calculus argument.



Essence of transfer argument
(2 C R”: bounded domain

Inverse source problem:
Letw € Q,0 < t; < T. Determine f in Q by

a .= y(‘, t()) and yla)x(O,T) N

diy = Ay + R(x, ) f(x) InQx(0,7),
Yloa = 0.



Inverse source problem: Letw € Q, 0 < g < T. Determine f in Q by a := y(-, tg) and
yla)X(O,T) iNndey = Ay + R(x, t) f(x) in QT := Q %X (0, T) with y|aQ = 0.

Let a(-, 0) = —oco and a(, tg) > a(, ) for t £ 1.

Set yy = 8’;3/, k=12= dryj = Ayj. + 8’;R(x, Df ), yrlypo = 0.

dry(x, tg) = Aa + R(x, tg) f(x)

Carleman estimate: fQT slallfylzezso‘dxdt < CfQT |f|2e250‘dxdt + C||Data||£

a('r 0) - —00 and CY(', tO) Z af('/ t) — fQ |aty(xr tO)lzezsa(x’tO)dx
to
= fo d¢ ( fQ |aty|2e25“dx) dt<C j;) (|8%y8ty| + 5|0z al|9¢ yI®)e®Se dxdt
T

<C f |f|2e25“dxdt + C||Data||§ (by Carleman estimate)
Qr

—C f 171 eZSa(x,tO)( fT ezs(a(x,t)—a(x,tg))dt] dx + C||Data||£
Q 0 =0(1)



How can we describe main results
by Carleman estimates?

Usually single measurement: extra data for one
initial-boundary value problem

Lipschitz stability (usually)

Drawback: positivity (non-degeneracy) condition on
initial data



Comments.
e the best possible stability
e positivity of initial displacement

Justification of the positivity: finite number of repeats of measurements may cover positivity!
Seismological inverse problem: one earthquake = one initial-boundary value problem
u(-,0) and u| wx(0,T)- recorded by each earthquake

Very frequent earthquake (e.g., in Japan "fortunately”)
=

In data set {“kr”(“k”wx(O,T) }k=1,2,...,N’ we can eventually obtain | Jj. supp aj. 2 Q!

Hit objective many times!



Supplement: Extension of research
SCopes

dru + q(x, t)afu = Au+ Ak, t)-Vu+ Clx, H)u

N Q x (0, T)

Set 9, ulx, t) = i & = Payutx, mdn, 0 < < 1:
Caputo fractional derivative

< Many applications: anomalous diffusion of Cs137,

design of geothermal plant

Carleman estimate established: < 3 or < 2,€ Q
(Z.Li, X.Huang and Y.)



Incomplete references on Carleman estimate and related

Inverse problems for fractional partial differential

equations

e Xu-Cheng-Yamamoto (2011)

e Yamamoto-Zheng

e J. Cheng-C.L. Lin-G. Nakamura (2013)

e Z.Li-Imanuvilov-Yamamoto: DN map (2016)

e Kian-Oksanen-Soccorsi-Yamamoto (DN map at one
shot)

Inverse problems for fractional differential equations:
rapidly developing



§2. Linear viscoelasticity

§1. What is viscoelasticity?
e Viscosity «— fluid
e elasticly «— solid

viscoelasticity: exhibiting viscosity and elasticity

Example: many materials

e honey, gum, white of egg

e polymers, semiconductor thin film
e human body =— Medical purpose
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§3. Formulation and main results |

Q c R3: bounded domain

p(x)&iu = Lau(u — ﬁ t L;\-,ﬁ(x, t, Pu(x,n)dn + E,
N Q:=Qx(-T,7),
ulg = 0, 8iu(-, +T) = 0,7 = 0, 1.
Let u = (uq, uz, uz)', V = (91, 02, d3),
Lxﬁ(x, t,Mu = ulx, £, NAu + (u + Ax, t,7))Vdivu

+(divi)VA + (Vi) + (Vu)T)Vi =
e Carleman estimate
e global Lipschitz stability for inverse problems



Let

p, U, AE cz(ﬁ), p,u,A+u>0,
A, [ € C3Q x (I-T, 01 U [0, TD)?),
Set pg(x, &) := p(x)cfg — B)|E’|* for
& = (o, &1, &2, 83) =: (&o, &').

Assume:
o Y(x,t) := d(x) — yt* is pseudoconvex with respect to

pu and payoy.
e (Vdx)-v(x)) >0forx €T C 0Q.
v(x): unit outward normal vector to 0.



B ~ ~ , _v3 99 dYp Y Jdp
Let t := X0 5 - (50/ g]_l 521 53) - (50’g )’ and {(P’ l'[)} - Z]=0 ag] ox 85] ox;’

pplx, &) = p(x)ég — B@IE 12, P, B) = d(x) — TH2.
Pseudoconvex: .
° ¢GC3,Vd¢00nQ,

(g, (g PN LD >0, Beiud+2u

for (x,t, &) € a x (R% \ {0}) satisfying pﬁ(x, & = (850 pﬁ)(8tlp)+ < Vp’g,th >= 0.

1

{Pﬁ(x, & — V—_lst,tt,b), p’g(x, é + V—_lst,tll)(x, t))} >0, pei{uA+2u}
2 V-1s

ifs >0and (v, t,& € Q x (R4 \ {0}) satisfying
PB (x, &+ V—_lst,tw,b)
— 850 pﬁ(x, é + V—_lsvx,tl[))atl[)+ < Vgpﬁ(x, E + V—_lst,tl,b), VY >=0.



Observability inequality:

,

p(x)&%u(x, t) = L/\’P (Du(x, t) — fOt L7( ,ﬁ(x, t,Nulx,ndn, InQx(0,T),

ulyg =0,
\ u(-,00 =0, Jzu(-,0 = a.

Theorem 1 (observability inequality).
LetT D {x € 0Q; (Vd(x) - v(x)) > 0y and T > Ty(p, A, u, 2, 1) : large. Then

191, O] < C(|[Vy, ¢yl +110%ull )

H1(Q) 12(0,T;L2(I)) 12(0,T;L2(T))

Proof is routine by the Carleman estimate.



p(x)8% ylx,t) = L A (xy - fot LX,ﬁ(x’ t, Ny(x, n)dn + R(x, ) f(x)

in Qx (0, T),
\ ylogg =0, y(-,0) = dsy(,0) = 0.

R(x,1): 3 x 3, f: R3-valued
Inverse source problem. R: given, T D {x € 0Q; (Vd(x) - v(x)) > 0}
Determine f in Q by dvylrx (o, 1)-

Theorem 2 (inverse source problem).
Let det |R(-, 0)] # 0 and d¢R(-,0) = 00on Q, T > Ty(p, A, 1, 2, 1): large. Then

1Al gy S CUVx, 0wyl o pp 2y + 105Ul 0 72y

for f € Hg(g).



§4. Key Carleman estimate

05,8 = p(x)c?% - P(x)A

2 to _
PUITLY = Louy + Jo Ly gyt mdn = F
aiy(-, +7)=0, j=0,1.

Let (
=roty — ft Pt e )roty(x,n)dn,
9
t (/\+2y)(x, /TI)
k vy :=divy - |, Gz OV yt mdn,
—

Op,uvq = llower order terms of Vy tv1, Vy tvp] + fot[Avl,szldn,

) Op,A+2u72 = [lower order terms of Vy yvq, Vy tva] + fot[Avl,sz]dn,
\ Boundary condition : B(vq,vy) =




Theorem 3 (key Carleman estimate).
Let Q := Q X (T, T), v := (v, vp) € HL(Q),
Let p(x, 1) := ™%, T > 0: large, P(x, 1) = d(x) — t2, B > 0: small

f (slel2 + s3|v|2)e25(dedt

<C f (Irot FI? + [div FI? + [F[*)e5P dxdt + CeC5(V,, 1oy yII? + 1221l 2).

L2(Ix(-T,T))

for all large s > 0.

Here p()oy — Ly v + j;) Lz 7Yt iy = F and 5 Ty, £T) = Owith j = 0,1

( t plxtn)
0 e rot y(x, n)dn,

t (/\+2y)(x, /7])
k vy :=divy — f 20 div y(x, n)dn,

v1 :=roty —




Our Carleman estimate does not assume compact
support for y. = Lipschitz stability:
|Icoefficient|| < Cl|Datall.ax,1)

With Carleman estimate for compact supports, we can
get only HOlder stabllity

Partial references on Holder stability:

1. de Buhan-Osses (2010)

2. Lorenzi-Messina-Romanov (2007),
_orenzi-Romanov (2006)

3. Romanov-Yamamoto (2010)




Recipe for Proof of Carleman estimate for Lameé system
e Decoupling

e Reduce integral term to lower term

No general theory for Carleman estimate for strongly
coupled systems:

P07y = p(x)Ay + (A + p)Vdiv y+lower order terms

Decoupling into weakly coupled system (by Fichera, etc.):
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Recipe for integral term

Cavaterra-Lorenzi-Yamamoto: 2006

t
8fu = p(x)Au + f K(x, t, M Au(x, n)dn + F
0

Key invertible integral transform:
o(x, 1) = peuty, ) + [ K, t, Pute, Pdy =

— t —
8%0 = p(x)Av + Pqu(x, t) + f(; K(x, t, ))Pyu(x, n)dn—|ower term + PF

—

Here P]-: first-order operators



Key Lemma (Klibanov):
@(x,t): maximum at t = tp. Then

f t
Q IVt

|w(x, n)ldn

2

C
e*%* dxdt < = f lw|?e25P%D dx dt.
Q

This lemma + hyperbolic Carleman estimate —



Theorem 0.
Let u(-,0) = 0 or d;u(-,0) = K(-,0,0) = 0. Then

f (s|Vysul® + s°|ul®)e**dxdt < Cf IF|%e*5% dxdt
Q Q
for all large s > 0 and supp u C Q x (0, T) satisfying

t
2,
diu = px)Au + f(; K(x, t, n)Au(x, n)dn + F



§5. Determination of viscoelastic
coefficients

2, = br-
8t up = L.A’[J(x)uk + j;) L/\k'f‘k (x, t, Nuy (x, n)dn,
uy(a) 4 in Qx (=T, T),

uplpg : given,
\ up(-,0) =a, Jdrup(,00 =0, k=12,

Here Ax(x, t, n) = G X)p(t,n), px, t, 1) = m(x)q(t, n).
p, q: known, p(0, 0), 4(0, 0) # 0.

Coefficient inverse problem with two measurements.
161 = 2]l + llm1 = ma|l < CE2_ 10y (u1(a:) — uz(a)||?



Coefficient inverse problem = y := u1 —u; =
Inverse source problem

Non-degeneracy condition similar to det R(-, 0) # 0 for
Inverse source problem requires conditions for aq, a».



Theorem 4.

Assume ., my € C4(5), l, my, 0,8k, d,my. given on 0dQ,

ek [lyws.00 (s~ 17y < M @ priori bound

Let

e T > T, (large constant).

e Let a pair of initial displacement aq, a, satisfy
non-degeneracy condition (*).

—

i1 = L2l gy + i = 2l )
2
< C ) (IVy,pdv(ug(@a;) — up (a2 oT:L2@) T ||312, (uq(a;) —uz@)l2 12y
1=1



Non-degeneracy condition (*) for initial data a1, an

For 6 X 4 matrix A, we set
{A}i,]-: matrix created by deleting i-th and j-th rows of A,

deti,]-A = det{A}i’]-
E3: 3 x 3 identity matrix.

Non-degeneracy condition (*) & diq, iy, j1,j2 € {1,2,...,6} such that

- T
det divaj)E3  (Vaq + (Vap)')Vd )¢ 0,

11,]2 ( (divap)Ez  (Vap + (Vap)T)vd

T .
det: Vaqp + (Val)T (d?v a1)Vd £0
1172\ Va, + (Vay) (divay)Vd



Example of aq,ap. Let Q C {(x1,x9,x3); x1,x3 > 0}, d(x) = |x|2,
pt,n) =qt,n =pit-n, p0 =1

0 X1

Then aq = X1X9 and ap = 0 satisfy (*):
0 X3

(") =

=

1

=
pd

= —8x2x3 £0 onQ.

det 4
2,4 y ”

SO NOO
oON OO
N O© O
o

)

X2
2x1

=
N

det3 5 | 2X1%3 3 = 16xi £0 onQ.

SO NO

e e B e i

N OOOO O
YN
=
e



Main messages

With data on sub-boundary,
Carleman estimate for viscoelasticity equations yields

e Partial observabllity inequality

e Lipschitz stability for inverse problems of spatial
varying Lame coefficients



Age 60 = one cycle of the life calendar

Life Begins At Sixty !



PIERMARCO,
CONGRATULATIONS

ON THE 60TH BIRTHDAY
GOOD HEALTH!
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