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Introduction

V = complete DVR
k = residue field, perfect, char p > 0
K = fraction field K, char 0

X /k variety (= separated scheme of finite type), Isoct(X/K) = F-able
overconvergent isocrystals on X

If we have an embedding X — 3 with 8 smooth and proper over V, then
Isoct (X/K) < MIC(jLOyy),
where Y is the closure of X inside Py, and
Hig(X/K.E) = H(Y[E® Q)

Good formal properties: finite dimensional, versions with support, excision exact
sequences, &c.
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Introduction

Beyond “smooth” coefficient objects: theory of arithmetic 2t-modules
(Berthelot/Caro).

Locally: take étale co-ordinates xi,...,xy on P and set

@‘LQ = Za@[ﬂ ax € Opg, IXN > 1st. HaﬁH )\|5| —0
k
where . .
okl _ . ..8Xj
kil... kgl

Caro defines ; ;
b (g b (g
Dhol(gsp(@) C Dcoh(gqg@)
“F-able overholonomic complexes”, stable under:
o f' o Dy
° ® - ° R[TZ for Z C *B closed
by work of Caro/Caro—Tsuzuki.

e fy for f proper,
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Introduction

Given X — ‘B, define
Dfm(X/K) = {M € Df,’m(@;}Q) supported on X} ,

these are independent of the embedding, and support a formalism of the 6 functors
(f+7 f+)v (ﬁ7 f!)7 ®, D.

Comparison of coefficients: 3 fully faithful functor
spx.4  Isoc! (X/K) = D (X/K) C Diy(Z3,)

and can describe the essential image. Defined by Caro when X is smooth, and
extended to the non-smooth case by Abe.

If X is a dense open inside P = Py, and P\ X is a divisor, then sp, = sp, is just
pushforward along sp : Py — ‘B.

Much more difficult to describe in general!
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Introduction

For E € IsocT(X/K), can define its “@-module cohomology”
Hi(X/K, E) := H™ % (f.sp_, E)
where f : X — Spec (k) is the structure morphism, inducing
fi - D, (X/K) — DEy(Spec (k) /K) = DP(K),
and dx = dim X. Concretely, if X < P then
Hip(X/K,E) = H= 9% (B, 5p E @04 Q3 )-

where dypz = dim .

Do we always have

Hig(X/K,E) = HL,(X/K,E)?

This is not obvious!

Today: describe a new construction of sp, which makes comparison theorems easier
to prove.
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Constructible isocrystals

B = smooth, proper formal V-scheme, P = special fibre,

p1, p2 :]Plpa— P

the two projections.

Definition (Berthelot)

A convergent stratification on an Og; -module E is an isomorphism
p>E = piE

satisfying the cocycle condition.

Definition (Le Stum)

E is called constructible if there exists a stratification P = Hi P;i such that E|jp,[ is
coherent.

IsocionS(P/K) = (F-able) constructible Oy, -modules with convergent stratification.

Christopher Lazda



Constructible isocrystals

X — P locally closed immersion, with closure o : Y < 8, then we have
lal:]Y[— Pk, and if E € Isoc (X/K) C MIC(j)T((’)]y[), then

]Ot[!E € |SOCI0,-.5(P/K)
so we have a fully faithful functor

lai: Isoct (X/K) — |SOCIons(P/K)-

v

Conjecture (Le Stum)

Rsp, induces an equivalence of categories

Isoclons(P/K) =5 Perv(@r};@).

This is a theorem when dim /Y = 1.
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Constructible isocrystals

Not clear how to even define Rsp, in general: want a lifting

bt
D574

P
-
- forget
-
-

IsocIonS(P/K) T Db(%nQ)

but sp*1@$Q doesn’t act on constructible isocrysals (even if they are coherent on all

of Pk). What we did: given X — Y < B, construct

byt
D" (0)

—
—
—
—
P forget
—
—

—

Isoct (X/K) /]4[> Isoclons(P/K) R D*(Zyq)
afs SP ..

This immediately gives

Hig(P.]al1E) = Hi, (%, Rsp,Jaf E).
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Constructible isocrystals

Basic example: 3 = ﬁ% with co-ordinates xo, x1,x2, Y =P} = V(x2) C P, and
X = A} = D(x) C Y, so we have

Jj a
XY =g

and
la[]Y[— Bk

We take E :j;(O]y[‘n.
Set U= P\ Y, so for any sheaf % on PBx we have the localisation exact sequence
0— FJr F = F —>JT ZF — 0,
note that FT =]a[iJa[~!. We apply this to .7 R]a[*JXO]y[ ]a[*j;O]y[ to obtain
0 =lafk Oy —=lalk Oy — jflalgt Oy — 0

which gives a 2-term resolution of ]a[;jj(O]y[.
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Constructible isocrystals

The sheaves ]a[*j;r(O]y[ and jL]a[*j)T(O]y[ are sp, -acyclic.

So we have
Rsp, Jo[jk Oy & (SP*]a[*J}T(O]y[ - SP*J.L]O‘[*J-)T(O]Y[) .

If we set u = x1/xp and v = x2/xp, and look at global sections, then the first term

consists of series
f(u,v) € K[u,v]

such that:
o Vn <13X>1s.t. f(u,v) converges for |v| <nand |u] < A
Can describe the second term similarly, as series

f(u,v) € K[u,v,v7!]

such that:

o there exists p < 1 such that Vp <9 <13\ > 1s.t. f(u,v) converges for
p<|vl<nand ful <A
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Constructible isocrystals

Explicitly, the second is Kedlaya's relative Robba ring R;V<<U)T' and the first is it's plus

part RVK’:;)T consisting of series with terms in non-negative powers of v.

= can see directly that
Rsp,Ja[jf Oy = v K (u, v 1) T[-1]
and the Zyg-module structure extends to a %L@—module structure.

Want to generalise this to an arbitrary frame (X LyS PB) with P smooth and
proper over V, and E € Isoct(X/K).
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Constructible isocrystals

Three complications:

O The complement Y \ X might not be a divisor. So we take a suitable open cover
X = U,X; and replace E by

0— @aj;aE — 6931’32])2@&25 — ... —>j;aXaE — 0.

@ We don't know in general that the _]j( E are Ja[+-acyclic. So we take the
immersions ay, : [Y]; =] Y[ of quasi-compact tubes, and replace j;(aE by

res—
| TT eomesk Elovs,, == [T anneik B,
0 n>ng n>ng
for n, — 1~
© Y might not be a divisor in P, so we need to pick divisors Dp, such that
Y = NpDy and replace the short exact sequence

0=rl7 -7 -ji7 -0

by the long exact sequence
T g g it g i g
0>y F = F — @bJU\DbJF — ... *)jU\UbDbe — 0.
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Constructible isocrystals

Proposition

Given suitable choices X = U;X; and Y = N, Dy, as above there exists a resolution
RCI(E) of |af|E such that the Zigg-module structure on sp, RCT(E) extends

canonically to a @;Q—module structure.

Changing the X, or the Dy results in canonically quasi-isomorphic complexes of

_@%Q—modules.

There exists a canonical lifting of (Rsp,.o]a[i)[dy] to a functor

Rspy; IsocT(X/K) — Db(@%(@)

such that ) )
Hig(P,Jal\E) = HI=2%% (11, Rspoy | E).

If Y =P and Y\ X is a divisor, then Rspy; |E = sp, E[dy] = sp, E[dsyp].
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The trace map

Suppose we want to interpret
Hiig(P,]aliE) = H' (B, el (E @ Q).

Morally, the RHS should be )
HYLE® Q8"

for some suitable definition of H..

So we want to:
@ make sense of H. for rigid analytic varieties (following Huber);
@ use a suitable formalism of the trace map to understand H.(]Y[, E ® Q]'Y[) via
duality (following the approaches of Chiarellotto/van der Put to Serre duality for
rigid analytic varieties).
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The trace map

Proposition
For every paracompact (taut) morphism f : V. — W of rigid analytic varieties there
exists a unique functor

Rf : D°(Ab(V)) — D°(Ab(W))

such that:

o when f is partially proper, Rf is the total derived functor of the functor f; of
sections whose support is quasi-compact over W (in particular, when f is proper,
Rfi = Rf.);

o when f is an open immersion, Rfi = fi is extension by zero;
o R(gof) =Rg oRf.

Moreover, for any w € W there is a canonical isomorphism

(Rfi—)w = RI(f1(w), —).

When f is partially proper, we recover the definition given by van der Put.
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The trace map

By considering more general adic spaces, we can define Rf; by these properties: by a
theorem of Huber every such f : V — W has a canonical compactification

v v
}

‘
w

where j is an open immersion and fis partially proper. Then define Rf; := Rf o ji
where Rf; is the total derived functor of sections with quasi-compact support.
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The trace map

Key new input:

Theorem (Proper base change theorem)

Let f : V — W be a proper morphism of finite dimensional adic spaces, and
.Z € Ab(V). Then for every w € W the base change map

(REF)w — RI(F1(w), )

is an isomorphism.
v

Reduce to W = Spa (L, L+) for some affinoid field (L, L"), V = ]P’%L Ly W= closed

point of W, and .7 = constant sheaf A supported on some closed subset

T C P%L,H)' Then use an explicit topological description of P%L,L*)' O

v
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The trace map

There exists a unique way to associate a trace morphism
Tl’f 5 RﬁQ://W[Zd] — OW

to every smooth, paracompact morphism f : V — W of rigid analytic varieties, of
relative dimension d, such that:

@ Trs is compatible with composition;

@ when f is étale, then Tr¢ is the canonical map
0y — Ow;

© when W = Sp(R) is affinoid, and f : Dy(0; 1) — W is the canonical
projection, then Tr¢ is induced by the map

HX(Dw (0; 17)7inn>w(0:1—)/w) ~ Rz YHidlogz = R

E riz 'dlogz— nrg

i>0

where z is any co-ordinate on Dy, (0;17).

If f is either a D"(0;17) or A™2"-bundle, then Tr¢ is an isomorphism.
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The trace map

To construct Try:
o Properties (1) and (3) give a trace map for f : D}, (0;17) — W, at least given a

choice of co-ordinates zi, ..., z4.
@ Properties (1) and (2) then give a trace map for f : D, (0;1) — W, at least
given a choice of z;,...,z4 and a choice of uniformiser © € V inducing

D7, (0;1) 25 7, (0;17).

@ Properties (1) and (2) then give a trace map whenever W and V are affinoids, at
least given a choice of factorisation

vE&D©01) - W

with g étale.
o Can construct Tr¢ in general by using descent.

The hard work is in proving independence of all of these choices!
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The trace map

Corollary

Let
Y/ ;I;l

LI

be a diagram of frames, with g proper and u smooth in a neighbourhood of X, and
E € lIsoct(X/K). Then Tryg[ induces an isomorphism

RlgliEy i ® Xy, 1vig [2du] = Byiy

where d, is the relative dimension.

Corollary

Let (X,Y 5 ) be a smooth and proper frame over V, and E € Isoc’(X/K). Then
H*® (B, Jal E © Q3, )

only depends on X and not on Y or‘B.
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The trace map

Now, if we take a smooth and proper frame (X, Y, %) and E € Isoct(X/K), then we
have Berthelot’s “Poincaré” pairing

E x R[]X[m EY — RE]X[m Oyl

which via the trace map induces a pairing

2dgy —i i
He P (1Y Iy, E® Q) < H' (1Y [, ROxq, (B @ Q)
24 R T
= H P (1Y [y Dy, S K.

This pairing is perfect.

Both sides sit in excision exact sequences, which are compatible with the pairing, so
we may assume that X is smooth and affine. We can therefore choose a
Monsky—Washnitzer frame (X, Y,B) in which case the claim reduces to Poincaré

duality with coefficients, as proved by Kedlaya. O
So Hﬁgpfi(P,]a[l E) is canonically isomorphic to rigid Borel-Moore homology
HEN (XL E).
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Dual constructibility

V = complex variety ~» 2 well-known t-structures of D2(V,C).

© The usual (constructible) t-structure (D=, D=0) with heart Con(V/,C).
@ The perverse t-structure (PDZ%,PD=0) with heart Perv(V,C).

Second is self-dual under Dy, first is not.

Definition

The dual constructible t-structure (D=2, 9D<0) on D2(V,C) is defined by

K c dDZO PN DV(%.) c DSO

#*€ID0 o Dy (x°) e D°.

Deduce properties of (¢D=% 9 D<0) from those of (D=0, D=0).

If f: V — W then f' is exact for the dual constructible t-structure. If f is an
immersion, then so is Rf..
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Dual constructibility

Back to char p: ~ Dhol( @)+ Dpoi(X/K) also have 3 t-structures:

hol(
© holonomic t-structure - on Dhol(ﬂxs(@) this is just the obvious one coming from

Dcoh(QT ), slightly more subtle on D (X/K);

@ constructible (perverse) t-structure;
@ dual constructible t-structure.

Same exactness properties as before, in particular the dual constructible t-structure on

hoI(X/K) is the restriction of that on Dhol( ‘LQ) - this is false for the other two!

When ‘B is a smooth and proper curve, Le Stum'’s perverse t-structure on Dhol( ‘L@)
coincides with our dual constructible t-structure, up to a shift by 1 = dim ‘3.

Hearts are denoted

Hol(B), Con(B), DCon(R)

and
Hol(X/K), Con(X/K), DCon(X/K)

respectively.
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Dual constructibility

Let X < B with B smooth and proper over V, and E € Isoct(X/K). Then
Rspy, E € DCon(X/K) C D(7);)

is overholonomic, supported on X, and is in the heart of the dual constructible
t-structure.

© Show that formation of Rspy; |E is compatible with localisation exact sequences

and taking finite étale covers of X (this uses a suitable Z7-lifting of the trace
morphism).

@ Use alterations to reduce to the case where X and Y := X are smooth and Y \ X
is a divisor.

© Now locally lift Y < 3 to a closed embedding u : ) < P of smooth formal
V-schemes, and show that uyRspy) |E = Rspy; |E, thus reducing to the case
when Y = Py.

Q In this case we have Rspy; | = sp., [dy] and can appeal to Caro—Tsuzuki.

O
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Dual constructibility

Consider
X B
fJ/ J/u
Y 9}

with 9, Q proper smooth over V, and E € Isoc' (Y /K). Then there is a canonical
isomorphism

—
—

RIxu'Rspg E = Rspy f*E

in Dﬁ’ol(ﬁLQ).

We can treat separately the cases when u = id and the square is Cartesian. The first
follows from compatibility with localisation already mentioned, and the second from
direct calculation. O
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Dual constructibility

Corollary

For any variety X /k there exists a canonical functor

SPx 1 : Isoct(X/K) — DCon(X/K)
such that for any embedding X — ‘B,

(spx,1E)p = Rspy | E € Dn?ol(—%LQ)

It is compatible with pullback: for any f : X — Y, and any E € Isoc' (Y /K), we have

spx,f"E = f!spy,!E.
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Dual constructibility

For any X/k, and any E € Isoc(X/K) there exists a canonical isomorphism

spx 4 E[—dx] = DX(SPX,!EV)

in Db (Z4q)-

We can show that both sides lie in the abelian category Con(X/K), which satisfies
h-descent. Hence, we may assume that X is smooth, with a smooth compactification
Y, and that Y \ X is a divisor. Then the isomorphism follows from compatibility of
Caro's functor spy . with duality. O

We only have spy | E € Hol(X/K) if X is smooth, in general we have
spx,+ E € Con(X/K)[dx]. The formulation of the theorem is slightly neater if we
replace spy  E by

éTJXHrE = spx, 4 E[—dx] € Con(X).
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Dual constructibility

Corollary

For any variety X /k, and any E € lsoct(X/K) we have a canonical isomorphism
Hi‘,rig(X/Kv E) = H::,@(X/Kv E) = Hi(ﬁgﬁ)Xd»E)

of K-vector spaces.

If X — B with P smooth and proper over V, and o : Y — ‘B is its closure, then we
have

HL g (X/K,E) 5 H**% (P, Ja[ EY @ Q)"
H% (s, RSPm,!EV ® Qr,.p)v
H™'(frspx, EY)Y

= Hi(fispx. . E).-

H
—

The general case can be handled by descent.

For comparison of ‘usual’ cohomologies, see Tomoyuki's talk.
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Dual constructibility

Thank-you!
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